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Abstract. We prove existence of a weak solution to the Navier-Stokes-Fourier system

on a bounded Lipschitz domain in R3. The key tool is the existence theory for weak

solutions developed by Feireisl for the case of bounded smooth domains. We prove our

result by inserting an additional limit passage where smooth domains approximate

the Lipschitz one. Results on sensitivity of solutions with respect to the convergence

of spatial domains are shortly discussed at the end of the paper.

1. Introduction. The immediate state of a viscous, compressible, and heat con-
ducting fluid can be described by a triple of functions (ρ,u, ϑ). These functions
represent physical quantities of the fluid, density ρ, velocity u, and temperature ϑ.
The time-evolution of the system can be caught up by a system of partial differential
equations representing basic physical principles. They are: The continuity equation
expressing the total balance of mass of the system

∂tρ+ div (ρu) = 0. (1)

The second Newton’s law in form of the linear momentum equation

∂t(ρu) + div (ρu ⊗ u) + ∇p = div S + ρf , (2)

where p denotes the pressure and S denotes the Cauchy stress tensor. The exact
forms of p and S are given by constitutive relations. External forces are expressed
by f .

The first law of thermodynamics specifies internal energy e as a conserved quan-
tity. It is equivalent with the entropy equation.

∂t(ρs) + div (ρsu) + div
q

ϑ
= σ, (3)

where q denotes the heat flux and σ stands for the entropy production.
If the state variables ρ, u and ϑ are smooth, the entropy production σ is equal

to 1
ϑS : ∇u + q·∇ϑ

ϑ2 . However, for nonsmooth motions only one inequality holds

σ ≥
1

ϑ
S : ∇u +

q · ∇ϑ

ϑ2
(4)
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In this case, the system is supplemented by a requirement on the total energy
(in)equality.

The constitutive relations describing quantities p, S and q are given as follows

p = p(ρ, ϑ) = pe(ρ) + ϑpϑ(ρ) +
d

3
ϑ4 (5)

S = µ(ϑ)
(

∇u + ∇uT
)

+ λ(ϑ)div uI (6)

= µ(ϑ)

(

∇u + ∇uT −
2

3
div uI

)

+ ζ(ϑ)div uI

q = −κ(ϑ)∇ϑ. (7)

Quantities p, s, and e are interrelated by Gibb’s equation ϑDs = De + pD( 1
ρ),

where D represents the total derivative with respect to variables ρ and ϑ. Conse-
quently, assuming moreover that the specific heat at constant volume cv is constant,
e and s have the form

e(ρ, ϑ) = Pe(ρ) + d
ϑ4

ρ
+ cvϑ,

s(ρ, ϑ) =
4

3
d
ϑ3

ρ
+ cv logϑ− Pϑ(ρ)

where Pe(z) =
∫ z

1
pe(s)

s2 ds, and Pϑ(z) =
∫ z

1
pϑ(s)

s2 ds.
We assume that there is no slip on the boundary and the system is thermally

isolated, i.e.

u|∂Ω = 0, and (∇ϑ · n)|∂Ω = 0.

Moreover, we assume that the following structural assumptions hold.

pe(0) = 0, p′e(ρ) ≥ a1ρ
γ−1 − c1, pe(ρ) ≤ a2ρ

γ + c2,

pϑ(0) = 0, p′ϑ(ρ) ≥ 0, pϑ(ρ) ≤ a3ρ
Γ + c3,

0 < µ(1 + ϑα) ≤ µ(ϑ) ≤ µ(1 + ϑ)α,

0 < ζϑα ≤ ζ(ϑ) ≤ ζ(1 + ϑ)α,

0 < κG ≤ κG(ϑ) ≤ κG(1 + ϑ3), κR(ϑ) = σϑ3,

where a1 > 0, γ > 3
2 , γ >

4Γ
3 , and 1

2 ≤ α ≤ 1.
The notion of a weak (or variational) solution can be seen as an approach where

one replaces the pointwise values of physical quantities by their integral averages
around the given point. This concept, being started by Leray [7] for the case of
incompressible fluids, leads to the following definition.

