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The paper is concerned with the numerical solution of flow-induced vi-
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1. Introduction

The studies on flow-induced vibrations play an important role in a number
of fields in science and technology (e.g., vibrations of airplane wings or turbine
blades, interaction of wind with bridges, TV towers or cooling towers of
power stations) but also in biomechanics, e.g., simulation of the vocal folds
vibrations and voice production. In all of these examples the moving medium
is gas, i.e. compressible fluid. For low Mach number flows incompressible
models are used (as e.g. in [3], [12]), but in some cases compressibility plays
an important role.

The goal of our research is the numerical finite element (FE) simulation
of interaction of compressible 2D viscous flow in the glottal region with a
compliant tissue of the human vocal folds modeled by a 2D elastic layered
structure. A current challenging question is a mathematical and physical de-
scription of the mechanism for transforming the airflow energy in the glottis
into the acoustic energy representing the voice source in humans. The pri-
mary voice source is given by the airflow coming from the lungs that causes
self-oscillations of the vocal folds. The voice source signal travels from the
glottis to the mouth, exciting the acoustic supraglottal spaces, and becomes
modified by acoustic resonance properties of the vocal tract ([13]).

An overview [2] presents the current state of mathematical models for the
human phonation process. In current publications various simplified glottal
flow models are used. They are based on the Bernoulli equation ([13]), 1D
models for an incompressible inviscid fluid (]9]), 2D incompressible Navier-
Stokes equations solved by the finite volume method ([1]) or finite element
method ([15]). Acoustic wave propagation in the vocal tract is usually mod-
elled separately using linear acoustic perturbation theory ([14]). Work [11] is
concerned with the finite volume solution of the Navier-Stokes equations for
a compressible fluid with prescribed periodic changes of the channel cross-
section of the glottal channel. The phonation onset was studied by using the
potential flow model and three-mass lumped model for the vibrating vocal
folds in [8] and for a 2D isotropic elastic model of the vocal folds in [16].

The present paper is devoted to the numerical simulation of vocal folds
vibrations induced by compressible viscous flow. The air flow is described by
the compressible Navier-Stokes equations written in the arbitrary Lagrangian-
Eulerian (ALE) form in order to take into account the time dependence of
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the domain occupied by the air. The vocal folds are considered as isotropic
elastic bodies. Their vibrations are described by the linear elasticity equa-
tions. The coupled fluid-structure interaction problem represents a strongly
nonlinear dynamical system, which is analyzed numerically.

The flow problem is discretized in space by the discontinuous Galerkin fi-
nite element method (DGFEM), using piecewise polynomial approximations,
in general discontinuous on interfaces between neighbouring elements. The
time discretization is carried out by the backward difference formula (BDF)
in time. The structural problem is approximated by conforming finite ele-
ments and the Newmark method. The fluid-structure interaction is realized
via weak or strong coupling algorithms.

The contents of the paper is the following. In Section 2, the continuous
fluid-structure interaction (FSI) problem is formulated. Section 3 is con-
cerned with the derivation of the discrete problem. Section 4 is devoted to
the realization of the coupled FSI problem. It consists of the construction of
the ALE mapping and the formulation of the coupling algorithms. In Sec-
tion 5, we present results of numerical tests showing the applications to the
simulation of flow-induced vibrations of vocal folds. In Conclusion, subjects
for future work are formulated.

2. Continuous problem

In this section we shall formulate the problem of the interaction of a
compressible flow with an elastic structure.

2.1. Formulation of the flow problem

We consider a compressible flow in a bounded domain €, C IR? depending
on time ¢t € [0,7]. We assume that the boundary of €, is formed by three
disjoint parts: 0€); = 'y U T'p U 'y, where I'; is the inlet, I'p is the outlet
and I'yy, denotes impermeable walls that may move in dependence on time.

The dependence of the domain {2; on time is taken into account with the
use of the arbitrary Lagrangian-Eulerian (ALE) method, see e.g. [10]. It is
based on a regular one-to-one ALE mapping of the reference configuration
)y onto the current configuration €2;:

A Qg — Q, ie. X €Qpr— x=2(X,t) = A(X) € Q..



