DIMENSION OF IMAGES OF SUBSPACES UNDER MAPPINGS
IN TRIEBEL-LIZORKIN SPACES

STANISLAV HENCL AND PETR HONZIK

ABSTRACT. Let m < o < p and let f : R* — RF be a s, p-quasicontinuous repre-
sentative of a mapping in the Triebel-Lizorkin space F}; ;. We find an optimal value
of B(n, m,p,q,s) such that for H® a.e. y € (0,1)"~™ the Hausdorff dimension of
F((0,1)™ x {y}) is at most a. We construct examples to show that the value of 8
is optimal and we show that it does not increase once p goes below the critical case
p<a.

1. INTRODUCTION

It is well-known that each Sobolev function satisfies the ACL condition, i.e., the
function is absolutely continuous when restricted to almost all lines parallel to coor-
dinate axes. It follows that images of H"~! almost all segments are rectifiable curves
and thus have Hausdorff dimension at most one. More generally we can ask how of-
ten it can happen that the images of m-dimensional subspaces have bigger Hausdorff
dimension.

These questions were studied for quasiconformal mapping by Gehring and Vaisila
[7] and for supercritical Sobolev mappings (i.e. f € W' p > n) by Kaufmann [11].
Let  C R™ be a domain, p > n and let f € WHP(Q, R¥) be continuous. It was shown
by Kaufmann that images of m-dimensional subspaces have zero Hrnim measure.
Let us point out that naive application of (1— %) Holder continuity would give a worse

exponent z%' He also gave a probabilistic construction to show that the value pjﬁm
is optimal. The generalization of this result to metric spaces setting that include for
example Heisenberg group is by Balogh, Tyson and Wildrick [2].

Recently it was shown in a nice paper of Balogh, Monti and Tyson [3] that for
any p >n and m < a < pfﬁm it is true that the image of H” a.e. m-dimensional
subspace has dimension at most a where 3 = n —m — (1 — Z)p. By a similar
construction as Kaufmann they also showed that this value of § is optimal for all
p > n. Moreover, using finer arguments it is possible to show a similar results also
for p < n as was done by Hencl and Honzik [10].

In this paper we show that similar result holds also for higher order Sobolev spaces
or more generally for Triebel-Lizorkin spaces F, (see Preliminaries for the definition).
Let us just recall that for £ € N and p € (1,00) we have Flﬂfz = WHP. It seems possible

that similar result holds also for Besov spaces but we have not pursued this direction.
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The only result for fractional Sobolev spaces in this direction that we are aware of is
the estimate of the dimension of a graph of a function by Carvalho [5] and Carvalho
and Caetano [6]. Our main result in the positive direction is the following.

Theorem 1.1. Let n,k € N and m € {1,....,n—1}. Let m < a < p and for

sp > n —m we moreover assume o < —L—  Set
sp—n+m

m
6:6(aap75> =n—m—= <S_E>p :
Suppose that | € Flf’q(R”,]Rk) 1S a s, p-quasicontinuous representative. If we denote

E = {y e (0,1)" ™ dimH(f((O, 1)™ x {y})) > a},
then dimy (E) < (.
Moreover, in the case sp > n —m and sp_pﬁrm < a<p (ie. B <0)there is no
y € (0,1)"™™ such that dimy(f((0,1)™ x {y})) > a.

Let us note that sharp results for fractional order spaces F, cannot be obtained
from the results for W*P spaces simply by the Sobolev embedding theorem.

Since the important things occur on a set of measure zero we need to have a good
representative of our function. In the theorem, we choose the s, p-quasicontinuous
representative, but in fact the only thing that we will need is that the value of the
representative of f is equal to the limit of integral averages whenever such limit exists.

Analogously to the counterexamples in [11] and [3] we can show that the value of
[ from the previous theorem is optimal at least for Minkowski dimension if o < p.
For simplicity we give the counterexamples only for ¢ = 2 but in view of imbeddings
(2.3) it would be possible to adjust the construction for other ¢ as well.

Theorem 1.2. Let s > 0, 1 < p < oo and let o satisfy m < a < Spf;”+m for
sp>n—m and m < « for sp < n —m, and define

m
ﬁ:ﬁ(avpus) = (n_m)_ (S_E)p :
Let E C (0,1)"™ be any Borel set for which

limsup 7’ N(FE,r) < oo .
r—0+

Then, for any integer k > «, there is a continuous map f € F;Q(R",Rk) so that
f(R™ x {a}) has Hausdorff dimension at least c, for HP-almost every a € E.