Definition 1. Let (ρ,u, ϑ) be a triple of measurable functions, ρ being nonnegative.
We say that (ρ,u, ϑ) is a weak solution to the Navier–Stokes–Fourier system on
the domain (0, T )× Ω

• ρ,u solve the renormalized continuity equation

∂tb(ρ) + div (b(ρ)u) + (b′(ρ)ρ− b(ρ))div u = 0 in D′((0, T ) × R
3) (1*)

provided ρ and u are extended to be zero outside Ω.
• ρ,uϑ solve the linear momentum equation (2) in D′((0, T ) × Ω),
• ρ,u, ϑ solve the entropy inequality (3) in D′((0, T ) × Ω), and
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• ρ,u, ϑ satisfy the total energy equality

∫

Ω

(

1

2
ρ|u|2 + ρe(ρ, ϑ)

)

(t) dx =

∫

Ω

(

1

2

|m0|
2

ρ0
+ ρ0e(ρ0, ϑ0)

)

dx

+

∫ t

0

∫

Ω

ρf · u dxds for t ∈ (0, T ).

We introduce the following concept of convergence of domains.

Definition 2. Let Ω be a bounded domain in R
N with Lipschitz continuous bound-

ary. We say, that the sequence of domains Ωn converges to Ω if the following holds:

• for any ball B ⊂ R
3 \ Ω there exists n0 such that B ⊂ R

3 \Ωn for all n ≥ n0,
and

• for any compact K ⊂ Ω there exists n0 such that K ⊂ Ωn for all n ≥ n0.
• cap2(Ω \ Ωn) → 0 as n tends to infinity.

Note that for any bounded set Ω with Lipschitz continuous boundary there exists
a sequence of domains Ωn with smooth boundary being uniformly Lipschitz contin-
uous with respect to n, that converge to Ω in the sense of our definition. Moreover,
one can take Ω ⊂ Ωn. In what follows, we will consider the sequence Ωn with these
properties granted.

Since for domains with Lipschitz boundary there exists an extension domain and
trace operator (cf. Stein [9]), one can discover the following lemma.

Lemma 1. Let Ω be a bounded domain in R
N with Lipschitz continuous boundary

and let Ωn be a sequence of domains that approximate Ω in the sense of Definition 2.

Assume, that un is a sequence of functions from W 1,2(RN ) and un ∈ W
1,2
0 (Ωn) for

each n. If un converge weakly in W 1,2(RN ) to u, then u ∈ W
1,2
0 (Ω).

Main Theorem. Let Ω be a bounded domain in R
3 with Lipschitz continuous

boundary. Moreover, let the assumptions on terms pe, pϑ, κ, λ, µ hold, and let f ∈
L∞((0, T ) × Ω). Then for any initial conditions ρ(0) = ρ0 ≥ 0, ρ0 ∈ Lγ(Ω),

(ρu)(0) = m0 ∈ L1(Ω; R3), |m0|
2

ρ0
∈ L1(Ω), ϑ(0) = ϑ0 ∈ L∞(Ω), 1

ϑ0
∈ L∞(Ω),

ϑ0 > 0, there exists a weak solution to the Navier–Stokes–Fourier system on Ω.

Moreover, there exists a weak solution (ρ,u, ϑ) satisfying the initial conditions

above and enjoying the following properties: u ∈ Lr(0, T ;W 1,r
0 (Ω)3) for some

r > 1; ϑ, logϑ ∈ L2(0, T ;W 1,2(Ω)); ρ ∈ C([0, T ];L1(Ω)) ∩ L∞(0, T ;Lγ(Ω)); ρu ∈

C([0, T ];L
2γ

γ+1

weak(Ω; R3)); the quantities ρu ⊗ u, S : ∇u, p, ρf are integrable on

(0, T )× Ω.

