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Abstract: This paper gives an overview of the main ingredients needed to incorporate
reconstruction operators, as known from higher order finite volume (F'V) and spec-
tral volume (SV) schemes, into the discontinuous Galerkin (DG) method. Such an
operator constructs higher order approximations from the lower order DG scheme, in-
creasing the order of convergence, while leading to a more efficient numerical scheme
than the corresponding higher order DG scheme itself. We discuss theoretical, as well
as implementational aspects and numerical experiments.
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1 PROBLEM FORMULATION AND NOTATION

For simplicity, we shall be concerned with a scalar hyperbolic equation, although the
same arguments basically hold for any time-dependent PDE. We treat a nonlinear non-
stationary scalar hyperbolic equation in a bounded domain 2 C IR? with a Lipschitz-
continuous boundary 9€2. We seek u : Q2 x [0,7] — IR such that

0

o divE(w) =0 in 2 (0,T) (1)
along with an appropriate initial and boundary condition. Here f = (f1,--- , f;) and
fs,s=1,...,d are Lipschitz continuous fluxes in the direction z,,s =1,...,d.

Let 7, be a partition (triangulation) of the closure € into a finite number of closed
simplices K € 7j,. In general we do not require the standard conforming properties of
75, used in the finite element method (i.e. we admit the so-called hanging nodes). We
shall use the following notation. By 0K we denote the boundary of an element K € 7y,
and set hyx = diam(K), h = maxger, hi.

Let K, K' € 7,. We say that K and K’ are neighbours, if they share a common
face I' C OK. By Fj, we denote the system of all faces of all elements K € 7j,.

For each I' € F;, we define a unit normal vector nr, such that for I' € FFP the
normal nr has the same orientation as the outer normal to 0f).
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Over a triangulation 7, we define the broken Sobolev spaces
H*(Q,T;) = {v; v|x € H¥Y(K), VK € T,,}.

For each face I' € F} there exist two neighbours KﬁL), KﬁR) € Ty such that I" C KéL) N

KﬁR). We use the convention that nr is the outer normal to KﬁL). For v € HY(Q,T)
and I' € F/ we introduce the following notation:

U|(FL) = trace of v| ) on T, v|§R) = trace of v| .m on T,  [v]r = v|(FL) — U|(FR).
r r

On boundary edges we define v|(FR) = [v]r := v|(FL).
Let n > 0 be an integer. We define the space of discontinuous piecewise polynomial
functions

Sy =A{v; v|g € P"K),VK € T},
where P"(K) is the space of all polynomials on K of degree < n. Specifically,
e SP: is the space of piecewise constant functions as known from the FV method,
e 57, n > 0: the DG solution lies in this space of piecewise nth degree polynomials,

e SN N > n: the higher order reconstructed DG solution will lie in this space.

2 DISCONTINUOUS GALERKIN

We multiply (1) by an arbitrary ¢} € S}y, integrate over an element K € 7, and apply
Green’s theorem. By summing over all K € 7, and rearranging, we get

d
7 t) oy de + Z / n gyl dS — Z / hdx = 0. (2)
res, KeT,

The boundary convective terms will be treated similarly as in the finite volume method,
i.e. with the aid of a numerical flux H(u,v,n):

/F £(u) - 0[] dS ~ /F Hu, 0 ® n)o"] ds. (3)

We assume that H is Lipschitz continuous, consistent and conservative, cf. [4].
Finally, we define the convective form by(-,-) defined for v, € H*(Q,T3,):

br(v, @) = H(v'* | dS — Z / Vdz.