We define the domain velocity:

E(X,t) — %At(X), t e [O,T], X S Qo, (].)

z(z,t) = z(A ' (x),t), te€[0,T], =€

and the ALE derivative of the vector function w = w(x, t) defined for « € €
and t € [0,77:

DA ow

- )= —(X,t

(e, ) = (X 1), )

where

B(X,1) = wlA(X), 1), X €, & =A(X).

Then, using the relations

DAU)Z‘ . 3wZ
Dt Ot

+div (zw;) —w;divz, i=1,...,4,

we can write the governing system consisting of the continuity equation, the
Navier-Stokes equations and the energy equation in the ALE form

2 2

DAw 0g,(w) _ IR (w, Vw)
L e ST

s= s=1

See, for example [6]. Here

= (wy,...,wy)" = (p, pv1, pvo, B)T € RY, (4)
= w(z,t), €, te(0,7),

gs(w) = .fs(w) —zw, s=1,2

fi(w) = (fia.- ., fu)" = (pvi, porv; + 813 p, poav; + 60 p, (E + p)vy) "
Ri(w,Vw) = (Ry,...,Ry)" = (O, T T, T U1+ T vy + k@@/@xi)T ,

1/ 0v;  Ov,
v . i j
7. = Adivv d;; + 2udi(v), dii(v) = = + )
Z J+ 2udyfo). dylo) = 5 (5 + 52
We use the following notation: p — density, p — pressure, E — total energy,
v = (v1,v9) — velocity, § — absolute temperature, v > 1 — Poisson adiabatic
constant, ¢, > 0 — specific heat at constant volume, p > 0, A = —2u/3 —
viscosity coefficients, k& — heat conduction, TZ-‘]/- — components of the viscous

part of the stress tensor. The vector-valued function w is called state vector,
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the functions f; are the so-called inviscid fluxes and R, represent viscous
terms. The above system is completed by the thermodynamical relations

p= (= 1E=5oloP) 0= (==l (5)

Cy

The resulting system is equipped with the initial condition
w(z,0) = w’(x), z€Q, (6)
and the following boundary conditions:
a) P!r, = pp, b) vlr, =vp = (vp1,vpa)", (7)

060
ZT mvj—i-k: =0 only,

2,7=1
. . 06
d) wv|r,. = zp = velocity of a moving wall, e) a—\pw =0 on I'y,,
t n t
00
ZT n=0 j=12, g) %:Oonfo,

with prescribed data pp,vp and zp.

2.2. FElasticity problem and fluid-structure interaction coupling

For the description of the deformation of an elastic structure we shall
use the model of dynamical linear elasticity formulated in a bounded open
set Q¥ C R? representing the elastic body, which has a common boundary
with the reference domain €2y occupied by the fluid at the initial time. We
denote by u(X,t) = (uy (X, 1), us(X, 1), X = (X1, X5) € Q°, ¢t € (0,T), the
displacement of the body. The equations describing the deformation of the
elastic body Q° have the form

2
, ort
%;Z Qb%iz_ a;?—o in Q% (0,7), i=1,2 (8)

Here Tf} are the components of the stress tensor defined by the generalized

Hooke’s law for isotropic bodies
= Ndivu d; + 2p°e);(w), i,j=1,2. (9)
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By e’ = {e J , we denote the strain tensor defined by

1/ Ou; ou;
b _ = 7 ¥l S
eij(u) =5 (an + 3XZ-) , i, =1,2. (10)

The Lamé coefficients A\’ and u’ are related to the Young modulus E° and

the Poisson ratio o® as

Ebgb E®

Trona—2on M= ! (11)

X =
2(1+o?)

