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Abstract

Existence of a very weak solution to the d-dimensional thermo-visco-elasticity sys-
tem for Kelvin-Voigt-type material at small strains involving (possibly nonlinear)
monotone viscosity of a p-Laplacian type and temperature-dependent heat capacity of
an (w—1)-polynomial growth is proved by a successive passage to a limit in a suitably
regularized Galerkin approximation and sophisticated a-priori estimates for the tem-
perature gradient performed for the coupled system. A global solution for arbitrary
large data having an L'-structure is obtained under the conditions p > 2, w > 1, and
p>1+d/(2w).
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1 Introduction

Existence of a solution of a coupled thermo-visco-elasticity system for Kelvin-Voigt-type
material with a linear dissipation and the heat equation with constant heat capacity and
conductivity is, inspite of great effort thorough many decades, still open in dimensions
d > 2, while in dimension d = 1 is was proved already in [8, 9] in 1982. Investigation of one-
dimensional problems continued, e.g., in [5, 6, 7, 13, 14, 16, 20, 24, 26, 29, 30, 31, 32, 33].

Literature about multidimensional problems is more modest, however. Linear dissipa-
tion mechanism in case d > 2 would need suitable modifications of in the heat equation.
One option involving a non-constant heat capacity depending on temperature 6 with a
growth at least §/27¢ ¢ > 0, was considered in [2] where existence of a solution has been
proved by a Schauder fixed point. Similar Schauder fixed method was used also in [34, 35]

Alternatively, keeping the heat capacity constant, one can modify heat conductivity to
make it dependent either on # (as in [10] with a growth bigger than 1 — 2/d, see also [11,
Sect.5.4.2.1]) or on V@ (as in [11, Sect.5.4.2.2] or [15] with a growth > d/2 —1if d < 3).
For the last case, see also [18, 19] where a growth condition 2sk’(s) + k(s) > (1 + s)
imposed on the heat conductivity x = x(|V8|?) was assumed. In the latter works, regular
data had been required. Another modification of the heat flux, namely by a term %V@,
was used in [20] again for the one-dimensional case only.

Another possibility to handle linear dissipation is to involve higher-order terms of the
type |V2u|? into the stored energy which then can be even non-convex in terms of strain,
cf. [13, 21, 23, 26, 30, 31] or also [5, Chap.5].

Alternatively, linear dissipation mechanism can be strengthen by some higher-order
“capillarity-like” terms as AQ%u or some spatially nonlocal term, cf. Remark 6 below.

The goal is to prove existence of a solution to the thermoviscoelastic system by a con-
structive method without using Schauder-fixed-point-type arguments and under extreme
loading having only basic integrability of heating and mechanical forcing. Also, combi-
nation of nonlinearities in the heat equation (as in [2]) and in the dissipation reveals a
proper condition (3.2) on their growth.

!The work was created as a research activity of “Necas center for mathematical modeling” LC 06052
(MSMT CR) partly supported also by the grants IAA 1075402 (GA AV CR) and MSM 21620839 and
1M06031 (MSMT CR). The author very acknowledges comments of dr. Giusseppe Tomassetti that im-
proved the previous version at a lot of places.



2 Thermo-visco-elastic system

We assume a body occupying the bounded domain 2 with a Lipschitz boundary I', made
from Kelvin-Voigt-type viscoelastic and heat-conductive material described in terms of
the small strains. Considering a fixed time horizon T > 0, we abbreviate @ := (0,7 x £
and ¥ := (0,T) x I'. The governing equations for the displacement u and temperature ¢
consist of the equilibrium equation that balances the total stress ¢ with the inertial forces
and outer loading by a body force f:

&%u

PoE dive = f with (2.1a)

o =C(e(u) — 6B) + D(Bz(tu))’ e(u) = %VuT + %Vu, (2.1b)

and the heat equation that balances the total energy, cf. (4.57) below,

@) 2 _ div(kve) = D(

Oe(u)
—0CB :
5 6C

ot ot

8e(u)> : Oe(u) +g (2.2)

ot

where the data in this model are:
u: Q — R? displacement,
0 : (Q — R temperature,

e(u) : Q — RE? the small-strain tensor,

C the 4th-order tensor of elastic constants,
D : R4 — RIXA 4 (possibly nonlinear) viscosity,

sym sym
B e ]Rg;rg the thermal-dilatation tensor,
¢ > 0 heat capacity (depending on 6),
p > 0 mass density,

K € R%*d the heat-conductivity tensor,

Sym

f: 8 — R? the body force,

g : Q — R the prescribed body heat source, and

h:¥ — R (in (2.3a) below) the prescribed boundary flux,
where ngxnﬁl is the set of symmetric dxd-matrices. By (3.3b) below, C induces a linear
mapping Rg;nﬁl — ngxrff defined by e — [22,121 Cijrier)-

We will consider an initial-boundary-value problem for the system (2.1)-(2.2) and there-
fore we choose some boundary conditions, e.g. an unsupported body heated by an external
flux h, and initial conditions:

v-o=0, K% =h on X, (2.3a)
ou
u(0,-) = uo, E(O’ ) =wo, 6(0,-) =0 on €. (2.3b)

Remark 1 (Thermodynamics of the model.) The model (2.1)—(2.2) can be derived from
the specific Helmholtz free energy considered as

2
0(0,¢) = %(C(e—IB%H) (e — BO) — %(CIBB LB — o 6). (2.4)

The particular terms in (2.4) are related respectively to the elastic stored energy, temper-
ature dilatation, and a contribution of chaotic vibrations of the atomic grid. Moreover,
we pose the dissipation rate:

(2.5)



The form of £ is related to (possibly nonlinear) viscosity. Defining still the specific entropy
by so-called Gibbs’ relation s = s(6,e) = —1)(0,e) = CB : e + ¢((6) and the heat flux

j = =KV by Fourier’s law (in anisotropic medium), the so-called entropy equation
0s de(u) o
b — 2.
b =&(5) —div(i) + (2:6)
yields, after some calculus, the heat equation (2.2) with the heat capacity
c(8) = 00}(0). (2.7)
Furthermore, the total stress is postulated in the Kelvin-Voigt rheology, as
0
7 = l(6.¢(w) +p(2A2), (2.9

which just gives (2.1b). From Hamilton’s principle using the specific kinetic energy
%p|%u|2 generalized for dissipative systems, one then obtains the equilibrium equation

(2.1a). The entropy equation (2.6) is designed to balance the total energy, i.e. the sum of
the internal energy

b+ 0s = 0Ul(8) — o (6) + %(Ce(u) : e(u) — OCB : e(u) (2.9)

and the kinetic energy integrated over 2 with the overall dissipated energy, cf. (4.57)
below. Assuming g > 0, h > 0, and ug > 0, we can at least formally rely on § > 0 and,
using (2.6) and (3.3k) below, derive the Clausius-Duhem inequality

d [ (VO KVO-VO g

KVe-Vo g h
— g — > 0. .
/Q 72 —i—edx—l—/FHdS_O (2.10)

A special case 1(f) = cofln(0/60y) with c¢g > 0 and 6y constant gives c¢(f) = ¢p in (2.7)
and the thermal part of the internal energy (2.9) as 0(0) — 1o (0) = cob.