2. Existence of δ-approximate solutions on Lipschitz domains. Following
the method for proving existence of solutions developed by Ducomet and Feireisl
in [2], one starts solving the modified system of equations namely the continuity
equation with the artificial viscosity term, the linear momentum equation with
artificial pressure term and equation for internal energy, which is equivalent to
the entropy equation. The approximate solutions are constructed so that they
satisfy the (approximate) total energy equality. Consider a domain with smooth,
at least C2+ν , boundary. Then applying the vanishing-viscosity part of the proof in
[2] we obtain solution (ρn,un, ϑn) of the δ-approximated system of equations with
δ > 0 on the domain Ωn:
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∂tρn + div (ρnun) = 0 , in Ωn

ρn(0) = ρ0,n , in Ω

}

(8)

∂t(ρnun) + div (ρnun ⊗ un) + ∇pδ = div Sn + ρnf , in Ωn

un = 0 , on ∂Ωn

(ρnun)(0) = m0,n , in Ωn







(9)

∂t(ρnsn) + div (ρnsnun) − div κ(ϑn)∇ϑn

ϑn
= σn , on Ωn

∇ϑn · nn = 0 , on ∂Ωn

ρn(0)sn(0) = ρ0,ns0,n , in Ωn







(10)

where pδ = pe(ρn) + ϑnpϑ(ρn) + d
3ϑ

4
n + δρβ

n represents the pressure term with

artificial part δρβ
n and σn stands for production of the entropy sn. Using results of

the corresponding part of the existence-proof by Ducomet and Feireisl [2], one can
state the following lemma on boundedness of approximate solutions.

Lemma 2. Let Ω ⊂ R
3 be a bounded domain with C2+ν , ν > 0 smooth boundary.

Moreover, consider that that the assumptions on constitutive terms hold. Then

for any δ > 0 there exists a triple (ρ,u, ϑ) solving the problem (8), (9) and (10)
in the sense of distributions. Moreover, there exists a solution satisfying the total

energy equality

−

∫ T

0

∫

Ω

∂tξ

(

1

2
ρ|u|2 + ρPe(ρ) +

δ

β − 1
ρβ + dϑ4 + cvρϑ

)

dxdt

=

∫

Ω

|m0|
2

2ρ0
+ ρ0Pe(ρ0) +

δ

β − 1
ρ

β
0 + dϑ4

0 + cvρ0ϑ0 dx +

∫ T

0

∫

Ω

ξf · u dxdt

(11)

for any ξ ∈ C∞[0, T ], ξ(0) = 1, ξ(T ) = 0, and enjoying the following estimates

indepedently of the smoothness of the boundary:

• ρ ∈ L∞(0, T ;Lβ(Ω)), ρ|u|2 ∈ L∞(0, T ;Lβ(Ω)), ρϑ ∈ L∞(0, T ;L1(Ω)),

• ϑ ∈ L∞(0, T ;L4(Ω)), ρ logϑ ∈ L∞(0, T ;L1(Ω)), S:∇u
ϑ ∈ L1((0, T ) × Ω),

• ∇ logϑ ∈ L2((0, T )× Ω), ∇ϑ3/2 ∈ L2((0, T ) × Ω),

• u ∈ Lr(0, T ;W 1,r
0 (Ω)), r = 8

5−α .

Now we can benefit from the technique by Ducomet and Feireisl [2]. For domains
Ωn with smooth boundary, that converge to domain Ω with boundary being merely
Lipschitz continuous, we obtain solutions (ρn,un, ϑn) which satisfy estimates stated
in the lemma above. Note that these estimates are independent of n.