It was shown in [10] that the condition a < p is natural and that better counterex-
ample exists for WP spaces if p < a. We show below the neccessity of the condition
a < p also for Triebel-Lizorkin spaces and our counterxample shows that the optimal
value of § does not improve once we go below p < «. This degeneracy seems to
be connected with the fact that s, p-quasicontinuous representatives of the function
[ € F;, are well-defined and have Lebesgue points up to a set of dimension n — sp
(see Theorem 2.1 below) and for p < a we have (a,p,s) < n — sp.

Theorem 1.3. Let s >0, 1 <p<oo, sp<n, m<p<a and let
B<n—sp=0pps) .
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Let E C (0,1)"™™ be any Borel set for which

limsuprBN(E,r) < 00 .
r—0+

Then, for any integer k > «, there is a continuous map f € F;Q(]R”,R"’) so that
f(R™ x {a}) has Hausdorff dimension at least o, for HP-almost every a € E.

The proof of Theorem 1.1 follows the same principle as the proof in [10] but in
addition to the estimate of the oscillation on the small ball, which we used previ-
ously, we also need to control the oscilation over larger balls. This is essential in the
case s > 1. We provide these estimates in Lemma 3.1. In the construction of the
counterexamples we use the approach developed in [11] and [3] together with the fact
that F}, spaces can be obtained by interpolation of Sobolev spaces WHkP_ For the
convenience of the reader we include all details.

2. PRELIMINARIES

We use the notation N(E,r) for the smallest number of balls of radius > 0 that
cover the set £ C RY. For t > 0 we denote the integer part of ¢ as [t]. By Q(z,r) we
denote the cube centered at z € R? with radius r > 0.

We use the usual convention that C' denotes a generic positive constant whose value
may change from line to line.

By f % g we denote the convolution

frg(z) = . flx—y)gly) dy .

The Fourier transform of a function f is denoted as f and the inverse Fourier transform
is denoted as F~1(f).

2.1. Fractional Sobolev spaces. Let us recall the Fourier analytic definition of
function spaces. We fix a smooth function ¢ with ¢(§) = 1 for [¢] < 1 and ¢(§) =0

for € > 2. We then find a function ¢ such that (§) = ¢(§) — ¢(2¢). We define the
operator

Ajf = FHAQUERTE)) = fx 1o,
where 1y (z) = 2/™)(2/x). This scaling is L' homogeneous. Since v is a Schwartz
function we know that for every M > 0 there is C,, > 0 such that |[¢(z)| < Cp(1 +
|z|)~™. Thus for k >0

(2.1) sup |tho ()] < Oy 29 Mk.
z€B(0,2—9+k)\B(0,2—+k-1)

Analogous estimate holds for the derivatives and we obtain for example

(22) o [V24py—i ()] < Cag2727m27MF,
z€B(0,2—9+k)\ B(0,2—i+k—1)

The function spaces of interest to us are the Triebel-Lizorkin spaces F; where

e = (2 i),
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The norm on domains is defined via restriction. For an introduction to fractional
Sobolev spaces, see e.g. [13] and [8, Chapter 6.5.].

The results we prove are independent on the index ¢q. This is due to the fact that
the following imbeddings are valid:

(2.3) E = F; and FJ15 — Fy,

D,q+T P,q+T

for r,e > 0, see e.g. [9, Proposition 7.2], and we do not pursue the endpoint estimates.
We still give the full proofof positive results, because replacing the index ¢ by any
single value gives no simplification. We will need that F;  functions have Lebesgue
points up to a small set. This result follows from [1, Theorem 6.2.1 and Theorem
5.1.13] for the case ¢ = 2 and extends for other values of ¢ by (2.3).

Theorem 2.1. Let 1 < p,q < 0o and 0 < sp < n. Let f € F; (R") be a s,p-
quasicontinuous representative and set

Es, ={x € R": x is not a Lebesque point of f} .
Then dimy (E;s ) < n — sp.

2.2. Interpolation of fractional Sobolev spaces. We will need that Triebel-
Lizorkin spaces F;, can be obtained by interpolation of the usual Sobolev spaces
(see [4, Theorem 6.4.5, (7)]). Recall that F), = W*? for k € Ny. We use the
notation W% for the usual L? spaces.

Theorem 2.2. Let 1 < p< oo, k€N, and k —1 < s < k. Let 0 € [0,1] satisfy
s=0(k—1)4 (1 —0)k. Then for every f € C°((0,1)") we have

1£llrg, < Cl Bearall flles -

P2 —
In the construction of the counterexamples we will need the estimate of the norms
of some simple functions.