Example 1 (Isotropic material.) The above general setting allows for general anisotropic
materials as single-crystals or composites. In special cases as cubic or tetragonal single-
crystals or stratified composites, more symmetries can be required in B, C, D, and K than
those assumed in (3.3) below. The extreme case is isotropic where B = diag(a, ..., @) and
K = diag(k, ..., k) with « thermal dilatability and k > 0 heat conductivity, and only two
coefficients, denoted as A > 0 and p > 0 (called Lamé constants) occur in C, and similarly
for D where some nonlinear dependence is to be considered if p # 2; the specific form
(2.11c¢) is just a particular example for it, of course. Thus, in this isotropic case, we have

Bij = adyj, (2.11a)
Cijkt = M0 + 1 (8360 + 610k (2.11b)
D(¢) =D%(é)ée  with D, (e) = (A% 4+ A ([tx(€)[P~?) 656k

+ (1 + ptelP?) (605 + Sadik), (2.11c)
Kij = Kby, (2.11d)

where § denotes here the Kronecker symbol, “tr” denotes the trace of a matrix and

AL 9 > 0 and u! > 0. Note that the stored energy and the dissipation rate take
respectively the form

1
5@6 te= %tr(e)2 + plel*  and (2.12a)
D) : é = Xtr(e)? + Mtr(e)? + 2u°(e* + 2t |¢)?, (2.12b)

where |e| means the Frobenius norm of the matrix e.



3 Data qualification, very weak solution
We assume

Q a bounded Lipschitz domain in R%, d > 1, (3.1)
and, for some exponents p and w satisfying

d+ 2w
2w

p>2, w>1, and p> (32)

or, in other words, w > d/(2p — 2), the following basic qualification for C, D, ¢ and for K:

dnp > 0 Ve € ngxrff : %(Ce e > molel?, (3.3a)
Cijrr = Cjirg = Craij, (3.3b)
D: ]ngxrfll — ]ngxrfll continuous, (3.3¢)
I >0Ve e REE: D(é): é>mlef, (3.3d)
ACy Ve e REE . |D(e)] < Co(1+ e 1), (3.3¢)
g > 0 Vér, éaeRET: (D(é1) —D(éa)) : (61 — é2) > malér — éaf?, (3.3f)
¢:R" — R continuously differentiable, (3.3g)
Jemax > Cmin >0, VOERT : cpin(1+60)° 71 <c¢(f) <cmax(1 + 60471, (3.3h)
3¢ >0 FCnax €R: d(9) < Cmax$, (3.31)
K € R&, (3.3))
Ik>0 VzeR?: Kz-z> k|22 (3.3k)

An example for ¢ satisfying (3.3g,h,i) is ¢(#) := cmin(1 + 6)*~! with any w > 1; for such «,

(3.31) holds with ¢ <w — 1 if w > 1 while for w = 1 such ¢ is constant and ¢ = 0 hence

(3.31) holds too. The rather nonconventional condition (3.3i) will be used later for (4.48).
We will allow for rather extreme loadings, satisfying only

fe LML LARY), geL'(Q), heL'(D), (3.42)
ug € WH2(Q;RY), vy € LA RY), 6y € L(Q). (3.4b)

We will assume non-negativity of the external heat sources:
g >0, h >0, 6o > 0. (3.5)

In the isotropic case in the Example 1, from (2.12) we can see that (3.3a) is satisfied
with 179 = p and (3.3c,e) holds with 7; = p' = 72, and (3.3e) needs Cy = max(\? +
209, AL+ 2ut).

Let us still abbreviate I := (0,7"). We use the standard notation C'*°(-) for the space
of smooth (possibly vector- or matrix-valued) functions, LP(-) for p-power Lebesgue inte-
grable functions as well as W*?(-) for the Sobolev spaces of functions whose kth derivatives
are in LP(-) on the domain indicated. If values range over a Banach space X, then LP(I; X)
refers to an LP-Bochner spaces of Banach-space-valued functions while W*P(I; X) is a
respective Sobolev-Bochner space. Moreover, M(I; X) denotes the space of X-valued
measures on [ = [0,7]. Further, (-)* will denote standardly the (topological) dual space.
We also use “:” for the product of matrices and “-” for the product of vectors. After

transforming c(@)%@ = %?(0) in (2.2) with a primitive function ¢ of ¢, and by testing (2.1)
by z and thus transformed (2.2) by w and using Green formula and by-part integration in
time and the boundary and initial conditions (2.3), we arrive at the following:



Definition 1 (A very weak formulation.) We will call (u,8) with

we LI WH2(Q;RY) N WIP(L WhP(Q; RY)) N Wheo(I; L2(Q;RY)), (3.6a)
2

OcL"(I;Wh(Q) N L2 LY Q) withany 1<r< Cii—:_ ~ (3.6b)
w

a very weak solution to the thermoviscoelastic system (2.1)-(2.2) with the boundary and
initial conditions (2.3) if u(0,-) = uy and if

de(u ou Oz
/Q<<C(€(U) — 6B) +D( a(t )>> efz) — 050 S dad

:/f-zd:cdt—l—/gvo(x)-z((),x) dz (3.7)
0 Q

for any z € C(Q;RY) with z(T,-) =0, and if

/Q<KV9-VUJ + (H(CIB% : 8%(:) - D(az(tu)) : aea(tu))w - ?(9)%) dadt

= / quw d:cdt—l—/ hw det—F//c\(Go(x))w(O,x) dz (3.8)
Q by Q
for any w € C®(Q) with w(T,-) = 0, where ¢ denotes a primitive function of c.

Our main result is:

Theorem 1 (Existence of very weak solutions.) Under the assumptions (3.1)-(3.5),
a very weak solution to the thermoviscoelastic system (2.1)-(2.2) with the boundary and
initial conditions (2.3) does exist. In addition to (3.6), it also holds

2
% € /eI WP (Q;RY") + LY LA RY), (3.92)
0
% € M(I;W=422(q)), (3.9b)
3?8(;9) e LU W—422(q)). (3.9¢)

Proof advertised: It follows from the arguments presented in Section 4, namely from Propo-
sition 2. It is important that (3.4) allows both for (4.2) and for (4.3) used in Section 4,

while (3.5) allows for (4.20) below. As to (3.9¢), it is important that 2¢() is not a measure
in time but indeed belongs to L' (I; W~1-9/22(Q)) because, in the sense of distributions,
()% = div(KV0) + D(e(%2)) : e(%4) — 6CB : e(%%) + g € LM (I; W 1-4/22(Q)). O

4 Analysis of the thermo-visco-elastic system

We will prove Theorem 1 by a careful successive passage to a limit in a suitably regularized

Galerkin approximation and sophisticated L'-type a-priori estimates for the temperature
gradient performed for the coupled system.
Considering a parameter k € N, one can always take a sequence of finite-dimensional

subspaces Vj, C W1°°(€) that is increasing and approximates the whole WP () strongly,
ie.