Fh KeT,

Definition 1 (Standard DG scheme) We seek u : [0,T] — S} such that

d
—(un(®), 0h) +bn(un(t) 3) =0, Vi € S, vt € (0, ), (4)

We note that if we take n = 0, i.e. uy, : (0,7) — SP, then from the definition of by, we
see that the DG scheme (4) is equivalent to the standard FV method.
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3 RECONSTRUCTED DISCONTINUOUS GALERKIN
For v € L?(Q), we denote by IT{v the L?*(2)-projection of v on S}:
Mo e sy, (Iv—v,¢p) =0,  Vepe Sy (5)

Obviously, if K € 7y, then the function (II}v)|x is the L?(K)-projection of v|x on
P"(K). The basis of the method lies in the observation that (2) can be viewed as an
equation for the evolution of IT}u(t), where u is the exact solution of (1). In other
words, due to (5), IT}u(t) € S; satisfies the following equation for all ¢} € Sp:
d
— | Ipu(t) ¢ dx —i—/f f(u) -nlpp]dS — Z /Kf(u) -V, dr = 0. (6)
h

dt
@ KeT,

Now, let N > n be an integer. We assume that there exists a piecewise polynomial
function U} (t) € Si¥, which is an approximation of u(t) of order N + 1, i.e.

UN(z,t) = u(z,t) + O(KNTY), Vo eQ, vt e[0,T]. (7)

This is possible, if u is sufficiently regular in space, e.g. u(t) € WNT10(Q), cf.[1]. Now
we incorporate the approximation U}Y () into (6): the exact solution u satisfies

d
— (), 0h) + bu (U (1), ¢h) = Eeh 1), Veh € Sp, V€ (0,T), (8)

where E(p}) is an error term defined as
E(ep.t) = bn(Up (t), 1) — bn(u(t), ¢3)- (9)
Lemma 1 The following estimate holds for all t € [0,T]:
E(gp,t) = O™ |0yl 2y (10)
Proof: Due to the consistency and Lipschitz continuity of H, we have on I' € F},
f(u) - n— HOUNP UMD n) = H(u,u,n) — HOUYP 0N n)y = o(pN ).
Furthermore, due to the Lipschitz-continuity of f, we have on element K € 7,
f(u) — £(UY) = O(RNT).

Estimate (10) follows from these results and the application of the inverse and multi-
plicative trace inequalities, cf [4]. O

It remains to construct a sufficiently accurate approximation U} (t) € Si¥ to u(t),
such that (7) is satisfied. This leads to the following problem.

Definition 2 (Reconstruction problem) Let v : Q — IR be sufficiently regular.

Given IIjv € Sp, find vy € SY such that v — vy = O(KN*Y) in Q. We define the

corresponding reconstruction operator R : Sy — S by RIIw := vy .
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By setting UN(t) := RIIMu(t) in (8), we obtain the following equation for the
L*(Q)-projections of the exact solution u onto the space S

d n n n n n n n

%( nu(t), o) + b (RITu(t), ¢}) = O(hN)HSDhHLQ(Q)a Vi € S (11)
By neglecting the right-hand side and approximating u}(t) ~ II}u(t), we arrive at the
following definition of the reconstructed discontinuous Galerkin (RDG) scheme.

Definition 3 (Reconstructed DG scheme) We seek uy : [0,7] — S} such that

d
—(UR(8),0h) + b (Ruip (1), 1) =0, Vg € Sy, Ve € (0,T). (12)

There are several points worth mentioning.

e Equation (11) indicates that the RDG scheme is formally Nth order in space.

e The derivation of the RDG scheme follows the methodology of higher order FV
and SV schemes, cf. [8]. The basis of these schemes is an equation for the
evolution of averages of the exact solution on individual elements (i.e. an equation
for IT%u(t)). Equation (11) is a direct generalization for the case of higher order
L*(Q)-projections IMiu(t), n > 0.

e Both u?(t) and ¢} lie in S?. Only Ru}(t), lies in the higher dimensional space SY.
Despite this fact, equation (11) indicates that we may expect u— Rull = O(hNT1),
although u — ul? = O(h™*1).

e Numerical quadrature must be employed to evaluate surface and volume integrals
n (12). Since test functions are in S}, as compared to S} in the corresponding
Nth order standard DG scheme, we may use lower order (i.e. more efficient)
quadrature formulae as compared to standard DG.

e In practice, we must also discretize (12) with respect to time. As in the case of
higher order FVM, we use an explicit time stepping method. The upper limit on
stable time steps, given by a CFL-like condition, is more restrictive with growing
N. However, in the RDG scheme, stability properties are essentially inherited
from the lower order scheme, therefore a larger time step is possible as compared
to the corresponding Nth order standard DG scheme.