The expression C’Qbaa"ti, where C' > 0, is the dissipative structural damping

of the system and ¢® denotes the material density.
We complete the elasticity problem by initial and boundary conditions.
The initial conditions read

u(-,0) =0, a—u(-, 0) =0, inQ" (12)
ot
Further, we assume that 9Q° = 'Y, UTY%, where 'y, and ', are two disjoints
parts of 90°. We assume that 'Y, is a common part between the fluid and
structure at time ¢ = 0. This means that I'%, C T'y,. On 'Y, we prescribe
the normal component of the stress tensor and assume that the part I'%, is
fixed. This means that the following boundary conditions are used:

(2

S rhn; = T onTy x (0,T), i=12, (13)

u = 0 onTlY x(0,7). (14)

By T™ = (17", T3') we denote the prescribed normal component of the stress
tensor.

The structural problem consists in finding the displacement u satisfying
equations (8) and the initial and boundary conditions (12) — (14).

Now we shall deal with the formulation of the coupled FSI problem. We
denote the common boundary between the fluid and the structure at time ¢
by T w,. 1t is given by

w,={zeR* v=X+u(X,t), Xely}. (15)

Thus, the domain ; is determined by the displacement w of the part 'Y,
at time t. The ALE mapping A; is constructed with the aid of a special
stationary linear elasticity problem - see Section 4.1.
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If the domain §2; occupied by the fluid at time ¢ is known, we can solve the
problem describing the flow and compute the surface force acting onto the
body on the interface I'y,, which can be transformed to the reference config-
uration, i.e. to the interface I'};,. In case of the linear elasticity model, when
only small deformations are considered, we get the transmission condition

2 2
S (X )ny(X) ==Y rh@)n(X), i=12, (16)
j=1 j=1

where Tif; are the components of the stress tensor of the fluid:

= —poy 1, i.=12 (17)
the points & and X satisfy the relation
r=X+u(X,1). (18)

and n(X) = (n,(X),na(X)) denotes the unit outer normal to the body 2°
on I'Y, at the point X . Further, the fluid velocity is defined on the moving
part of the boundary I'y, by the second transmission condition

Ju(X,t)
ot

v(x,t) = zp(x,t) = : (19)

Now we formulate the continuous FSI problem: We want to determine
the domain €y, ¢t € (0,T] and functions w = w(x,t), * € Q;, t € [0, 7]
and v = u(X,t), X € ﬁb, t € [0,7] satisfying equations (3), (8), the
initial conditions (6), (12), the boundary conditions (7), (13), (14) and the
transmission conditions (16), (19).

This FSI problem represents a strongly nonlinear dynamical system. The-
oretical analysis of qualitative properties of this problem, as the existence,
uniqueness and regularity of its solution, is open. Therefore, in the sequel
we shall be concerned with its numerical solution.

3. Discrete problem

First we describe numerical methods for the solution of separately con-
sidered flow and structural problems.



3.1. Discretization of the flow problem

3.1.1. Space discretization

For the space semidiscretization we use the discontinuous Galerkin finite
element method (DGFEM). We construct a polygonal approximation €, of
the domain €. By 7, we denote a partition of the closure Qj,; of the domain
Q: into a finite number of closed triangles K with mutually disjoint interiors
such that Qp; = UKGTM K.

By F: we denote the system of all faces of all elements K € 7j;. Further,
we introduce the set of all interior faces f}{t =A{T € Fpy; T' C O}, the set of
all boundary faces f,ﬁ ={T € Fpy; I' C 00} and the set of all “Dirichlet”
boundary faces FiJ = {F € FE; a Dirichlet condition is prescribed on F} .
Each I' € F},; is associated with a unit normal vector nr to I'. For I' € .7-}]3
the normal nr has the same orientation as the outer normal to 0€;,;. We set
d(T") = length of T € Fy,.