Vi C Verr  and c1< U Vk> = Wir(Q), (4.1)
keN



where “cl” refers to the closure in WP (Q2). Moreover, we consider approximations f; of
f € LYI; L?(Q;RY)), and g of g€ L'(Q), and also hy, of he L'(X) such that

fr € L®(Q;RY) and klim fu = f strongly in L(I; L?(Q; RY)), (4.2a)
ar € L*(Q) and klim gr =g strongly in L}(Q), (4.2b)
hy € WH(I; L*(T)) and klim hy = h strongly in L(%). (4.2¢)

We also approximate the initial conditions by some Ug g5 Vg i and ao,k’ and assume

ug ), € Vi and klim Uy 1, = Uo in WH2(; RY), (4.3a)
’ —00 ’

Vo € de and k]im Vo = V0 in LQ(Q;Rd), (4.3b)
) —00 )

0o € Vi and kli)rgo b0, = 0o in L¥(Q). (4.3¢)

Moreover, we make a regularization of both the mechanical and the thermal parts by
monotone terms with a sufficiently fast growth to compensate the growth of the right-
hand side terms in the heat equation (2.2) just to guarantee mere existence of the Galerkin
approximants. Later these terms will be suppressed.

Thus, for a regularization parameter € > 0, we define the Galerkin approrimation
(Upge» 0y ) of the regularized system as functions

uy,. € WhR(L VA n WA (VE)), (4.4a
0, € L>=(I; V) n WHY(I V) (4.4b)
satisfying the initial conditions

ou
U (0,-) = U ;s a’;le (0,+) = vo s O11-(0,-) =0 (4.5)

) )

and

<Qai;§§l€’ > + A(C(e(ukle) — 0. B) + D(%)) ce(2)

z
—i—a‘% e &gzlg zdx :/ka-z dz (4.6)
for any z € V& and for a.a. t € [0,7T], and if
<C(9kls)%aw> +/Q<Kvakle'vw + (E‘Hklefekle +0,,.CB: %
_D<ae(gtkle)> : 86((;?15))11)) dz = /ngw do + /Fhkw ds (4.7)

for any w € V; and for a.a. t € [0,T]. In other words, (u,,_,0,, ) solves, in the weak sense,
the system

2 0
4 81212915 - diV<C(e(ukze) = 0,,.B) + D( e(g:la)))
ou,,_ |20—20u 1)
el T[T = e (4.82)
o0 , de(uyy. )
<c(0kle) 8/;15 — div(KVO,,.) + €[003 + 0. CB : atk =
de(uy. )\ . Oe(uy,) 90y )



where the residua 7“,(?2 c WhP(Q;RY)* and r,(jg € WL2(Q)* are orthogonal to Vi and
V;, respectively. In the following proofs, we can confine ourselves on k& > [ so that, in
particular, 6y ;, € Vj, C V;. The meaning of the left-hand side of (4.8b), let us denote it by

(&kies Chie ), 1s naturally the (continuous extension of the) linear functional z — fQ Epezda+

fl‘ CriezdS.
Let us further define the seminorms on a dual space V* to a function space V C

LY(Q;R™) for n:=d or n := 1 by

‘f{k pe = sup / frodxdt . (4.9)
’ [vllv<1
v(t,) eV for a.a. t€[0,T]

Considering a (countable) collection of these seminorms for k € N, we generate a locally
convex topology on V*. Equipped by such topology, this locally convex space will then be
denoted by V; for this construction see also [28, Sect.8.4]. Thanks to the assumption
(4.1), these spaces are Hausdorff topological spaces.

Lemma 1 (Existence of Galerkin solution, a-priori estimates.) Let (3.1), (3.2),
(3.3), (4.2) and (4.3) hold. Then the Galerkin approxzimate solution (uy,_,0,. ) to the
reqularized system (4.4)-(4.7) does exist and satisfies, for some Cy 4 < 400 dependent
on k and £ but not on l, the following a-priori estimates:

Huk‘l&‘HWLOO([;WLOO(Q;Rd)) < Cl,k€7 (4.10&)
32%15

YR <C 4.10b
‘ 2 i wrzrayys — 2 ( )
[ HLOO LD () N L2(EW2) N 13(Q) = Cikes (4.10c)
89kle . -~

—e C ded 1 > 1. 4.10d
= e ni) ke POt E (4.104)

Proof. First, the existence of the Galerkin solution follows by the standard arguments
based on theory of ordinary differential equations together with a successive prolongation
which is made possible due to the L*(I;-)-estimates of ;. and of 6,,  derived below.

We perform the test of (4.6) and of (4.7) by z = gtukle(t ) and w = 0, (t,),

which are legal test functions being from de and V, respectively. We will also use Korn’s
inequality in the form

Iz >0 Yo e WHP(Q;RY) :

< Jle(v) (4.11)

773H”HW149(Q;1Rd) HLP(Q raxd) T H”HL?(Q;Rd)

with 13 > 0 depending on €2, relying on (3.1). From (3.3d) combined with (4.11) and the
algebraic inequality (a — b)P > 217PaP — bP, we obtain

Oe(uy. )\  Oe(uy,,.) ukl ) ||P
/QD< ot - ) ot —dez an ) L (RESD)
ou ou p

> ~ kle _ kle

i <?73 H Wi, P(Q;Rd) H ot LQ(Q;Rd))

8u Uy, (|P

1- kl kl

=27"m 773H T Whe(QRd) H 8758 L2(QRY) (4.12)

We also introduce € : R — R defined by €(6) := foe Je(¥)dd. As we do not have non-
negativity of §,,. guaranteed, we can formally define ¢(¢) = ¢(—6) for # < 0. Then (3.3h)



Cm1n|9|1+w < 6(9) < Cmax(%a2

raCh |

) Py 773H

|6]1+). Hence, these tests yield in the

+ 1+w

ensu'res 1+

sum

L2(QRd) + /Q Ce(uy,) : e(uy.) + €0, dx)

aukle 8“kls

—m H +’%Hv6kleHiQ(Q;Rd)

WLp(Q;R%) L2(Q;R4)

([

L2p Q]Rd HaklEHiS(Q >

S/ﬂ(g@ kle | o ‘aukle‘%)?aukle) 3ukle+<ce(ukle)+m(w)>

ot ot ot ot
ou 00
: 6(%) + <C(6kle) % + E‘Hkla’0k15>9kla T KV - V.
0 0 0
_ /QD( e(“kla)) . e(ukla)ekle —CB: e(ukle)GQ

ot ot ot ke

ou
() - HHE (1,0, do + /F hi(t, )6, dS. (4.13)

By (3.3e) and by using Hoélder’s and Young’s inequalities, we have

/CIB% Uk:le 921 < ‘CM/ ‘86 Uy )
£

Ugie

wkle | dz

2p
< C;

g
5“61915“%3((2)7 (4'14)

kit g H L2p (Q;R4)

where the constant C, ;. ,, depends on its indices and on B and C; we used also that always

2p > 3 (here (3.2) is used) and that the WH2P(Q)- and L?P(£2)-norms are equivalent to
each other if restricted on Vi, with k fixed. Similarly,

de(uy,.) . de(uy,.)
/QD( ot > ot Owed?