First, we use the test function

ϕn(t, x) = ψ(t)B

[

ρn(t, ·) − —

∫

Ω

ρn(t)

]

(x)

where to obtain ρn|Ω ∈ Lβ+1((0, T )×Ω). Here, ψ ∈ D(0, T ) and B denotes so called
Bogovskii operator on domain Ω (and we consider it is extended by zero outside Ω).
It expresses certain kind of inverse to the div operator and its main properties are
stated in the following lemma.
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Lemma 3 (Bogovskii operator, paragraph 3.3 in [6]). Let Ω ⊂ R
3 be a bounded

domain with Lipschitz continuous boundary. Then there exists a bounded linear

operator B = (B1, B2, B3) satisfying the following properties:

• B : Lp(Ω) :=
{

f ∈ Lp(Ω) :
∫

Ω
f dx = 0

}

→W
1,p
0 (Ω; R3) with

‖B(f)‖W 1,p
0

(Ω;R3) ≤ c(p)‖f‖Lp(Ω)

for any 1 < p <∞.

• the function v = B[f ] solves the problem

div v = f in Ω, v|∂Ω = 0.

• for any f ∈ Lp(Ω) such that there exists g ∈ Lq(Ω; R3) satisfying f = div g

and g · n|∂Ω = 0 we have

‖B[f ]‖Lr(Ω;R3) ≤ c(r)‖g‖Lr(Ω;R3)

for any 1 < r <∞.

More precisely, testing (9) with ϕn and employing the estimates given in Lemma 2
we obtain uniform bound in the form

∫ T

0

∫

Ω

ρβ+1
n dxdt ≤ c(δ) (12)

for any δ > 0.

Remark 1. Direct inspection of construction of the Bogovskii operator allows us to
claim that for given bounded Lipschitz domain Ω ⊂ R

3 and a sequence of bounded
smooth domains Ωn with boundary being uniformly Lipschitz continuous the esti-
mates claimed in Lemma 3 can be made uniform with respect to n for n sufficiently
large.

This allows us to obtain
∫ T

0

∫

Ωn
ρβ+1

n dxdt ≤ c(δ) for any δ > 0 uniformly with
respect to n.

2.1. Strong compactness of the temperature. Up to this moment, we only
have weak compactness of the temperature which follows from the estimates in
Lemma 2. In order to strenghten the convergence to the strong one, we shall use
the variational formulation of the entropy inequality

∂t

(

4d

3
ϑ3

n + cvρn logϑn

)

+ div

(

4d

3
ϑ3

n + cvρn logϑn)un

)

−

div

(

κG(ϑn) + σϑ3
n

ϑn
∇ϑn

)

≥ −pϑ(ρn)div un +
Sn : ∇un

ϑn
+

κG(ϑn) + σϑ3
n

ϑ2
n

|∇ϑn|
2 in D′([0, T )× Ωn)

In order to show relative compactness of the sequence of functions bounded in
Bochner spaces, one can utter the following version of the Aubin-Lions lemma (see
Lemma 6.3, Chapter 6 by Feireisl [4]).

Lemma 4. Let Ω ⊂ R
N , N ≥ 2 be a bounded Lipschitz domain. Let {vn} be

a sequence of functions bounded in

L2(0, T ;Lq(Ω)) ∩ L∞(0, T ;L1(Ω)), q >
2N

N + 2
.



6 LUKÁŠ POUL

Furthermore, suppose that ∂tvn ≥ gn in D′((0, T ) × Ω), where distributions gn

are bounded in L1(0, T ;W−m,p(Ω)) for certain m ≥ 1, p > 1. Then the sequence

{vn} is relatively compact in the space L2(0, T ;W−1,2(Ω)).

Applying Lemma 4 to the sequence
{

4d
3 ϑ

3
n + cvρn logϑn

}

n
as in the part 5.4 and

6.2 of Ducomet and Feireisl [2] and using ϑn ⇀ ϑ in L2(0, T ;W 1,2(Ω)) we obtain

∫ T

0

∫

Ω

(

4d

3
ϑ3

n + cvρn logϑn

)

ϑn dxdt

→

∫ T

0

∫

Ω

(

4d

3
ϑ3 + cvρnlogϑ

)

ϑ dxdt. (13)

This immediately yields ϑn → ϑ in L2((0, T ) × Ω).