For each T' € F}, there exist two neighbouring elements KﬁL), KﬁR) € Tt
such that I' C 8K§R) N 8K§L). We use the convention that KﬁR) lies in the
direction of mr and KﬁL) lies in the opposite direction to mp. If T' € Ff,

then the element adjacent to I' will be denoted by KéL).
The approximate solution will be sought in the space of piecewise poly-
nomial functions

S = [Sw]t, with Sy, = {v;v|x € P.(K) VK € Ty}, (20)

where r > 1is an integer and P,(K') denotes the space of all polynomials on K
of degree < r. A function ¢ € S}, is, in general, discontinuous on interfaces

I € F/,. By c,o(FL) and QO(FR) we denote the values of ¢ on I' considered from

)

the interior and the exterior of KéL , respectively, and set

L R L R
(@ir = (@ + )72, [elr = o — . (21)

The discrete problem is derived in the following way: We multiply system
(3) by a test function ¢, € Sy, integrate over K € 7Ty, apply Green’s
theorem, sum over all elements K € 7y, use the concept of the numerical
flux and introduce suitable terms mutually vanishing for a regular exact
solution. Moreover, we carry out a linearization of nonlinear terms. In a
similar way as in [6] we define the following forms.

Convection form: We set Aj(w) = Df (w)/Dw, which is the Jacobi

matrix of the mapping f,. Then Dg.(Ww) _ Ag(w) — zd, and we write



P,(w,n) = Y2 2LLD,, ' 572 (A (w)n, — zn,0). By [5], this matrix is
diagonalizable. It means that there exists a nonsingular matrix T = T(w, n)
such that P, = TAT!, N = diag()\,...,\s) where \; = \;(w,n) are
eigenvalues of the matrix P;. Further, we define the ”positive” and "nega-
tive” parts of the matrix Py by P = TA*T™, N* = diag(\y,...,A}),
where A* = max(A,0), A~ = min(\,0). Now, in the same way as in [6], for
W, Wy, Y, € Sy we define the linearized convection form

~

bh(mha Wh, Soh) (22)

=- Y ; > (As(w) — z(2)Dw)- aai: da

KEThtk+l

30 [ (B (. meywl? 4 B (@) m) ) ] ds

rerf,

Ly / (B2 (). m )l + B (1) ne) w5y ) 0, dS.
rerp r

If ' € FE, it is necessary to specify the boundary state mﬁffi’ appearing in
the numerical flux H, in the definition of the inviscid form I;h. Here we use
the approach applied in the case of inviscid flow simulation, treated in [5],
using a linearized initial-boundary value 1D Riemann problem.

Viscous form: The linearization of the viscous terms is based on the fact
that R,(wy,, Vwy,) is linear in Vw and nonlinear in w. We get the linearized
viscous form

2
. _ 0
i@ wp) = 3 [ S R(@L VW) PP (29
K s=1 $

KeTh
2
-2 / > (Bi(whn, Vawy))(nr)s - [py] dS
rer!, 71 s=1
2
- Z /ZRs(Wmvwh)(nr)s-sohdS.
reFp 71 s=1

(We use the so-called incomplete version of the approximation of the viscous
terms.)



Interior and boundary penalty and righ-hand side forms: Further, we set

Jn(w, pp,) = Z /Fg[w] “lepnldS + Z /Faw -y diS, (24)

reFf, rerh
2
U (w, @) = Z /ZawB -, dS. (25)
rerh /1 s=1

Here or = Cyp/d(I") and Cy > 0 is a sufficiently large constant. The
boundary state wpg is defined on the basis of the Dirichlet boundary condi-
tions (7), a), b), d) and extrapolation:

1
wg = (pp, PDVUDI, PDVUD2, CvaegL) + §PD\UD\2) on I'y, (26)
wp = w(FL) on ['p, (27)

1
wp = (P(FL)>P(FL)ZD1, P(FL)ZDz, Cup(rL)eéL) + éﬂ(pL)’ZD!Q) on I'y,. (28)

Reaction form reads

dp(w, p;,) = Z /K(w ¢y, divz de. (29)

KeTy,

3.1.2. Time discretization

Let us construct a partition 0 = ty < t; < ty... of the time interval
[0,7] and define the time step 7, = tx+1 — tx. We use the approximations
wy(t,) = wp € Sy, 2(t,) = 2", n=0,1,..., and introduce the function
w, = wf oA, o A" | which is defined in the domain Q,,,. The ALE
derivative at time t;; is approximated by the first- or second-order backward
finite difference