< [onfir]

S/ <1+‘8e U )
Q

< Cg,k7p<1 + H%sHi?(m) 4H

p— 1) ‘ 86(“/%;

‘ekle ‘ dz

2p 202
) + —O‘Hkls‘Q dz

Quy. |2

4.1
L2p(;R4) (4.15)

where 0 > 0 was suitably chosen to give the constant C. j, now depending also on Cp.
The resting terms on the right-hand side of (4.13) can be estimated even more easily.
Eventually, we estimate the term nonpositive term on the left-hand side of (4.13) as

Quy ||

m H Quy 1|2
ot lL2(o;Rr9)

‘Q’p/QH aukls

<m

< Ceptarnt 7| ¢
LepRrd) — Pl mt 4 L2P(Q;RY)

where the constant C. , |, depends again on its indices. Then we absorb the e-terms
in these estimates in the left-hand side of (4.13). Further we use also Gronwall’s in-
equality, which eventually yields (4.10c) and the estimates of u,,_ in W1°(I; L*(; R9))
and L®°(I; W12(Q;R%)). From this, the estimate (4.10a) then directly follows because
Vi € Whoo(Q;R?) is assumed and the L?norm on the finite-dimensional subspace V; is

equivalent to the norm induced from W1 (Q;R?); of course, again this estimate cannot
be uniform with respect to k.



The estimate (4.10b) can be obtained by a test of (4.6) by z(t,-) € V¢ with 2 €
LY(I; Wh2(0; RY)), making integration over I, and estimating the supremum as suggested

in (4.9) routinely by using Holder’s inequality and the already proved estimates (4.10a,c).
E.g. we estimate

/QGMECB re(z)dzdt < |CB‘ HekleSHLOO(I;LQ(Q))He(Z)HLl(I;LQ(Q;RdXd))

< |CB|Cell=]] s (4.16)

(LW 2(RY))?
the other details are omitted. Similarly, (4.10d) can be obtained by a test of (4.7) by
z(t,-) € V; with z € L2(I; WH2(Q)) N L3(Q). O

Now, realizing that the a-priori estimates (4.10) are independent of [, we pass to the
limit with [ — oo, obtaining thus a solution (6, u,_) to a “semi-Galerkin” approximation
involving the discretized and regularized mechanical part and the continuous (but still
regularized) heat equation that can thus be tested by various nonlinear functions of 6.

Lemma 2 (Limit passage for | — oc.) Let the assumptions of Lemma 1 together with
(4.1) hold. Then the sequence {(uy,.,0,,.)}ien contains a subsequence converging weakly™*
in the (locally convex) topologies indicated by the estimates (4.10) to some limit, let us
denote it by (u,_,0,.). Each u,. € WY(I; V) and 0, € L*(I; WY2(Q)) thus obtained
solves, in the weak sense, the system

82uk€ . 8€(uk€)
0 2 dlv(C(e(uke) — erB) —HD(iat ))
Ouy,, 12p=2 0wy, B
+e ot ot = [k + Tkes (4.17a)
00,..

C(eke) ot - diV(Kveke) + 5\9/%\9/%

_ de(u,,. ) . de(u,,. ) . de(uy, )
_D< ot ) o e T

. .y .. 0
with the initial conditions u,_(0,-) = uq, %(0,-) = vk, and 0,_(0,-) = O and the

+ gk

4.17b

boundary conditions op.v = 0 and K%er = hy on X with op. denoting the stress tensor
as in (2.1b) but with u,_ in place of u, and where the residuum ry. € WHP(Q;RY)* s
orthogonal to de. Moreover, (4.10) is inherited by this limit in the sense

kel s e ety < Cte (4.18a)
82uk5

=G 4.18b

8t2 k7L1(I;W1’2(Q;Rd))* - 27k6’ ( )

Haka HLOO(I;Ll-HJ(Q)) N L2(LW12(Q) N L3(Q) < 037]95, (418C)
a0,
= ) 4.1
H ot (L2(;wr2(Q) N L3(Q))* — C4,k€ ( 8d)

Proof. Take a subsequence uy,  — wu,.  and 6, — 0,  as announced in this propo-

13
sition. The a-priori estimates (4.18) are inherited from (4.10). The fact that 8(0;,;6 €

(LA(L;WH2(Q)) N L3(Q))* can be obtained by a successive extension of a limit of a sub-

sequence of functionals a%ktle from L2(I;V;) onto L?(I;Vi41) and then, by continuity, on

the whole L2(I; W12(Q)) N L3(Q), cf. [28, the proof of Theorem 8.27]. For this, it is im-
portant that (4.10d) is uniform with respect to [. The estimate (4.18d) is then inherited
from (4.10d).

By Aubin-Lions’ compact-embedding theorem [1, 17] generalized for the locally-convex
spaces together with the fact that de is finite-dimensional (hence compactly embedded into

10



itself) and with an interpolation by Gagliardo-Nirenberg inequality, cf. [28, Lemmas 7.7-
7.8], the estimates (4.10a,c-e) imply that

) 0
% - % in LI(I; Vd), (4.19a)
0. — 0,  in LQ) (4.19b)

with any ¢ < +o0 and ¢; < 3. The proof that the weak limit (u,_,0,_) is the sought
weak solution to (4.17) is then simple. Indeed, having the strong convergence %e(ukle) —
%e(uk ) in LA(I; L (Q; REX)), see (4.19a) and hence surely in LP(Q,RdXd) we can pass

sym Sym

to the limit in the term ID)( e(uy,.)) : at e(uy,.) — D(%e(uke)) : 8t e(uy.) in L*(Q) in
the Galerkin identity (4.7). The other nonlinear terms in the heat equation (4.8b) are
even simpler. We can consider w in (4.7) as w; € C'(I;V}) converging strongly to w in
CH(I;W2(Q)) and, after making the limit passage with [ — oo, we obtain directly the
weak formulation of (4.17b) with the mentioned initial/boundary conditions. The strong
convergences (4.19) also allow for a direct limit passage in the Galerkin identity (4.6) to
get the Galerkin identity corresponding to (4.17).

Having 6, _ “continuous” (i.e. not of the Galerkin type), we can use various “nonlinear”
tests for an advanced estimation technique for V@,  developed, for the separate heat
equation, by Boccardo and Gallouét [4] and later augmented in [3]. Here, we nontrivially
combine this technique with estimation of the mechanical part. This allows for optimal
estimation especially of the adiabatic “CB-term”. Simultaneously we can still benefit from
having (4.18a) at our disposal. In view of (3.5) with (4.2b,c) and (4.3b), it is consistent

to assume

gk >0, hp>0, wor=>0. (4.20)

Proposition 1 (Further estimates for u,. and0,_.) Let the assumptions of Lemma 1,
(4.1) and now also (4.20) hold. Then, for any § > 0, u,_ and 0,_ satisfy also

Huk;g le 00 (L2 (SRE)) N Loe (I; W12 (Q;R4)) < 057 (421&)
Oe(uy,.)
— <G 4.21b
H ot Le(Q;Rdxd)) — 6 ( )
P e <Cr fork>k (4.21¢)
Ot Ik, (Lr (WLp(QRD)) N Lo (L2 (R)) N L2 (QRD)* — TR R, <lc
HeksHLOO(I;LW(Q)) < Cs, (4.21d)
d+ 2w
V6. o <Cory 157 < Tt (4.21e)
89k6
4.21f
H L1 I.Ww- 1-d/2, 2(9)) ClO ( )

with C’s independent of k and €. Moreover, 0, > 0, and also

H auke < 011671/(21)), (422&)

L2P(Q;R4)
HekeHLS(Q) < Clz,k€_1/3 (4.22b)

where again C11 does not depend on k and € but Cia ), does depend on k as indicated.