2.2. Propagation of density oscillations. Having proved pointwise convergence
of the temperature, the next thing we have to show is convergence in the linear
momentum equation. In order to pass, we need to show convergence of the nonlinear
pressure term. This can be done by showing pointwise convergence of the density.

Similarly to the part 6.3 by Ducomet and Feireisl [2] we can show that

ρnun ⊗ un → ρu ⊗ u in L1((0, T ) × Ω)3×3

Growth assumptions on the pressure term and results of Lemma 2 yield

∂t(ρu) + div (ρu ⊗ u) + ∇

(

pe(ρ) + ϑpϑ(ρ) +
d

3
ϑ4 + δρβ

)

=

div S + ρf in D′((0, T )× Ω)

By the Div-Curl lemma (see e.g. Lemma 6.1 by Feireisl [4]), the functions

ρ ∈ L∞(0, T ;Lβ(Ω)) and u ∈ L2(0, T ;W 1,2
0 (Ω)3) solve the continuity equation

in D′((0, T ) × Ω) and it is easy to see that, provided we extend them by zero,
the equation holds in D′((0, T )×R

3). Moreover, we can take β sufficiently large to
recover that ρ and u solve the renormalized continuity equation on R

3

∂tb(ρ) + div (b(ρ)u) + (b′(ρ)ρ− b(ρ))div u = 0 in D′((0, T ) × R
3) (1*)

where the function b satisfies certain growth assumptions (for details, see e.g.
Novotný and Straškraba [6], Chapter 6).

Thus we can take z 7→ z log z for b and write

∂t(ρ log ρ) + div (ρ log ρu) + ρdiv u = 0 in D′((0, T )× R
3) (14)

On the other hand, ρn ∈ L∞(0, T ;Lβ(Ω)) and un ∈ L2(0, T ;W 1,r
0 (Ω)3) satisfy

the renormalized continuity equation with b(z) = z log z, passing with n to infinity
we get

∂t(ρ log ρ) + div (ρ log ρu) + ρdiv u = 0 in D′((0, T )× R
3) (15)

Substracting (14) and (15), and integrating yields
∫

Ω

(ρ log ρ− ρ log ρ)(τ) dx =

∫ τ

0

∫

Ω

ρdiv u − ρdiv u dxdt. (16)

As the function z 7→ z log z is strictly convex and continuous, we have that
the term on the left-hand side is always non-negative and vanishes if and only if
ρn → ρ strongly in L1((0, T ) × Ω). Therefore our next step is to obtain suitable
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bounds on the right-hand side. In order to do this, we employ the strategy by
Lions [8] to use a test function of the form

ϕn(t, x) := ψ(t)η(x)(∇∆−1)[ρn(t, ·)](x), ψ ∈ D(0, T ), η ∈ D(Ω)

for problem on the set Ωn. This yields
∫ T

0

∫

Ω

ψη

(

pe(ρn) + ϑnpϑ(ρn) +
d

3
ϑ4

n + δρβ
n − λ(ϑn)div un

)

ρn dxdt

− 2

∫ T

0

∫

Ω

ψηµ(ϑn)∇un : (∇∆−1∇)[ρn] dxdt

=

∫ T

0

∫

Ω

ψ

[

λ(ϑn)div un −

(

pe(ρn) + ϑnpϑ(ρn) +
d

3
ϑ4

n + δρβ
n

)]

∇η · (∇∆−1)[ρn]

+

∫ T

0

∫

Ω

ψ
[

µ(ϑn)(∇un + ∇uT
n ) − ρ(un ⊗ un)

]

∇η · (∇∆−1)[ρn] dxdt

−

∫ T

0

∫

Ω

∂tψηun · (∇∆−1)[ρn] dxdt+

∫ T

0

∫

Ωn

ψηf · (∇∆−1)[ρn] dxdt

+

∫ T

0

∫

Ω

ψηun ·
(

ρn(∇∆−1div )[ρnun] − (∇∆−1∇)[ρn](ρnun)
)

dxdt

where the terms ∇∆−1div and ∇∆−1∇ are defined in terms of the Fourier transfor-
mation and represent continuous linear operators from Lp(R3)3 to Lp(R3)3, Lp(R3)
to Lp(R3)3×3 respectively, with 1 < p <∞ (see e.g. Stein [9]) for details).