Dw, wht(2) — wf(x)
—(x,t ~ 30
2 tn) e (30)
or
DAwy, 2T + Tl 4 Tie + Th—1 . Tk b1
2 () o DT gkt IR TRl gk wh™
Dt ( +1) Tk(Tk—i-’Tk,l) h TkTlk—1 h kal(Tk“'Tk—l) h
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By the symbol (-, -) we shall denote the scalar product in L?(Qp,,,), i.e.

i) = [ wiede (32)
Qntyys
respectively.
In order to avoid spurious oscillations in the approximate solution in
the vicinity of discontinuities or steep gradients, we apply artificial viscosity
forms introduced in [7]. They are based on the discontinuity indicator

g"(K) = /8 K[/si]?ds/(hK|K|3/4), K € Th,,,- (33)

By [pF] we denote the jump of the function pf on the boundary K and
| K| denotes the area of the element K. Then for each K € Ty, ,, we define
the discrete discontinuity indicator G*(K) = 0 if ¢*(K) < 1, G¥(K) =
1if g*(K) > 1 and the artificial viscosity forms

Bl i) = Y0 hGHE) [Vl Y, d. (34
KeThtlﬂ»l
L R
Jh(wi,’w?rl,goh) = 1y Z é(Gk(Klg )) +Gk(K1£ ))) /F[ k+1] [‘Ph] ds,
Fej:étk-s-l

with parameters vy, v, = O(1).
Finally, by wl‘”rl we denote the state obtained by the extrapolation:

wr ! =) and wit! = = Tt e Tk_lﬁ)i — lﬁjﬁ_l (35)
Tk—1 Tk—1
in the case of the first-order time discretization and second-order time dis-
cretization, respectively.
The resulting scheme has the following form: For each k£ = 0,1,... we
seek wlfL“ € Shy,,, such that
k+1 ok

w —w
< ’ Tk h‘>90h> + o (@ Wit ) + an(@h T, wit py)
+ T ) + du (Wit @) + Bu(wh, wit )
+ ‘]h(wiv k+17 90h> 6( k+17 Soh) VSOh € Shtk+17 (36)

in the case of the first-order time discretization. In the case of the second-
order time discretization the expression (wk™ — 1}, ¢,) /7 is replaced by

by the approximation (31).
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3.2. Discretization of the structural problem

3.2.1. Space semidiscretization
The space semidiscretization of the structural problem will be carried
out by the conforming finite element method. By Q% we denote a polygonal
approximation of the domain Q2°. We construct a triangulation 7;? of the
domain ©? formed by a finite number of closed triangles with the following
properties:
a) QZ - UK eTp K.
b) The intersection of two different elements K, K’ € 7! is either empty or
a common edge of these elements or their common vertex.
c¢) The vertices lying on 9Q% are elements of 9.
d) The set Fsv N f; is formed by vertices of some elements K € T,%.
Further, by ', and '}, we denote the parts of 9Q% approximating ',
and T,
The approximate solution of the structural problem will be sought in the
finite-dimensional space X = X}, x X}, where

X, = {vh e O@); vk € Pu(K), VK € Thb} (37)
and s > 1 is an integer. In X, we define the subspace V;, =V}, x V},, where

Vi = {yh € Xn;unlpy = 0} : (38)

The derivation of the space semidiscretization can be obtained in a stan-
dard way. Multiplying system (8) by any test function yp; € Vi, i = 1,2,
applying Green’s theorem and using the boundary condition (13), we obtain
an identity containing the forms defined for w, = (up1, un2), Y, = (Yn1, Yn2) €
XhZ

2
ap(wp, yn) = / Mdiv uy, divy, dX+2/b ub Z e?j(uh) e?j(yh) dX, (39)
Q Q

b =
h h 7,7=1

and
ety = [ @ wdX. ¥, = [ eowds (@)
Qb Twh
We shall use the approximation T* ~ T™ and the notation w), (t) = 8"5t(t) and
w/(t) = 2 gt’;(t). Then we define the approximate solution of the structural
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problem as a function ¢t € [0,7] — wuy(t) € Vj, such that there exist the
derivatives w}, (t), w} () and the identity

(Ul (), )y + (Cou(t), )y + an(uun(t), 1) = (TP ), Yo
vyh € ‘/;Lu Vt € (O7T)7 (41)

and the initial conditions

up(X,0) =0, wj(X,00=0, X b (42)

are satisfied.