Proof. First, we prove ¢, > 0 standardly by testing the heat equation by 9];. Here

we use (4.20) as well as the fact that %er is in duality with 6,_ and then also with
0, € L>(I; WH3(Q)), cf. (4.18¢,d).

11



Having the information 6, > 0, the energy balance can be obtained by multiplication
of (4.17a) by %uke and (4.17b) by 1, and by using Green’s formula both for (2.1) and for
(2.2):

Pl Ou
( H e L2(;R4) / (Ce uke) : (uk5)>
Oe(uy, )\ Oe(u,,) Oe(uy,) Ouy,_ |2p
+/Q<]D( SAE) e 40, OB e | ke [T dg
/ e 8“’%01 (4.23)
d [. de(u,_ ), Oe(u,,)
— [ (0, )dz— [ (D hel) s — ke
dt/ﬂc(’%)”r /Q<( o ) o
Oe
+06,.CB: STJ“ \eke{aka)dx_[)gkdx+éhkds, (4.24)
where ¢ is a primitive function of ¢; choosing ¢(6 fo ), by (3.3h) it holds
Emint” < () < émax(1 +6%) (4.25)

for some 0 < épin < émax < +00. Summing (4.23) with (4.24), we get the total-energy
balance:

615l

1 d
+ g(Ce(uke) ce(ug,) + / fe: uke dz

B Buke
—/ngdx—/rhde——s/QO—at

Since 6, > 0, by estimating [, fx-

+ \0k€\0k€> dz < 0. (4.26)

8 .
Y1+ uk HLQ(Q Rd) ) and by using

Gronwall’s inequality and the assumptlon (4.3) with the growth (4 25) of ¢, the estimate
(4.26) yields the L*-estimates in (4.21a,d) independently of € and k. Here we use also
the coercivity (4.25) of ¢. Still, however, this does not allow for a limit passage in the

nonlinear term 6, CB : %e(uke), nor in D(%e(uke)) gt e(uy, ).
Following the technique from [3, 4], we test (2.2) by ¢,(0,.) with ¢, : R — [0,1]
defined by

0 if 0 <n,
Gn(@)=¢ 0—n fn<O<n+1, (4.27)
ifg>n-+1.

Denote the primitive function (Zn of ¢, such that (En(O) =0 and

Oe(u Oe(u Oe(u
Ry = ]D( (0tk€)) : (8tk€) -0, CB: (6tk€) . (4.28)

By integration in time and the Green formula and denoting B, := {(t,z) € @ : n <

12



0,.(t,z) <n+ 1}, we get
n/ VO, dzdt = /-c/ ¢, (0,.)| VO, |* dudt
By Q

Q Q

< [ K90, Vou(0,) dude+ [ By0,.(7,) o
Q Q

= / ¢y, (B0 1) Az + / 9rdn(0,,) dzdt
Q Q
+ [ bn(0y,) A5+ [ Ractn(9,) o

= Q

1 w
S CmaX(HHO,kHLl(Q)*' ;HaokaLw(Q)>
Hllgell gy 1ol s sy + [ Brell 1 - (4.29)

where C/(\ﬁn is the primitive function of c¢¢,, such that c?bn(O) = 0 and where cpax is from
(3.3h). Note that ¢, (0) < cmax(6 + 26“) due to (3.3h). For ¢ > 0 fixed, we get

|V9k€ |v9k€|2
/Q(1+9 1+< Z/n 1406, 1+¢dxdt
oo 1 )

o 1 c
> e (o0l 1 @y + 20

+H9kHL1(Q) + HthLl(z) + HR/%HLl(Q))

= C13 + Cha||Re- (4.30)

210y
with C13 and Cq4 suitable constants:

cmax

Crs = Crasup (cmas [0 pagoy + =2 [0l + Nl + Ikl sy )

e}

1 1
014 Z (1+7’L)1+C

Take 1 <r < 2. By Hélder inequality and (4.30),

T va " T
/Q V6| dedt = /Q (1 +’0k ;c(ic)r/z (1+0,) 72 dadt
€

VO, ° r/2 A+)r/(2—r) (2—r)/2
r r r (2-7)/2
< (C13+ Cua|Bie| 1 ) /2</ 140, (t, )| (s 3 dt) . (4.31)

Now, we use Gagliardo-Nirenberg’s inequality with some Cgx € R and the norm || -

13



o) + IV - [l ray on WHT(9):

11401 (8 )| Larorrse-n ) < Cona (H1+9ke(t= N ire

A _
+ VO (¢, )] LT(Q;]Rd)> [1+0, (¢, ')Hiw?g)
1 A
< CGN,l <‘Q’1/W+CS) <’Q‘1/W+CS+HVGI% (ta ){ LT(Q;Rd)) (4'32)
for
2—r 1 1 1-—A
aro 2\ G-a) (4.33)

We raise (4.32) to the power (1 + {)r/(2 — r) power, use it in (4.31), and choose A :=
(2—7)/(14¢) (note that 1 <r < 2and ¢ > 0 imply 0 < A < 1):

T (2-1)/2
1+¢)r/(2—r)
</ 11+ 0,.(t, )||L(1+C<)r//((2 n(Q )dt)

/ C(1+< /=) (e 1 g IO )

w AA+Qr/(2-r) N (2-7)/2
(121 +C+ 190, () - i )

< /0 31O @) (U 4 o) IO/ )

IN

T/W s T (277‘)/2
<‘Q’/ +Cs+(I VO, (¢, ')”LT(Q;Rd))dt)
(2—7)/2
=:C15 + 016(/ ‘V@kalrdxdt> (4.34)
Q
for suitable constants Cj5 and Cig. Joining (4.31) with (4.34) gives the estimate of the
type

IV 0k ey < i

Lr(Q;R4)

+Cis / (D Ocl “’% : ae(;t’%) —0,.CB: % dadt (4.35)

with suitable constants C17 and Cig. Substituting this choice of A := (2—r)/(14() into
(4.33), one gets after some algebra the conditions

< 2w+d—(d .

T wHd
Further, add (4.23) integrated over [0,7] to (4.35) multiplied by a sufficiently small
weight so that the dissipation term on the right-hand side Rj. in (4.30) can be dominated

by the corresponding left-hand-side term in (4.23). Taking this weight as 1/(2C}g) thus
gives

(4.36)

) Oelte) S0

LT (Q;R4)

LP(Q; R;iyxn?)