Similarly, one can use the test function ϕ(t, x) = ψ(t)η(x)(∇∆−1)[ρ], with ψ ∈
D(0, T ), and η ∈ D(Ω) in the limit version of the linear momentum equation.
Substracting both equations and passing to the limit, results on the weak continuity
of the bilinear forms of singular integrals (Lemma 3.4 in Feireisl, Novotný and
Petzeltová [5]) can be used to obtain

lim
n→∞

(

∫ T

0

∫

Ωn

ψη(pe(ρn) + ϑnpϑ(ρn) + δρβ
n − λ(ϑn)div un)ρn dxdt

−2

∫ T

0

∫

Ωn

ψηµ(ϑn)∇un : (∇∆−1∇)[ρn] dxdt

)

=

∫ T

0

∫

Ω

ψη(pe(ρ) + ϑpϑ(ρ) + δρβ − λ(ϑ)div u)ρ dxdt

− 2

∫ T

0

∫

Ω

ψηµ(ϑ)∇u : (∇∆−1∇)[ρ] dxdt.

Our next step is to simplify the integrals in the equation, more precisely, we wish
to obtain

lim
n→∞

∫ T

0

∫

Ω

ψη
(

2µ(ϑn)∇un : (∇∆−1∇)[ρn] − 2µ(ϑ)∇u : (∇∆−1∇)[ρ]
)

dxdt

= lim
n→∞

∫ T

0

∫

Ω

ψη (2µ(ϑn)div unρn − 2µ(ϑ)div uρ) dxdt.

To this end, we employ the commutator theory for singular integrals developed
by Coifman and Meyer [1].
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Lemma 5 (Commutator Lemma (Proposition 5.1 in [3])). Let v : (0, T )×R
N → R

N

be a vector field and let g : (0, T )× R
N → R be a scalar function such that

v ∈ Lr(0, T ;Lr(RN ; RN )), g ∈ Lp(0, T ;W 1,p(RN )) ∩ L∞(0, T ; (Lq ∩ L1)(RN )),

where Nr
Nr+r−N < p < N, 1

q + 1
r < 1. Furthermore, assume that

ess sup
t∈(0,T )

(

‖g(t)‖Lq(RN ) + ‖g(t)‖L1(RN )

)

≤ K.

Then there exist constants c = c(p, q, r,K) > 0, ω = ω(p, q, r) > 0, and s =
s(p, q, r) > 1 such that
∥

∥(∂i∆
−1div )[gv] − g(∂i∆

−1div )[v]
∥

∥

Ls(0,T ;W ω,s(RN ))

≤ c‖g‖Lp(0,T ;W 1,p(RN )‖v‖Lr(0,T ;W 1,r(RN ;RN )), for i = 1, . . . , N.

Taking v = ∇ui and g = ηµ(ϑ) in the preceding lemma and using the strong
convergence of the temperature we see that the identity we claim holds.

We have shown, that

pe(ρ)ρ+ ϑpϑ(ρ)ρ+ δρβ+1 − (2µ(ϑ) + λ(ϑ))ρdiv u

= pe(ρ)ρ+ ϑpϑ(ρ)ρ+ δρβρ− (2µ(ϑ) + λ(ϑ))ρdiv u in D((0, T ) × Ω).

