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EXISTENCE OF WEAK SOLUTIONS TO
THE NAVIER-STOKES-FOURIER SYSTEM ON LIPSCHITZ
DOMAINS
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Mathematical Institute, Acadeimy of Sciences of the Czech Republic
Zitna 25
115 67 Praha 1, Czech Republic
Abstract. We prove existence of a weak solution to the Navier-Stokes-Fourier system
on a bounded Lipschitz domain in R3. The key tool is the existence theory for weak
solutions developed by Feireisl for the case of bounded smooth domains. We prove our
result by inserting an additional limit passage where smooth domains approximate
the Lipschitz one. Results on sensitivity of solutions with respect to the convergence

of spatial domains are shortly discussed at the end of the paper.

1. Introduction. The immediate state of a viscous, compressible, and heat con-
ducting fluid can be described by a triple of functions (p,u,?). These functions
represent physical quantities of the fluid, density p, velocity u, and temperature 9.
The time-evolution of the system can be caught up by a system of partial differential
equations representing basic physical principles. They are: The continuity equation
expressing the total balance of mass of the system

Orp + div (pu) = 0. (1)
The second Newton’s law in form of the linear momentum equation
Ot(pu) + div (pu @ u) + Vp = divS + pf, (2)

where p denotes the pressure and S denotes the Cauchy stress tensor. The exact
forms of p and S are given by constitutive relations. External forces are expressed
by f.

The first law of thermodynamics specifies internal energy e as a conserved quan-
tity. It is equivalent with the entropy equation.

O¢(ps) + div (psu) + div % = o, (3)

where q denotes the heat flux and o stands for the entropy production.
If the state variables p, u and ¥ are smooth, the entropy production o is equal

to %S :Vu+ q;gv219. However, for nonsmooth motions only one inequality holds
1 q- Vv
0> 58 Vut = (4)
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In this case, the system is supplemented by a requirement on the total energy
(in)equality.
The constitutive relations describing quantities p, S and q are given as follows

p=0(p,9) = pelp) + palp) + 50" o)
S = pu(®¥) (Vu+ Vu’) + A(¥)div ul (6)
= u(®) (Vu + vu® — %div uH) + ¢(9)div ul

q = —K(9)V9. (7)

Quantities p, s, and e are interrelated by Gibb’s equation ¥Ds = De +pD(%),
where D represents the total derivative with respect to variables p and . Conse-
quently, assuming moreover that the specific heat at constant volume c, is constant,

e and s have the form
194
e(p,¥) = Pe(p) + d_ +

93
s(p,9) = d + ¢y log — Py(p)

where P.(z) = [/ pes(f) ds, and Py(z) = [ p‘lg‘s) ds.
We assume that there is no slip on the boundary and the system is thermally
isolated, i.e.
u|aQ = 0, and (Vﬂ . n)|6Q =0.

Moreover, we assume that the following structural assumptions hold.

pe(0) =0, pLip) =aip” " —c1, pe(p) < azp” +c2,
po(0) =0, phip) >0, pol(p) <asp' +cs,

(1+19a)§u(19)§ (1 +9)%,
0 < CI™ < () <¢(1+9)%,

0 < kg < ka(¥) <Re(1+9?), kr(¥) =0V,
where a; > 0,7 > 2,y> 4 and § <a <1
The notion of a weak (or variational) solution can be seen as an approach where
one replaces the pointwise values of physical quantities by their integral averages
around the given point. This concept, being started by Leray [7] for the case of
incompressible fluids, leads to the following definition.

Definition 1. Let (p, u, ) be a triple of measurable functions, p being nonnegative.
We say that (p,u,d) is a weak solution to the Navier—Stokes—Fourier system on
the domain (0,7) x

e p,u solve the renormalized continuity equation

dib(p) + div (b(p)u) + (V' (p)p — b(p))divu = 0 in D'((0,T) x R?) (1%)

provided p and u are extended to be zero outside (2.
e p,ud solve the linear momentum equation (2) in D'((0, 7)) x ),
e p,u,d solve the entropy inequality (3) in D'((0,7T) x ), and
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e p,u, Y satisfy the total energy equality

1, 1 [my|?
splul® + pe(p,9) ) (t) dx = ~—— + poe(po, Vo) | dx
o \2 a\2 po

t
+/ / pf -udxds for t € (0,T).
0 Jo
We introduce the following concept of convergence of domains.