Oe(uy, ) ' Oe(uy, )
§/Q§D( o ) a QCg‘wk&‘ ddt

1
S BHUQ,kHiQ Q;]Rd) + 5 / CG(UQ,k) : e(UQ,k) dz

Ci7
Ugoe
/f ddt—l—zc18

8e(uk‘8)
2‘ / 0,.CB : =k dadi; (4.37)
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note that 7; came from (3.3d) and that the term | %uk |?P as well as the terms & %uke( 2, (@:RY)

and 3 [, Ce(u;_ (T, -)):e(u, (T, -)) dz have been “forgotten”. We estimate the last term in
(4.37) by Holder’s and Young’s inequalities as

de(uy,,)
ot

p

) 1)
2‘/ 6,.CB: 2 ke dadt] < Csll0, 15,2 )+ 9

@i (4.38)

where Cs depends on B, C, and also on 6 > 0. If § > 0 is small, the last term can be

absorbed in the left-hand side of (4.37). Further, using Gagliardo-Nirenberg’s inequality
once more yields:

104 @& )l Lor-1 () < Con2ll0 (¢, ')||;’(LQ) (Heke(t’ e
HIVO (8l @urey ) < ConaCi ™ (Cs + V8 () lrmey) (4:39)
for
+—=. (4.40)

Now, rise (4.39) to the power p/(p — 1) and assume

Hp

— 4.41
p_1<r ( )

and integrate it over [0, 7] and use Young inequality

Hekaup/(p 1) <Cp/(p 1)

e/ (P=1)(Q) GN,2
_ (T pp/(p—1)
08(1 mwp/(p 1)/O <08‘|' vaks(t’ ){ LT(Q;R%) dt
T
5/0 Cs +0|[ VO (8, )| o umay At = TCs + 8[| VO, |1 om0y (4.42)

where Cs depends here, beside § > 0, also on Cgn2, Cg, i, p and r. Substitute it
into (4.38), and use in (4.37). Choosmg d > 0 small, we can absorb both the already
discussed right-hand side term 5H8t (up ), (Q:Rdxd) of (4.38), and the right-hand side
term 0|V, in the left-hand side of (4.35). It eventually gives the estimates
(4.21b) and

||LT(Q;Rd)

V6|

LT(Q;Rd) S Cl?- (443)

Now, let us analyze the above conditions. From (4.41) with (4.40), one gets

1—p
w

>p_12
p

+ : (4.44)

S =
3 It
&It

which yields p > d/(d+w). Substituting this condition, i.e. u = d/(d+w) +n with n > 0
and also (4.36) into (4.41) gives, after some algebra, eventually
- 2w+d—(d
P o = ¢d—nlwrd)

(4.45)

Of course, we are allowed for taking ¢ > 0 and n > 0 arbitrarily small, which eventually
arise the condition (3.2).
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The e-terms in the right-hand side terms in (4.26) give the estimate (4.22a) and
10,cll22(Q) = O(e~Y/?). The later estimate, though being uniform with respect to k and
€, obviously just shows the term

£l6,.10,. bounded in L*(£) (4.46)

but this would not suffice for convergence of this term to zero for ¢ — 0, as we will
need in Lemma 3. For this, we need a “higher-power estimate”, namely (4.22b), though
dependent on k. We derive it by testing (4.17b) separately by 6, _. It is important that we

have H%ukEHLw(I;LQ(Q;Rd)) bounded independently of ¢, cf. (4.21a), and then, considering
k € N fixed so that the norm L?(Q)- and W1°°(Q)-norms are mutually equivalent on the
finite-dimensional space Vi, we have also H%e(uke)H Loo(Qrax4) bounded independently of
¢ (though not on k). Then (4.22b) follows standardly.

The estimate (4.21c) follows from the already proved estimates (4.21a,b,d,e). Also
(4.21f) follows (4.21b,d,e) and also from (4.46). This is a bit technical, however. As the
right-hand side Ry.+ gy of (4.17b) belongs to L?(Q) and hy, € Wb 2([ L?(T)) due to (4.2c),
and as —div(KV#,_)+|6,_|6,. has a non-negative potential ®(6,_) := [, sKVO,_-V0,_+
3|9 €|3dx and ®(6p ) < 400 due to the assumed symmetry of K and due to Oy, € Vi, C
Whee(Q) by (4.3c), we can test (14.17b) by %Hake. This shows V(0. 8t9k€ € L*(Q) and
thus also o )dlv(KV9k€ = \/Tw(\/c(ﬁke)mﬂke) - c(@k )(ng +gr) € L*(Q), although

their norms in these spaces are not uniform with respect to k. Thus the following calculus
applied to (4.17b) divided by ¢(6,,) is legal:

00 R div(KVe
Q Ot Q

c(6;.)
— / M _ Kvgka . vL dzdt
Q ¢(0e) c(0r)
:/ (Bgetgr)w  KVO, -Vuw c'(@ka)KVHkZ-VHkaw ddt (4.47)
o <(0) () SO
for any w € L*>(I; W01+d/2’2(§2)). Thus
00, B /
H Ll(I;Wflfd/Q’Q(Q)) weLoo (I; IS/;III-)M/Q 2 ot
_ sup / (Rge+gi)w B KVHkE-Vw n (HkE)KVHkE-VHkEw dudt.
weLoo(I;W()l+d/2’2(Q)) Q c(ﬂke) C(le) C(@kE)Q

Now we can estimate it by using Vw bounded in L*(Q;R%) and the already proved
estimates (4.21a,b,d,e) as well as by the assumption that 1/c¢(-) is bounded, cf. (3.3h). In
particular, we estimate

/ CI(Hka)Kveka 'vakew
Q

’vake
w|dxdt
(0. el

(1+0,.)

< Cmax|K| <Cl3 + 014HR]§5HL1(Q)) HwHLoo(Q) (4-48)
with Chpax from (3.3i) and Cy3 and Cy4 from (4.30), and the fact that Ry, is already
proved bounded in L!(Q). Here we took ¢ > 0 small enough to make (3.3i) effective. It is

important that, though the regularity estimates that allowed for (4.47) were not uniform,
the last estimate is again uniform with respect to both € and k. U

dmdtﬁ/ Chnax|K]|
Q

Now, by passing ¢ — 0, we want to get a solution, let us denote it by (ug,0), to a
non-reqularized semi-Galerkin problem, i.e. (4.17) but with ¢ = 0 and thus the e-terms as
well as the indexes € omitted. It is important still to hold & fixed because (4.22b) depends
on k.
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Lemma 3 (Passage ¢ — 0.) Let the assumptions of Proposition 1 hold. Then the se-
quence {(u,,0,.) >0 contains a subsequence converging weakly™ in the topologies induced
by the estimates (4.18) to a limit (u,,0,) which solves the weak sense the semi-Galerkin
non-reqularized system, i.e.

82

0 2 —d1V<C( (u k) —leﬁﬁ) —|—ID)(aeg:k))> = fr + 1L, (4.49a)
c(ek)%if — div(KV6,.) = D(aeg:k)> : ae((;:k) —0,CB: Oe ((975 D g (449D)

with the initial conditions u, (0, ) = ug, %Lf(O, ) = vok, and 0,(0,-) = Oy and the

boundary conditions oy = 0 and K%Hk = hy on X with o denoting the stress tensor
as in (2.1b) but with u, and 0, in place of u and 6, respectively, and where the residuum
r, € WIP(Q;RY)* s orthogonal to V3. Moreover, (4.21) is inherited for this limit and
(4.21¢c) can be improved to

2
0“u,,

< k> k. 4.
ot? ‘R(LP(I;WLP(Q;R%)mLoo([;L2(Q;Rd)))* C18 fOT = ( 50)

Proof. Likewise in Lemma 2, this limit passage is still easy because u,, ranges still a fixed

finite-dimensional space de. The difference here is that the regularizing terms are now to
be shown vanishing in the limit, which is due to the estimates

auk 2p— auk Ouy,_ 2r—1
/ ‘ €. zdxdt —8156 Lov/ar-1(Q) HZHL2P(Q;Rd)
ou
= || 5|, )uz\\mmd):el/<2p> o [E[P—

and

IN

‘ /8 |9k€‘9k€w dz
Q

guazgum/?(@)Hw”L%Q)

= gHakz-:Hi?)(Q)HwHLS(Q) = 81/301227/€HWHL3(Q)

which both tend to 0 for € — 0 provided k& € N and z € C(Q;R%) or w € C(Q) are fixed;
here C1; and Cia, are from (4.22a) and (4.22b), respectively. We thus get a weak solution
(ug,0) to the non-regularized semi-Galerkin problem (4.49).