This relation can be rewritten to the form

ρdiv u − ρdivu =
1

2µ(ϑ) + λ(ϑ)
(Q1 +Q2 +Q3)

where

Q1 = pe(ρ)ρ− pe(ρ)ρ, Q2 = ϑ
(

pϑ(ρ)ρ− pϑ(ρ)ρ
)

, Q3 = δ
(

ρβρ− ρβ+1
)

.

As pϑ is non-decreasing, we have Q2 ≤ 0, and similarly Q3 ≤ 0. What remains
is to estimate the term Q1. We can use the pressure decomposition technique
by Feireisl [4] in order to show that Q1 ≤ pb(ρ)ρ − pb(ρ)ρ, where the term pb is
a bounded part of the pressure pe = pc + pm + pb with the convex part pc and
the monotone part pm. Now we can estimate the difference of the bounded pressure
parts as it was done by Feireisl [4], and employ (16) in order to obtain existence of
Λ <∞ such that

∫

Ω

(

ρ log ρ− ρ log ρ
)

(τ) dx ≤
Λ

µ

∫ τ

0

∫

Ω

(

ρ log ρ− ρ log ρ
)

dxdt

for almost every τ ∈ [0, T ]. Consequently, the Gronwall lemma yields ρ log ρ =
ρ log ρ which is equivalent to

ρn → ρ in L1((0, T ) × Ω).

2.3. Approximate entropy inequality and total energy equality. As we al-
ready know, the limit functions ρ and ϑ satisfy the continuity equation as well as
the linear momentum equation, our next task is to verify that also the entropy
inequality and energy equality are satisfied. In the previous parts, we have proved
convergence of all the terms involved in the energy and entropy formulae except for
ρPe(ρ) and ρPϑ(ρ), but this follows as ρ and u solve the renormalized continuity
equation on (0, T )× R

3.
Passing to the limit in the entropy inequality, we see that the terms Sn:∇un

ϑn
,

κG(ϑn)+σϑ3
n

ϑn
and

κG(ϑn)+σϑ3
n

ϑ2
n

|∇ϑn|
2 need some special care.
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Lemma 6 (Lemma 5.4 in [2]). Let ϑn → ϑ in L2((0, T ) × Ω), and logϑn ⇀ log ϑ
in L2((0, T ) × Ω). Then ϑ is strictly positive a.e. on (0, T )× Ω, and logϑ = logϑ.

A direct consequence of the lemma above yields logϑn → log ϑ in L2((0, T )×Ω).

As ∇ logϑn = ∇ϑn

ϑn
is uniformly bounded in L2((0, T ) × Ω), we obtain

κG(ϑn) + σϑ3
n

ϑn
∇ϑn →

κG(ϑ) + σϑ3

ϑ
∇ϑ in D′([0, T ) × Ω)

Convergence in terms 1
ϑS : u and κG(ϑ)+σϑ3

ϑ2 |∇ϑ|2 follows by the weak lower semi-
continuity of the norm and formulae

S : ∇u

ϑ
=

∣

∣

∣

∣

∣

√

µ(ϑ)

ϑ

(

∇u + ∇uT −
1

3
div uI

)

∣

∣

∣

∣

∣

2

+

∣

∣

∣

∣

∣

√

ζ(ϑ)

ϑ
div u

∣

∣

∣

∣

∣

2

,

κG(ϑ) + σϑ3

ϑ2
|∇ϑ|2 =|∇KG,σ(ϑ)|2, where KG,σ(z) =

∫ z

1

√

κG(s) + σs3

s
ds.

To complete our considerations, it is enough to write for any ϕ ∈ D([0, T )×R
3),

ϕ|(0,T )×Ω ≥ 0.