3.1 Explicit time discretization

For simplicity, we formulate the forward Euler method, which is only first order accu-
rate, however in Section 5, higher order Adams-Bashforth methods are used.

Let us construct a partition 0 = t3 < t; < ty... of the time interval [0,7] and
define the time step 7, = tg1 —tr. We use the approximation u} (tx) ~ qu € S;'. The
forward Euler scheme is given by:

Definition 4 (Explicit RDG scheme) We seek qu €Sy, k=0,1,... such that

n,k+1 n,k
u —u n n n n
<’1T—h,@z) + b (Rup™, o) =0, YR eSr, k=0,1,...,  (13)
k

where uy™ = upo is an Si approzimation of the initial condition u®.
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Figure 1: 1) FV stencil for linear reconstruction, 2) FV stencil for quadratic reconstruc-
tion, 3) Control volumes in a spectral volume for linear reconstruction, 4) Analogy to
the SV approach for DG - partition of triangle into control volumes, e.g. cubic recon-
struction from linear data.

3.2 Construction of the reconstruction operator

In analogy to the construction of reconstruction operators in higher order F'V schemes,
we propose two approaches.

3.2.1 ’Standard’ approach

In the standard approach, a stencil (a group of neighboring elements and the element
under consideration) is used to build an Nth-degree polynomial approximation to u on
the element under consideration ([5] [7]). In the FV method, the von Neumann neigh-
borhood of an element is used as a stencil to obtain a piecewise linear reconstruction,
cf. Figure 3.1, 1). However, for higher order reconstructions, the size of the stencil
increases dramatically, cf. Figure 3.1, 2), rendering higher degrees than quadratic very
time consuming. In the case of the RDG scheme, we need not increase the stencil size
to obtain higher order accuracy, it suffices to take the von Neumann neighborhood and
increase the order of the underlying DG scheme.

In analogy to the FV method, the reconstruction operator R is constructed on each
stencil independently and satisfies that RII} is in some sense polynomial preserving.
Specifically, for each element K and its corresponding stencil .S, we require that for all
p € PY(S)

((RI)Isp)| =l (14)

This requirement allows us to study approximation properties of R using the Bramble—
Hilbert technique as in the standard finite element method, [1]. The disadvantage of
this approach is that for unstructured meshes, the coefficients of the reconstruction
operator must be stored for each individual stencil.

In the FV method, different conditions on R than (14) are often used, e.g. con-
tinuous or discrete least squares. Special care must be taken in the vicinity of steep
gradients and discontinuities, where the Gibbs phenomenon may occur. In this case
different strategies are employed, e.g. limiting, ENO and WENO schemes, TVD etc.
The generalization of these concepts to the RDG method is left for future work.
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3.2.2 Spectral volume approach

In the spectral volume approach, we start with a partition of € into so-called spectral
volumes S, for example triangles in 2D. The triangulation 7, is formed by subdividing
each spectral volume S into sub-cells K, called control volumes, cf. [8]. In the FV
method, the order of accuracy of the reconstruction determines the number of control
volumes to be generated in each spectral volume. For example, for a linear recon-
struction on a triangle, the triangle is divided into three control volumes, Figure 3.1,
3). Again, in the RDG scheme, we may use only the smallest available partition into
control volumes, and increase the accuracy by increasing the order of the underlying
scheme, cf. Figure 3.1, 4).

The reconstruction operator is constructed on each spectral volume independently
such that it is in some sense polynomial preserving, i.e. for each stencil S, we require
that for all p € PY(S)

(RII;) | p = p. (15)
The advantage of this approach is that all spectral volumes are affine equivalent,
we construct the reconstruction operator R only on one reference spectral volume.