The equation (4.49a) now allows for a test by functions from LP(I; W1P(Q;R?)) N
L*(I; L*($; RY)) valued in Vi@ which gives (4.50). O
Remark 2 The equation (4.26) represents an energy balance (cf. also (4.57) below) where

the e-term represents an artificial dissipated energy related with our regularization. It is
interesting that this artificial dissipated energy converges to zero. Indeed,

Ou. 12
lim sup 5/ (‘ Uhe p—i— ‘9,%‘9,%) dxdt
e—0 Q ot

= it [ (4] 2 )]+ Jetu (1) el (1) + 0,7 )

e—0

+/ g‘vovk‘ + §C€(uo,k) s e(ug ) + (6o, d
Q

+/fk.3u

g—/( P )(2+1<ce(uk(T)):e(uk(T))+?(9k(T))+§|vo,k|2

ke | g dadt + / hy, dSdt
>

+ §C€(U0,k) ce(ug k) + (90k )dx + / fr-—E + g dadt + /hk dSdt =0
b
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where the last equation can be obtained by summing (4.49a) tested by %Lf and (4.49Db)
2
tested by 1. For this equality, it is important that aa% is in duality with aaif € LP(I; Wir(Q;RY))

because of (4.50) and of (4.21a,b) inherited for u,. Similarly, aaif is in duality with 1 due

to (4.21f) inherited for 6, .

For the limit passage in the approximate solutions, the only essential point is now to
show the strong convergence of aea(f) in LP(Q; R%¥9). For this, d-monotonicity assumed in

(3.3f) is to be used.

Proposition 2 (Passage k — oo, existence of a solution.) Let the assumptions of
Proposition 1 hold. Then the sequence {(uy,0,)}ken contains a subsequence converging
weakly* in the topologies induced by the estimates (4.18) and (4.50) to a limit (u,0) which
solves the original boundary-value problem in the sense of Definition 1 and also (3.9) holds.

Proof. Let us abbreviate vy := %uk and v := %u Like in the proof of Lemma 2, the

. . . . 2 .
uniform estimate (4.50) allows for successive extension of %u = %v to obtain %v €

(LP(L; WP RY)) 0 L(1; L2 (4 RY)))™.
For the limit passage in the heat equation, we must ultimately have the strong con-
vergence of %e(uk) in LP(Q; R¥%). We use by-part integration:

Sym

T/ 0(v —v)
A;<_7%__Wk_”>d

B T oy ov ov ov,
—A<5;W0+<a“§‘<a”@‘<zﬁm>“

1 1 1 1
= §H”k(T’ ')HiQ(Q) - 5“”07“&2(9) + §HU(T’ ')HiQ(Q) - 5“”0‘&2(9)

—/ (T, -) - (T, -) —vo - voda
Q

1 1 1

= §HUI<;(T, ) —o(T, -)H;(Q) - §Hvo,k—voHig(Q) > —§Hvo7k—voHiQ(Q) . (4.51)

Here it was important that %v is in duality to v € LP(I; W'P(Q; R?)). Furthermore, the
meaning of % in the expression fOT(%Lf, v)dt contained in (4.51) is a Hahn-Banach exten-
sion of %, being a bounded linear functional on LP(I; V}4), onto the whole LP(I; WP (€; R?))

but, anyhow, the value of fOT(%Lf, v)dt is independent of the particular extension and in

(4.51) we used that, in fact, it equals just to

T ouy, T, ov
A<5P@m24%@»w@»—WWWM—A<5w@&. (4.52)

Linearity of the elastic response allows for

/Q(Ce(uk—u) e(vp—v)dedt = %/OT%(/Q(Ce(uk—u) s e(ug—u) dx) dt

1
> —§/Q(Ce(u0,k —ug) : (uok — uo) de

v

1
_ilc‘ He(uo,k - uO)HiQ(Q;ngxrg . (4.53)

We take some approximation wy, in L (I; WHP(Q; R?)) of v valued in V¢ such that wy, — v
strongly in LP(I; W'P(Q; RY))NL2(I; L?(Q;RY)). Existence of such an approximation can
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be seen by density of L>®(I; WhP(Q;RY)) in LP(I; WHP(Q; RY)), by possibility of approx-
imation of functions from L% (I; W1P(€;R%)) by simple functions valued in WP(Q; R?),
and eventually by possibility of approximation in the norm of L>(I; W1P(Q;R%)) of such
functions by functions valued in de because of (4.1). Having such a sequence {wy, }ren,
by using also the Galerkin identity for u,, i.e.

/OT<Q<%, z> +/Q(D(€(Uk)) + Cle(ug))):e(z) dm) dt = /ka.z + 0, CBre(z)dadt

for any z € LP(I; de), in particular for z := v —wy, and by using the uniform monotonicity
(3.3f), we obtain

2| e(vg HLP(Q pixdy < /Q (D(e(vk)) — D(e(v))) : e(vy —v) dedt

sym

A
# [ ((Bletv) = Dleo) +Cetwr—) : o) e )t

1
+ gHUO,k - UOHiQ(Q) + 5’@ He(uo,k - Uo)Hig(Q;ngxlg)

T ov
:/QGIC(CIB%:e(wk—vk)dxdt —i—/ka-(wk—vk)dxdt—/OQ<E,vk—v> dt
T ov
—i—/Q(]D(e(v))—i—Ce(u)) s e(vp—v) dxdt+/ Q<a—tk,wk—v> dt
+/Q (D(e(vk)) + Ce(ug)) : e(wy—v) dedt = ZIQ (4.54)

We push all the integrals I lff) to zero.
First, we can modify (4.31)-(4.34) to get an “anisotropic” estimate

HV@M L (L2 (RT)) = ¢ (4.55)
provided
2 d
—+—>d+1, r,ra21; (4.56)
1 T2

we refer to [3, Formula (1.8)] and the proof therein. Then I,gl) — 0 because 6, — 6
in LP/(P=1(Q) provided (3.2) while e(vy — wg) — e(v — v) = 0 weakly in LP(Q;ngXIg).
The used strong convergence 6, — 6 followed by Aubin-Lions’ theorem from the estimate
of VO, in LP/®=V(I;W2(Q;RY)) with ro < pd/(pd—p+2), cf. (4.55)—(4.56) with r :=
p/(p—1), so that 6, is bounded in LP/P=1(I; L3 (2)) with 73 the Sobolev exponent related
to ro, ie. vy < d/(d —2) (or 5 = 400 if d = 1), and after some algebra one can see that
L"3(Q) is compactly embedded into LP/P=1(Q) just if (3.2) holds.