The discrete problem (41), (42) is equivalent to the solution of a sys-
tem of ordinary differential equations. Let functions ¢4, ..., ¢, form a ba-
sis of the space Vj,. Then the system of n = 2m of the vector functions
(©1,0), ..+, (©m,0),(0,01),...,(0,¢,) form a basis of the space V. Let
us denote them by ¢,,...¢,. Then the approximate solution u;, can be
expressed in the form

w(t) =Y pit)e. tE€0.T) (43)

Let us set p(t) = (pi(t),...,pa(t)). Using ¢;, j=1,...,n, as test functions
in (41), we get the following system of ordinary differential equations

Mp" = G — Kp — CMyp/, (44)

where M = (my;)7,—; is the mass matrix and K = (k;;)7;_, is the stiffness
matrix with the elements m;; = (p°@;, ;) and k;; = an(p;, ,), respectively.
The aerodynamic force vector G = G(t) = (G1(t),...,Gn(t))" has the com-
ponents G;(t) = (T;*(t), Y;)rw,s ¢ = 1,...,n. System (44) is equipped with
the initial conditions

pj(0) =0, p;(0)=0, j=1,...,n (45)

3.2.2. Time discretization of the structural problem

The discrete initial value problem (44), (45) is solved by the Newmark
method ([4]). We consider the partition of the time interval [0, 7] formed by
the time instants 0 = ¢ty < t; < ... introduced in Section 3.1.2. Let us set
p, = 0,20 = 0,Gr = G(t1), and introduce the approximations p, =~ p(ty)
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and g, ~ p'(ty) for k = 1,2,... . The Newmark scheme can be written in
the form

Pri1 = Pr+Tiqr+ T (ﬂ (M'Grs1 — M 'Kpiy1 — Cqrr)  (46)
+ (% - 5) (M™'Gy — M 'Kp, — Cqy) ),

Qi1 = Qi+ Tk (’Y (M™'Gr1 — M Kpps1 — Cgiesn) (47)
+(1—7) (M'Gy — M 'Kp;, — Cqy) ),

where (3, € R are parameters. From equation (47) we get

1
1 +C"}/Tk

+(1—7) (MG, — M Kpy, — Cqy) ))

Qi1 (Qk + T (’Y (M™'Gjy1 — M ' Kps1) (48)

The substitution of (48) in (46) yields the relation which can be written in
the form

I+ &M 'K) prsr = pr + (e — C&k) i + &M Ghpr + (49)
1
+ (C (v—1)&Ti + (5 — ﬂ) 7']3) (M™'Gy — M 'Kpi — Cqy) -
where we set for the sake of simplicity

Oy B
1+Cyr,)  14+Cym’

6= o1t 1 (50)
If p, and g, are known, then p, , is obtained from system (49) and after-
wards g, ; is computed from (48).

In numerical examples presented in Section 5, the parameters 3 = 1/4
and v = 1/2 were used. This choice yields the Newmark method of the
second order.

4. Realization of the coupled FSI problem

In this section we shall describe the algorithm of the numerical realization
of the complete fluid-structure interaction problem.
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4.1. Construction of the ALE mapping for fluid

The ALE mapping is constructed with the aid of an artificial stationary
elasticity problem. We seek d = (di,ds) defined in 2y as a solution of the
elastostatic system

2 a
aTij . .
E —2 =0 inQy, =12, (51)
: 3xj
J=1
where 7.7 are the components of the artificial stress tensor

e a " 1 /0d; 9d; .
T = Adivd g + 2ute;, e (d):§<6:ﬂj+@xi)’ i,j=12 (52)

YR i

The Lamé coefficients \* and p® are related to the artificial Young modu-
lus £ and to the artificial Poisson number o, as in (11). The boundary
conditions for d are prescribed by

d|F[UFo = 0, d‘FWOh\FWh = 0, d(a:, t) = 'u,(a:, t), T c FWh- (53)
The solution of (51) gives us the ALE mapping of € onto €, in the form
Ai(x) =z +d(x,t), x €, (54)

for each time t.