∫ T

0

∫

Ω

∂tϕ

(

4d

3
ϑ3

n + cvρn logϑn − ρnPϑ(ρn)

)

dxdt

+

∫ T

0

∫

Ω

(

4d

3
ϑ3

n + cvρn logϑn − ρnPϑ(ρn)

)

un · ∇ϕdxdt

−

∫ T

0

∫

Ω

κG(ϑn) + σϑ3
n

ϑn
∇ϑn · ∇ϕdxdt

+

∫ T

0

∫

Ωn\Ω

∂tϕ

(

4d

3
ϑ3

n + cvρn logϑn − ρnPϑ(ρn)

)

dxdt

+

∫ T

0

∫

Ωn\Ω

(

4d

3
ϑ3

n + cvρn logϑn − ρnPϑ(ρn)

)

un · ∇ϕdxdt

−

∫ T

0

∫

Ωn\Ω

κG(ϑn) + σϑ3
n

ϑn
∇ϑn · ∇ϕdxdt

≤−

∫ T

0

∫

Ωn

ϕ

(

Sn : ∇un

ϑn
+
κG(ϑn) + σϑ3

n

ϑ2
n

|∇ϑn|
2

)

dxdt

−

∫

Ω

ϕ(0)

(

4d

3
ϑ3

0,n + cvρ0,n + log(ϑ0,n) − ρ0,nPϑ(ρ0,n)

)

dxdt

−

∫

Ωn\Ω

ϕ(0)

(

4d

3
ϑ3

0,n + cvρ0,n + log(ϑ0,n) − ρ0,nPϑ(ρ0,n)

)

dxdt

≤−

∫ T

0

∫

Ω

ϕ

(

Sn : ∇un

ϑn
+
κG(ϑn) + σϑ3

n

ϑ2
n

|∇ϑn|
2

)

dxdt

−

∫

Ω

ϕ(0)

(

4d

3
ϑ3

0,n + cvρ0,n + log(ϑ0,n) − ρ0,nPϑ(ρ0,n)

)

dxdt

−

∫

Ωn\Ω

ϕ(0)

(

4d

3
ϑ3

0,n + cvρ0,n + log(ϑ0,n) − ρ0,nPϑ(ρ0,n)

)

dxdt
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where we have taken for ϕ its nonnegative part, ϕ(t, x) := (ϕ(t, x))+, which is
possible by the density argument.

It is now easy to see that all the integrals over Ωn \ Ω vanish in the limit. As
the weak lower semicontinuity of the first integral on the right-hand side preserves
the inequality sign in the limit, we are done.

3. Vanishing artificial pressure. As we have proved existence of a solution to
the δ-approximate problem on domain Ω with boundary being merely Lipschitz con-
tinuous, we are now able to employ the rest of procedures of the proof by Ducomet
and Feireisl [2] and obtain solution to the Navier–Stokes–Fourier system on Ω.

4. Remarks on sensitivity with respect to the boundary. Throughout our
proof we considered approximation of the Lipschitz domain Ω by smooth domains
Ωn, Ω ⊂ Ωn. It was shown, that only some reasonable property that for any ball
B ⊂ R

3 \ Ω there exists n(B) such that if n ≥ n(B), then B ⊂ R
3 \ Ωn, is needed.

The question is what can one obtain in the case of approximation by ”‘smaller”’
smooth domains, that is Ωn ⊂ Ω. It turns out, that in addition to the rather natural
requirement that any compact subset K ⊂ Ω is absorbed by Ωn for all n ≥ n0(K),
we have to require even more – cap2(Ω \ Ωn) → 0 as n→ ∞.
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[6] Novotný, A., Straškraba, I. (2004): Introduction to the Mathematical Theory of Compressible

Flow, Oxford Lecture Series in Mathematics and Its Applications 27, Oxford University Press.
[7] Leray, J.: Sur le mouvement d’un liquide visqueux emplissant l’espace. Acta Math. 63, 193–248

(1934).
[8] Lions, P.-L.: Mathematical topics in fluid dynamics, Vol.2, Compressible models. Oxford Sci-

ence Publication, Oxford 1998

[9] Stein,E.M. (1970): Singular integrals and differentiability properties of functions, Princeton

University Press. XIV, Princeton, N.J..

E-mail address: poul@karlin.mff.cuni.cz