Definition 2. Let Q be a bounded domain in RY with Lipschitz continuous bound-
ary. We say, that the sequence of domains €2,, converges to € if the following holds:

e for any ball B C R3\ Q there exists ng such that B C R?\ Q,, for all n > ny,
and

e for any compact K C 2 there exists ng such that K C €, for all n > ng.

o cap,(2\ Q) — 0 as n tends to infinity.

Note that for any bounded set 2 with Lipschitz continuous boundary there exists
a sequence of domains 2,, with smooth boundary being uniformly Lipschitz contin-
uous with respect to n, that converge to €2 in the sense of our definition. Moreover,
one can take 2 C Q,. In what follows, we will consider the sequence (2,, with these
properties granted.

Since for domains with Lipschitz boundary there exists an extension domain and
trace operator (cf. Stein [9]), one can discover the following lemma.

Lemma 1. Let Q be a bounded domain in RN with Lipschitz continuous boundary
and let Q, be a sequence of domains that approximate ) in the sense of Definition 2.
Assume, that u, is a sequence of functions from W12(RN) and u,, € W&’Q(Qn) for
each n. If u, converge weakly in W12(RN) to u, then u € W01’2(Q).

Main Theorem. Let 2 be a bounded domain in R® with Lipschitz continuous
boundary. Moreover, let the assumptions on terms pe, py, K, \, b hold, and let £ €
L>((0,T) x Q). Then for any initial conditions p(0) = po > 0, po € L7(Q),
(pu)(0) = my € LHQRY), 9 ¢ L1(Q), 9(0) = 9y € LX(Q), & € L=(Q),
Yo > 0, there exists a weak solution to the Navier—Stokes—Fourier system on €.

Moreover, there exists a weak solution (p,u,¥) satisfying the initial conditions
above and enjoying the following properties: u € L"(0,T; W&’T(Q)B) for some
r > 1; 9,logd € L?(0,T; WH2(Q)); p € C([0,T]; L*(2)) N L>(0,T; LY(Q)); pu €

i
C0,T); L2 (1 R3)); the quantities pu @ u, S : Vu, p, pf are integrable on

weak

(0,T) x .

2. Existence of j-approximate solutions on Lipschitz domains. Following
the method for proving existence of solutions developed by Ducomet and Feireisl
in [2], one starts solving the modified system of equations namely the continuity
equation with the artificial viscosity term, the linear momentum equation with
artificial pressure term and equation for internal energy, which is equivalent to
the entropy equation. The approximate solutions are constructed so that they
satisfy the (approximate) total energy equality. Consider a domain with smooth,
at least C?1¥, boundary. Then applying the vanishing-viscosity part of the proof in
[2] we obtain solution (py,u,,¥,) of the J-approximated system of equations with
6 > 0 on the domain Q,,:
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Otpn +div (ppu,) = 0 , in Q, } (8)
pn(o) = pPon in 2
Ot(pnuy) + div (ppu, ®u,) + Vps = divS, + p.f , in Q,
u, = 0 , on 0, 9)
(pnun)(o) = Moqnp , in Q,
Ot(pnsn) + div (ppspuy,) — div % = o, , on Q,
Vié,-n, = 0 , on 0L, (10)
Pn (O)Sn (O) = Po,nSo,n in €,

where ps = pe(pn) + Fnpo(pn) + %19?1 + 0p8 represents the pressure term with
artificial part dp2 and o, stands for production of the entropy s,,. Using results of
the corresponding part of the existence-proof by Ducomet and Feireisl [2], one can
state the following lemma on boundedness of approximate solutions.