System (51) is discretized by the conforming piecewise linear finite ele-
ments on the mesh 75, used for computing the flow field in the beginning of
the computational process in the polygonal approximation €2, of the domain
o. The use of linear finite elements is sufficient, because we need only to
know the movement of the points of the mesh.

In our computations we choose the Lamé coefficients A and u® as con-
stants corresponding to the Young modulus and Poisson ratio £* = 10000
and 0% = 0.45.

If the displacement d}, is computed at time tx, 1, then in view of (54), the
approximation of the ALE mapping is obtained in the form

Atk+1h(az) =+ dh(az), x € Q. (55)

The knowledge of the ALE mapping at the time instants tx_1, tx, txy1 al-
lows us to approximate the domain velocity with the aid of the second-order
backward difference formula

3w —dA (A (@) + Ay (A4 ()

tpr1h

2T ’

it () x €y, n (56)
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Figure 1: Computational domain at time t = 0 with a finite element mesh.

4.2. Coupling procedure

In the solution of the complete coupled fluid-structure interaction problem
it is necessary to apply a suitable coupling procedure. See, e.g. [3] for a
general framework. Here we apply the following algorithm.

1. Assume that the approximate solution of the flow problem on the time
level tj is known as well as the deformation of the structure wy .

2. Set up ;. = Unk, [ :=1 and apply the iterative process:

(a) Compute the stress tensor TZ-J;»

on the structure and transform it to the interface I'%,, .
(b) Solve the elasticity problem, compute the deformation uj, , ., at

time ¢4, and approximate the domain Qﬁltkﬂ.

and the aerodynamical force acting

C etermine the mappin and approximate the domain
Determine the ALE ing Aj, ,, and imate the domai
velocity zf%kﬂ.

(d) Solve the flow problem on the approximation of (2

htgy1”

(e) If the variation of the displacement uj, ,_, and uﬁl_kl 41 18 larger than
the prescribed tolerance, go to a) and [ :=1+ 1. Else k :== k + 1
and goto 2).

This represents the so-called strong coupling. If in the step e) we set
k:=k+1 and go to 2) already in the case when [ = 1, then we get the weak
(loose) coupling.

5. Numerical examples

In order to demonstrate the applicability of the developed method, we
present here results of some numerical experiments.

We consider a model of flow through a channel with two bumps which
represent time dependent boundaries between the flow and a simplified model
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Figure 2: Detail of the flow computational mesh at time ¢ = 0 near the narrowest part of
the channel and the position of some sensors used in analysis.

of vocal folds (see Figures 1 and 2). The numerical experiments were carried
out for the following data: magnitude of the inlet velocity v;,, = 4 m/s, the
fluid viscosity g = 15-107% kgm~! s, the inlet density p;, = 1.225 kgm =3,
the outlet pressure py,; = 97611 Pa, the Reynolds number Re = p;, v H /o =
5227, heat conduction coefficient k& = 2.428 - 10" 2kgm s 2K~!, the specific
heat ¢, = 721.428 m?s 2 K~!, the Poisson adiabatic constant v = 1.4. The
inlet Mach number is M;, = 0.012. The Young modulus and the Poisson
ratio have values E? = 25000 Pa and ¢® = 0.4, respectively, the structural
damping coefficient is equal to the constant C' = 100 s~! and the material
density p* = 1040 kgm 3 . The quadratic (r = 2) and linear (s = 1) elements
were used for the approximation of flow and structural problem, respectively.

Figure 1 shows the situation at the initial time t = 0 the flow computa-
tional mesh consisting of 5398 elements and the strucure computational mesh
with 1998 elements. In Figure 2 we see a detail of the flow mesh near the
narrowest part of the channel at the initial time and the positions of sensor
points used in the analysis.