Furthermore, it holds I,?) — 0 because of (4.2a) and wp — vy — 0 weakly* in
L>(I; L2(S;RY)). Also, both IE’) — 0 and I,gA‘) — 0 because vy, — v weakly in LP(I; W1P(Q; R?))
and ‘9” e LP(I; WhP(Q; R%))* and D(e(v)) € L/P=1) (Q;ngxrg) is in duality with e(vy—v) €
LP(Q ngxrg) Note that Ce(u) € L (I; L3(Q; ngxrg)) is indeed in duality with e(vy—v) €

LP(I; LP (Y ngxn‘f)) because p > 2 is assumed in (3.2). As to 1125), we estimate

el <] 5

— 0

WE—U
Lo(I;Whp(QRdy) | HL”(I;WI"’(Q;R"I))
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where %Ltk means, like before, the norm-preserving Hahn-Banach extension of av’“ €

LP(I; VEA)* onto LP(I; WHP(Q;RY))*. Eventually, I, Ig) — 0 because e(w — v) — 0 in
LP(Q;ngXnﬁl) C L2(Q7Rg;nﬁl) and D(e(vg)) + Ce(ug) is bounded in L2(Q7R§l;nﬁl) here again
p > 2 is used.

By having shown the convergence of the right-hand side of (4.54) to zero, we can
conclude the strong convergence e(vy) — e(v) in LP(Q); R‘Siyxrff)

Now we test (4.49a) by z € C°°(I; V;%) with 2(T,-) = 0 and | € N fixed and (4.49b)
by w € C*(Q) with w(7T,-) = 0. Due to the estimates (4.50) as well as (4.21f), we can
make the by-part integration in time; in fact, (4.18d) allows for this step already for 6, _.
Having also the strong convergences of 6, , the limit passage to (3.7)-(3.8) is then simple.
Eventually, we can pass v; to an arbitrary z € C*(Q;R%) with z(T,-) = 0 as used in (3.7).

The information (3.9a,b) is obtained from the estimates (4.21f) and (4.50). The fact

that 2 2u does not concentrate but remains in LP/®=D(; WP (Q; RY)*)N LY (I; L2(; RY))
in (3. 9a) follows from that ‘92u = (f + divo)/p in the sense of distributions, see (2.1),

and that f € L(I; LQ(Q,Rd)) and o € LP/(P=1(Q;R¥*9); note that also § € LP/(P~1)(Q)
as argued in the proof of Proposition 2. O

Remark 3 (Energy balance (4.26).) The limit solutions satisfy the energy balance

d ou |2 1 -
ax E‘— + §(Ce(u) ce(w) + (@) dx
- — SN——
specific specific specific inter-
kinetic energy  stored energy nal energy
/f—d:c+/gdx+/hd5, (4.57)
power of exter- power of exter-
nal force nal heating

which can be shown by summing the mechanical equation (3.7) tested by z = % and the

2
heat equation (3.8) tested by w = 1. For this equality, it is important that a—tuQ is in

duality with uk € LP(I;WhP(Q;RY)) N L>®(I; L2 (; RY)) because of (3.9a) so that we can
extend (3.7) for such a test functions and make the by-part integration in time. Similarly,
2¢(6) is in duality with 1 due to (3.9¢).

Remark 4 (The restriction (3.2) onp and w.) One might be tempted to use an anisotropic
estimate (4.55) of V6. Note that the condition (4.56) coincide just (4.36) in the special
case r = r; = ry. It is, however, a sad reality that this technique does not improve (3.2).
Hence, after an interpolation with the L*°(I; L*(€2))-information as in (4.39), the isotropic

estimate of 6 in LP/®P=1(Q) for p > 1+ d/(2w), cf. (3.2) and (4.42), is not improvable,
which then also determines that %e(u) must be in LP(Q; RZX) to give a sense to the

sym
adiabatic term 6CB : %e(u) in L1(Q). Thus, the bound (3.2) seems to be optimal, at
least if L'-data g, h, and ug are considered.

Remark 5 (Nonlinear elastic response.) A natural question arises why the elastic re-
sponse through C is linear while the dissipation through D is not. Considering the stored
energy non-quadratic leads to much more complicated theory even in isothermal case and

requires also D to have a (pseudo)potential, as it is well documented in [12], and its
extension to anisothermal case is not obvious.

Remark 6 (Nonlocal linear viscosity.) We saw that the condition (3.2) allows for linear
viscosity (i.e. p = 2) only in the one-dimensional case. There is another option to introduce
more viscosity into the system than implemented above, i.e. faster processes dissipate
more due to the super-linear growth of D(-) if p > 2, namely that processes whose velocity
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gradient varies faster in space dissipate more. This might be justified by similar arguments
for stored energy [25, 27] and certain principle that any stored mechanism in nature must
be at least a bit dissipative (perhaps with only few exceptions of quantum origin like
superconductivity). Such a nonlocal mechanism would give additional contribution to the
stress o in (2.1) of the form

Oe(u) ‘

[Grontoea (8] (@) i= [ K )e(w) — @) da with ¢ =2 (4.58)
Q
The assumption on the kernel K is
0ir051 N 0ik051
3C1,6 >0 Clm < Kijr(z,2) < C2m (4.59)

for a fixed parameter 0 < v < 1 where §’s denote here the Kronecker symbol. Then
fQ Ononlocal (€) : €dx is equivalent to the square of the seminorm in the Sobolev-Slobodeckii
spaces W72(Q; ngxnﬁl). Such a contribution would thus be majorized by the left-hand side

of (correspondingly modified) (4.37) and the last term in (4.38) has still to be interpolated.
We can do it in two steps. First, we use the interpolation between Hilbert-type Sobolev-

Slobodetskii spaces applied on the symmetric part e(%%) of V(2%), namely
Oe(u) Ju ||1-v de(u) |¥
=C ‘—- 4.60
‘lafHW“mR%?_ N3 ot 2 mrayll ot lwr2@rezd (4.60)

with 0 < 8 = (14+7)v — 1. Second, we use the continuous-embedding theorem for the

Sobolev-Slobodetskif spaces W52(Q) c LP(Q2) provided p < 2d/(d — 23). Joining these
estimates, we obtain a Gagliardo-Nirenberg inequality generalized for fractional derivatives

de(u) Ou ||1-v de(u) |¥
<C ‘—- 4.61
H &‘M®M%— N3 o lzmall ot lwr2@mrdsd) (4.61)
for
1.1 14y 1 1
e e — <u<l. 4.62
p=d Va4 T3 1 SVS (462)

To use it for further estimation of (4.38), we rise it to the power p and then we need

vp < 2 to apply Young’s inequality and absorb the thus arising term H %e(u)”?}w 2 (R

? yINsym
in the correspondingly modified left-hand side of (4.37). Taking into account (3.2), we
get v < 4w/(d + 2w) and then (4.62) yield the restriction v > (d? + 2d — 4w — 2wd)/(8w)
if d > 2. For the physically relevant case d = 3, we have v > 5/8 if w = 1 or v > 0 if
w = 3/2, while for the two-dimensional case we get v > 0 already for w = 1.

Remark 7 (Temperature dependence of the coefficients.) The method presented above
allows relatively easily for a generalization to a “more coupled” system using temperature-
dependent B and D assuming that this dependence would be continuous, B(-) bounded, and
(3.3d-f) would hold uniformly with respect to the temperature. Temperature dependence
of D would require slight enhancement of (4.54). On the other hand, generalization for
temperature dependence of K is not not clear though here it would be in conflict only with
deriving of (4.47) by using estimates obtained by the test by %.
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