4 RELATION BETWEEN RDG AND STANDARD DG

The only difference between the DG scheme (4) and RDG scheme (12) is the presence
of the reconstruction operator R in the first variable of by (-, -). While the error analysis
of (4) is well understood (at least for convection-diffusion problems [4]), the analysis
of (12) or (13) poses a new challenge. The problem lies in the fact that we cannot test
(12) with ¢} := Ru}"" or something similar, since Ru"* ¢ Si'. Therefore, we need to
establish a relation between (12) and Nth order DG, instead of only nth order DG.
Definition 5 (Auxiliary problem) We seek " € SN such that
G+ ZNk

Tk

~N,0 . . . L. .
where U, is an S,JLV approximation of the initial condition u®.

Lemma 2 Let u)* = 1M, °. Then u"* € S, the solution of (13) and the solution
ﬂhNk e SV of (16) satisfy
F=Tmayt, VE=0,1,-- . (17)

Proof: We prove (17) by induction:
k=1": Since u}"* = I}, we have for all @} € S

(W, i) = (ay s n) = (@ oh) — mbn (BRI, 0})
= (up", o) — kah(Ruh »@h) = (up", #h);
hence (I3, " — u', o) = 0 for all ¢ € SP. Therefore I}, " = uf'.

k> 1: Assume (17) holds for some k > 1. Then for all ¢} € S}

(I ) = (@7, 8) = (@5, p8) — (RIS )
= (uh 790h) - kah<Ruh 7¢h) - ( "k+1’¢h)
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therefore HZ&,LN’Hl = uZ’kH. This completes the induction step k — k + 1. O

As a corollary, error estimates for the auxiliary problem imply error estimates for
the RDG scheme (12). Problem (16) is basically the standard Nth order DG scheme
with the operator RII}! in the first variable of b, (-,-). Therefore, sufficient knowledge
of the properties of RII} (which is polynomial preserving) and standard DG error
estimates would imply the estimates for the RDG scheme.

5 NUMERICAL EXPERIMENTS

We present numerical experiments for the periodic advection of a 1D sine wave on
uniform meshes. Experimental orders of accuracy « in various norms on meshes with
N elements are given in Tables 1 and 2. Here e;, = u — Ruj} at t corresponding to ten
periods. The increase in accuracy due to reconstruction is clearly visible.

’ N H lenll=@) o ‘ H6h||L2(Q) o ‘ \eh\Hl(Q,Th) o \
4 || 5.82E-03 - | 349E-03 - 3.65E-02 -

8 || 7.53E-05 6.27 | 4.43E-05 6,30 | 1.06E-03 5,11
16 || 9.07E-07 6.38 | 5.95E-07 6,22 | 3.58E-05 4,89
32 || 1.82E-08 5.64 | 8.70E-09 6,10 | 1.16E-06 4,95
64 || 3.41E-10 5.74 | 1.33E-10 6,03 | 3.67E-08 4,98

Table 1: 1D advection of sine wave, P! RDG scheme with P® reconstruction.

LN [ llenlle=@ o [llenllrzg o [lelm@zn) o |
4 | 2.90E-03 _ | 1.85B-03 | 1.63E-02
8 | 7.75E-06 8.55 | 3.56E-06 9.02 | 1.03E-04 7.30
16 | 2.10E-08  8.53 | 6.64E-09 9.07 | 4.34E-07 7.89
32 | 721E-11 8.18 | 4.02E-11 7.37 | 1.76E-09 7.94

Table 2: 1D advection of sine wave, P2 RDG scheme with P® reconstruction.

6 CONCLUSIONS

We have presented a possible generalization of higher-order reconstruction operators
as used in the FV method to the DG method. Two constructions of the reconstruction
operator R are presented, the first analogous to the standard F'V case (already treated
in [2]) and the construction analogous to the SV method. The resulting scheme has
many advantages over standard DG, FV and SV schemes:

e To increase the order of the scheme, the reconstruction stencil need not be en-
larged, we may simply increase the order of the underlying DG scheme.

e Test functions are from the lower order space, hence more efficient quadratures
may be used than in the corresponding higher order DG scheme.

e Since the RDG scheme is basically a lower order DG scheme with higher order
reconstruction, the CFL condition is less restrictive than for the corresponding
higher order DG scheme.
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