First we tested the influence of the density of the computational meshes
on the oscillations of the pressure averaged over the outlet I'p and the cor-
responding Fourier analysis. We consider three successively refined meshes.
Figure 3 shows the behaviour of the quantity

Pau(t) = /F O (p(a:,t) _ % /0 Tp(x,t) dt) / 4 s (57)

in dependence on time, computed on the flow /structure meshes with 5398 /1998
elements (red), 10130/2806 elements (green) and 20484/4076 elements (blue)
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Figure 4: Fourier analysis of the quantity p,, computed on three meshes: strong coupling
(left), weak coupling (right).

with the aid of the strong coupling (left) and the weak coupling (right). Fig-
ure 4 shows the corresponding Fourier analysis. During the successive mesh
refinement one can observe the convergence tendency manifested by the de-
crease of the magnitude of the quantity p,, fluctuations and the decrease of
the magnitude of the Fourier spectra. No peaks related to any basic acoustic
modes of vibration in the channel were identified in the spectra. The dif-
ference between the results obtained by the strong and weak coupling is not
too large. The main difference is in a higher stability of the strong coupling
during solving the problem on a long time interval. On the other hand, the
strong coupling requires naturally longer CPU time.

Flow-induced deformations of the vocal folds model with the computa-
tional mesh and the velocity field near the vocal folds are shown in Figure
5 at several time instants. We can see the Coanda effect represented by the
attachment of the main stream (jet) successively to the upper and lower wall
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and formation of large scale vortices behind the glottis. The character of the
vocal folds vibration can be indicated in Figure 6, which shows the displace-
ments of the sensor points on the vocal folds surface (marked in Figure 2)
and the fluid pressure fluctuations in the middle of the gap as well as the
Fourier analysis of the signals. The vocal folds vibrations are not symmetric
due to the Coanda effect and are composed of the fundamental horizontal
mode of vibration with the corresponding eigen-frequency 113 Hz and by
the higher eigenmode with the eigenfrequency 439 Hz. The increase of hori-
zontal vibrations due to the aeroelastic instability of the system results in a
fast decrease of the glottal gap. At about ¢ = 0.2 s, when the gap is nearly
closed, the fluid mesh deformation in this region is too high and the numer-
ical simulation stopped. The dominant peak at 439 Hz in the spectrum of
the pressure signal corresponds well to the vertical oscillations of the glottal
gap, while the importance of the lower frequency 113 Hz associated with the
horizontal vocal folds motion is in the pressure fluctuations negligible. The
modeled flow-induced instability of the vocal folds is called phonation onset
followed in reality by a complete closing of the glottis and consequently by
the vocal folds collisions producing the voice source acoustic signal.

6. Conclusion

We have presented a robust higher-order method for the numerical sim-
ulation of the interaction of compressible flow with elastic structures with
applications to the computation of flow-induced vibrations of vocal folds
during phonation. It is based on several important ingredients:

e the ALE method applied to the compressible Navier-Stokes equations,

e the application of the discontinuous Galerkin method for the space
discretization and semi-implicit linearized time discretization,

e the use of conforming finite elements for the space discretization and
of the Newmark method for the time discretization of the elasticity
problem,

e technique for the construction of the ALE mapping,

e the application of coupling algorithms for the realization of the coupled
FSI problem.

The numerical tests and experiments show that the developed method can
be applied to the numerical solution of the interaction of compressible flow
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pressure oscillations in the middle of the gap (left), and the corresponding Fourier analyses
(right).
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and elastic structures with applications to the simulation of air flow through
vocal folds.
Future work will be concentrated on the following topics:

e further analysis of the robustness and accuracy of the method with
respect to the Mach number and Reynolds number,

e investigation of various types of boundary conditions,

e the realization of a remeshing in the case of closing the glottal channel
during the oscillation period of the channel walls,

e the use of nonlinear elasticity models including vocal folds collision,

e the use of a suitable turbulence model,

e the identification of the acoustic signal.
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