Lemma 2. Let Q C R? be a bounded domain with C?>*" v > 0 smooth boundary.
Moreover, consider that that the assumptions on constitutive terms hold. Then
for any 6 > 0 there exists a triple (p,u,) solving the problem (8), (9) and (10)
in the sense of distributions. Moreover, there exists a solution satisfying the total
energy equality

T 1 )
[ [ (§p|u|2+pPe<p>+ 0 +d194+cvm9) dx dt
0 Q

8—1
lmy |

(S T
= + poPe(po) + —pg + dﬁg ~+ cypodo dx +/ / & -udxdt
a 2po p—1 0o Jo
(11)

for any & € C*°[0,T),£(0) = 1,£(T) = 0, and enjoying the following estimates
indepedently of the smoothness of the boundary:
o p€ Lx(0,T5 LA(Q)), plu? € L=(0,T5 LA(Q)), pv € L=(0,T; L}(2)),

o U € L>(0,T; L*(Q)), plog¥) € L=(0,T; L'(R)), =54 € L'((0,T) x ),
e Viogd € L2((0,T) x Q), V¥3/2 € L?((0,T) x Q),

o uc L0, T;Wy"(Q),r = 2.

Now we can benefit from the technique by Ducomet and Feireisl [2]. For domains
Q,, with smooth boundary, that converge to domain 2 with boundary being merely
Lipschitz continuous, we obtain solutions (py,, Uy, 9,) which satisfy estimates stated
in the lemma above. Note that these estimates are independent of n.

First, we use the test function

ults) = 00008 | (0.~ nl0)] @

where to obtain p,|q € LAT((0,T) x 2). Here, 1 € D(0,T) and B denotes so called
Bogovskii operator on domain € (and we consider it is extended by zero outside €2).
It expresses certain kind of inverse to the div operator and its main properties are
stated in the following lemma.
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Lemma 3 (Bogovskii operator, paragraph 3.3 in [6]). Let Q C R® be a bounded
domain with Lipschitz continuous boundary. Then there exists a bounded linear
operator B = (B, Ba, B3) satisfying the following properties:

e B:LP(Q):={feLP(Q): [,fdx=0} — WP (5 R3) with
||B(f)||wolvp(9;m3) < C(P)HfHLP(Q)

for any 1 < p < oo.
o the function v = B[f] solves the problem

divv=finQ, vlgg=0.

o for any f € LP(Q) such that there exists g € LI(S;R3) satisfying f = divg
and g - n|spq = 0 we have

||B[f]||LT(Q;]R3) < C(T)Hg”Lr(Q;]RS)
for any 1 <r < co.

More precisely, testing (9) with ¢, and employing the estimates given in Lemma 2
we obtain uniform bound in the form

T
/ /pﬁ“dxdt < ¢(9) (12)
0 Q
for any § > 0.

Remark 1. Direct inspection of construction of the Bogovskii operator allows us to
claim that for given bounded Lipschitz domain  C R3 and a sequence of bounded
smooth domains §2,, with boundary being uniformly Lipschitz continuous the esti-
mates claimed in Lemma 3 can be made uniform with respect to n for n sufficiently
large.

This allows us to obtain fOT an PPt dx dt < ¢(d) for any 6 > 0 uniformly with
respect to n.

2.1. Strong compactness of the temperature. Up to this moment, we only
have weak compactness of the temperature which follows from the estimates in
Lemma 2. In order to strenghten the convergence to the strong one, we shall use
the variational formulation of the entropy inequality

4d 4d
Oy (;19?1 ~+ ¢y pn log 19n> + div (519% ~+ ¢cypn log ﬁn)un) —

U 93 Sy, : n
div (M&le) > —po(pp)divu, + %4,

n

kg (Un) + 003, . —
Twﬂnﬁ in D'([0,T) x Q,)
In order to show relative compactness of the sequence of functions bounded in

Bochner spaces, one can utter the following version of the Aubin-Lions lemma (see
Lemma 6.3, Chapter 6 by Feireisl [4]).

Lemma 4. Let Q@ C RN, N > 2 be a bounded Lipschitz domain. Let {v,} be
a sequence of functions bounded in
2N

L2(0,T; LYQ)) N L>®(0,T; LY(Q )
(0) b ( ))m (0’ b ( ))) q> N+2
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Furthermore, suppose that 0w, > gn in D'((0,T) x Q), where distributions gy,
are bounded in L*(0,T; W="P(Q)) for certain m > 1,p > 1. Then the sequence
{vn} is relatively compact in the space L*(0,T; W=12(Q)).

Applying Lemma 4 to the sequence {%dﬂ;o; + cypn log ﬂn}n as in the part 5.4 and
6.2 of Ducomet and Feireisl [2] and using ¥, — o in L?(0,T; W12(Q2)) we obtain

/ /( 193+cvpn10g19 )19ndxdt
_>/ /( 193+cvpnlog19)19dxdt. (13)

This immediately yields 9,, — ¢ in L?((0,T) x ).

2.2. Propagation of density oscillations. Having proved pointwise convergence
of the temperature, the next thing we have to show is convergence in the linear
momentum equation. In order to pass, we need to show convergence of the nonlinear
pressure term. This can be done by showing pointwise convergence of the density.
Similarly to the part 6.3 by Ducomet and Feireisl [2] we can show that

pnly, U, — pu®uin L'((0,T) x Q)**3

Growth assumptions on the pressure term and results of Lemma 2 yield

Ou(om) -+ i (pu ) + 7 (5201 + o) + 50"+ 577 ) =
divS + pf in D'((0,T) x Q)

By the Div-Curl lemma (see e.g. Lemma 6.1 by Feireisl [4]), the functions
p € L®0,T;L°(Q)) and u € L0, T;W,*(Q)?3) solve the continuity equation
in D'((0,T) x ) and it is easy to see that, provided we extend them by zero,
the equation holds in D’((0,T) x R?). Moreover, we can take 3 sufficiently large to
recover that p and u solve the renormalized continuity equation on R3

dib(p) + div (b(p)u) + (V' (p)p — b(p))divu = 0 in D'((0,T) x R?) (1%)

where the function b satisfies certain growth assumptions (for details, see e.g.
Novotny and Straskraba [6], Chapter 6).
Thus we can take z — zlog z for b and write

d:(plog p) + div (plog pu) + pdivu = 0 in D'((0,T) x R?) (14)

On the other hand, p, € L>°(0,T;L?()) and u, € L*(0,T; W, (Q)?) satisfy
the renormalized continuity equation with b(z) = zlog z, passing with n to infinity
we get

d:(plog p) + div (plog pu) + pdivu = 0 in D'((0,T) x R?) (15)
Substracting (14) and (15), and integrating yields

/(plogpfplogp)(T)dx:/ /pdivufpdivudxdt. (16)
Q 0 Ja

As the function z — zlogz is strictly convex and continuous, we have that
the term on the left-hand side is always non-negative and vanishes if and only if
pn — p strongly in L1((0,T) x Q). Therefore our next step is to obtain suitable
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bounds on the right-hand side. In order to do this, we employ the strategy by
Lions [8] to use a test function of the form

pn(t,z) = Pp(O)n(@) (VAT [pa(t,))(z), ¢ € D(0,T),n € D()
for problem on the set €2,,. This yields

/OT /Q ¥n (pe(pn) +Inpo(pn) + gﬂi +0p) — A9 )div un) pn dxdt
2 ' [ (0,09, (FATV)lp,Jdx
/OT/Q¢ [A(ﬁn)div u, — <pe(pn) + Onpo(pn) + gﬁi + 5p§)] Vi (VAT [pn]
T / ' /Q 0 [0(02)(Tun + Vul) = plu, @ w,)] Vi (VA [p,] dx dt
_/OT/Qatqpnun-(VA_l)[pn] dxdt—i—/OT /Q U - (VA™Y)[p] dxdt

[ [ (o (VAT ] = (VAT )

where the terms VA~div and VA~!V are defined in terms of the Fourier transfor-
mation and represent continuous linear operators from LP(R3)3 to LP(R3)3, LP(R3)
to LP(R?)3*3 respectively, with 1 < p < co (see e.g. Stein [9]) for details).

Similarly, one can use the test function p(t,z) = ¥ (t)n(x)(VA~)[p], with ¢ €
D(0,T), and n € D(Q) in the limit version of the linear momentum equation.
Substracting both equations and passing to the limit, results on the weak continuity
of the bilinear forms of singular integrals (Lemma 3.4 in Feireisl, Novotny and
Petzeltova [5]) can be used to obtain

n—oo

T
lim </ / Un(pe(pn) + Inpo(pn) + 5p§ — A0, divuy,)p, dxdt
0o Ja,
T
—2/0 /Qn Ynp(9n)Vu, - (VATIV)[p,] dxdt>

/o /97/”7(176—(,@ +Upo(p) + 6p7 — A(¥)div u)pdx dt

9 /O /Q Ynp(9)Va : (VA~1V)[p] dxc dt.

Our next step is to simplify the integrals in the equation, more precisely, we wish
to obtain

lim/ /1/;77 (21(9,)Vu, : (VATIV)[pn] — 2u(9)Vu : (VAT'V)[p]) dx dt
0 Q

n—oo

n—oo

T
= lim / v 2p(W,)divuy, p, — 2p(9)divup) dx dt.
0o Ja

To this end, we employ the commutator theory for singular integrals developed
by Coifman and Meyer [1].
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Lemma 5 (Commutator Lemma (Proposition 5.1 in [3])). Letv : (0, T)xRY — RY
be a vector field and let g : (0,T) x RN — R be a scalar function such that

v e L"(0,T; L"(RY;RN)), g € LP(0, T; WHP(RN)) 0 L0, T; (L9 N L*)(RY)),

where

% <p<N, % + % < 1. Furthermore, assume that

ess sup ([|9(t) || Laeny + 9(8) || 1)) < K.

)

Then there exist constants ¢ = ¢(p,q,7,K) > 0, w = w(p,q,r) > 0, and s =
s(p,q,r) > 1 such that

I (0; A7 div ) [gv] — g(9; A~ div )|

L (0,T5W s (RY))
S CHg”Lp(O,T;Wl’p(]RN) ||VHL7‘(O7T;W1,T(RN;RN)), for 1= 1, ey N.

Taking v = Vu' and g = nu(9) in the preceding lemma and using the strong
convergence of the temperature we see that the identity we claim holds.
We have shown, that

pe(p)p + Ipa(p)p + 6pP+H — (2p(V) + (D)) pdiv u
= pe(p)p + 9pa(p)p + 6p%p — (2p(9) + A(¥))pdiv u in D((0,T) x Q).

This relation can be rewritten to the form

(Q1+ Q2+ Q3)

divu — pdivue = —————
pdivu — pdivu MOES)

where

Q@1 =pe(p)p = pelp)p, Q2=7 (m(p)p -p (p)p) , Qz=0 (p"p - p"“) -

As py is non-decreasing, we have Q2 < 0, and similarly Q3 < 0. What remains
is to estimate the term ). We can use the pressure decomposition technique
by Feireisl [4] in order to show that Q1 < pus(p)p — pu(p)p, where the term pp is
a bounded part of the pressure p. = p. + pm + pp with the convex part p. and
the monotone part p,,,. Now we can estimate the difference of the bounded pressure
parts as it was done by Feireisl [4], and employ (16) in order to obtain existence of
A < oo such that

- A [T -
/(plogp*plogp) (1) dx < —/ /(plogp*plogp) dxdt
Q M Jo Ja

for almost every 7 € [0,T]. Consequently, the Gronwall lemma yields plogp =
plog p which is equivalent to

pn — pin L*((0,T) x ).

2.3. Approximate entropy inequality and total energy equality. As we al-
ready know, the limit functions p and ¥ satisfy the continuity equation as well as
the linear momentum equation, our next task is to verify that also the entropy
inequality and energy equality are satisfied. In the previous parts, we have proved
convergence of all the terms involved in the energy and entropy formulae except for
pP.(p) and pPy(p), but this follows as p and u solve the renormalized continuity
equation on (0,7) x R3.

Passing to the limit in the entropy inequality, we see that the terms

Sn:Vu,
Gy

9 93 9 93 .
el gHa 2 and =6 :;);U 2|V, |? need some special care.
n z
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Lemma 6 (Lemma 5.4 in [2]). Let 9,, — 9 in L?>((0,T) x Q), and log¥,, — logd
in L2((0,T) x Q). Then ¥ is strictly positive a.e. on (0,T) x Q, and logd = logd.

A direct consequence of the lemma above yields log 9, — log ¥ in L*((0,T) x ).
As Viogd, = Vﬁ" is uniformly bounded in L2((0,7) x ), we obtain
(19 )+ o kG () 4+ o3

0y, Vi 9

V¥ in D'([0,T) x Q)

d Nc(19)-‘:-019 |V19|2

Convergence in terms ﬁS u an follows by the weak lower semi-

continuity of the norm and formulae

2

: 1
S:Vu = w(0) Vu+ Vul — —divul + <) divu| |,
0, 9 3
U, 93 3
S V0P~V (0), where Ko(s) = [ D2
s
To complete our considerations, it is enough to write for any ¢ € D([0,T) x R3),
‘P|(0 mxa = 0.

T 4d
Oy —ﬂn + cypnlog ¥, — pnPy(pn) | dxdt
o Ja
Q
K
Q
Q

A ( 02+ oo puPolpy) ) - Vipdxa
I
[

J

3
G(Un) + 7Un — V¥, - Vedxdt
T
/0 2.\Q
T
/ 7(19 ) V1, - Vodxdt
0 Un

T

N n U 93

/w( Vi | K60 + 00 G |2)dxdt
o, O 2

n

d
+ Osp (;19?1 + cppn log ¥, — pang(pn)> dx dt

_|_

4d
(_19?1 + Cvpn 1Og Oy — pnPﬁ(pn)) uy - VQD dx dt

+ o3

=)
)

<

.
¥

o
o~

n

4d
[ 900 (570804 com + 108(00) = o Po(n.) ) axa
¢

~

4d
©(0) (gﬂg,n + cvpo,n +log(Pon) — po,nPﬂ(po,n)) dxdt
Q

T .
/ /¢<Sn.Vun+n(ﬂ)+cﬂ9 V0, |2>dxdt
0o Jo

Iy V2

A

n

€

~

Ad
- / ¢(0) (gﬂg,n + Cupon + log(Po.n) — PO,nPﬂ(PO,n)) dxdt

4d
/ ©(0) (319(3),” + copo,n +10g(90,) — Po,nPﬂ(Po,n)) dxdt
Q,\Q
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where we have taken for ¢ its nonnegative part, ¢(t,z) = (¢(t,z))*, which is
possible by the density argument.

It is now easy to see that all the integrals over €, \  vanish in the limit. As
the weak lower semicontinuity of the first integral on the right-hand side preserves
the inequality sign in the limit, we are done.

3. Vanishing artificial pressure. As we have proved existence of a solution to
the d-approximate problem on domain §2 with boundary being merely Lipschitz con-
tinuous, we are now able to employ the rest of procedures of the proof by Ducomet
and Feireisl [2] and obtain solution to the Navier—Stokes—Fourier system on €.

4. Remarks on sensitivity with respect to the boundary. Throughout our
proof we considered approximation of the Lipschitz domain € by smooth domains
Qn, Q C Q,. It was shown, that only some reasonable property that for any ball
B C R3\ Q there exists n(B) such that if n > n(B), then B C R?\ €,,, is needed.
The question is what can one obtain in the case of approximation by ”‘smaller
smooth domains, that is Q,, C €. It turns out, that in addition to the rather natural
requirement that any compact subset K C 2 is absorbed by ,, for all n > ng(K),
we have to require even more — cap,(Q2\ Q,) — 0 as n — oo.

979
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