Lemma 2.3. Let p € (1,00) and s > 0. Let us fix fo € C(R™) such that
fo=10n Qo= (0,1)" and supp fo C 2Qy .

A) Let v > 1. The norm of the function f.(x) = fo(rz) can be estimated by

(2.4) /7]

B) Let us fix N disjoint cubes Q; (0, 12” of side length r. Let ﬁ denote the translates
of fr such that f; =1 on Q; and supp f; C 2Q; and choose vectors & in the unit ball
of R¥, k € N. Then for the function f : (0,1)" — R¥ defined as

n

s5—
E, < Cror .

n

1 1. n
F, SON?| follps, < ON»ro™e

N
flw) =" fi(x)& we have ||f]
=1

Proof. As fy is smooth it is easy to see that f, € )}, and f € F,. Let us first prove
the estimate A) in the case s € NU {0}. By the substitution y = ra and

|V? follr = Co we obtain ||V*f,||» = COT‘F% ,
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where 7~ » comes from the Jacobian and r* comes from the derivative of the composi-
tion applied s-times. As r > 1 the estimate (2.4) follows for s € NU{0}. For general
s we can apply Theorem 2.2 and previous estimate to obtain

1 fllps, < C(Cor* 15 ) (Cort=5)1-0) < o5

Now let us prove B) for s € NU{0}. The cubes @, are pairwise disjoint and hence
2@); have bounded overlap by 2". Thus

N N N
> r@&" < RGP <Y I
i=1 i=1 i=1

and the similar estimate holds for the derivatives. It follows that

N
1f s, < C Y fills, < CNroPr

i=1
For general s we can apply Theorem 2.2 and previous estimate to obtain

Iflley, < CCNw* ) (CNorh5)00 < CNwr*h

U

2.3. Probabilistic lemma. In order to prove Theorem 1.2 and Theorem 1.3 we will

use a probabilistic approach and we will need the following lemma (see [3, Lemma
4.3] for the proof).

Lemma 2.4. Let {X;}2, be a countable sequence of independent random variables,
identically distributed according to the uniform distribution on the unit ball B in R*.
Let ¢ = {c;} € U and finally let 0 < o/ < k+ 1. Then there is a constant C' which
depends only on k and o' so that

Eq (’i X,
=1

where p(c) denotes the second largest value, i.e.

/

_a/) < Cp(c)™

if ||clloo = Sup;ey |ci| is not attained,

o Lels
Sup; 4, [cil  if the supremum is attained at .

2.4. Hausdorff and capacitary dimension. Let a > 0 and ¢ > 0. We use the
usual Hausdorff measure of a set £ C RY, i.e.

HO(E) = mf{; diam® 4;: E C izulAi’ diam A; < g} and H°(E) = lim HE(E) .
The Hausdorftf dimension of a set F is
dimy(F) =sup{a >0: HYE)=o00} =inf{a >0: H*FE)=0}.
For o > 0 and A C R¥, denote by

L) = [ [ o=y duta) duty
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the a-energy of a nonzero finite Radon measure p with compact support in A. The
capacitary dimension of a set A is defined as

dim.(A) = sup{a > 0: Fp with I,(u) < oo} .

We will use the well-known fact (see [12, Theorem 8.9]) that the Hausdorff dimension
is equal to the capacitary dimension.

3. POSITIVE RESULT

It is well-known that for sp > n the mappings in F; are Holder continuous, i.e.
for every a,b € B(0, Ry) we have

F(a) = F) < CRY 1| fllrs e

However the similar inequality holds also in the case sp < n for some different ball of
radius R if we add the correction term R/R to some power (see [10, Lemma 3.1} for
similar result for WP, p < n).

Lemma 3.1. Suppose that a and b are Lebesque points of f in FJ4(R"), 1 < p,q < o0
and s > 0. Let 0 < v < p/2 and denote Ry = |a — b|. Then there are z € {a,b} and
either 0 < R < Ry such that

(3.1) /B ( )(Z<28j|Ajf<m>|>q)”quz07|f<a>—f<b>|pR"-sp<R/Ro>V

j=—o0

or Ry < R such that

52 [ o> @A @) de > €\ (@) — FO)F R (R Ry

j=—00

where the positive constant C., depends only on vy, p, s and dimension n.

Proof. Suppose 27% < |a — b| < 27**L for some k € Z. Since the points a and b are
Lebesgue points, we get

> Ajf(a) = f(a) and Y A;f(b) = f(b) .

jEz JEL
It follows that by choosing sufficiently small constant C' ~ (3.7, 2*”)71, we get
18,4(@) = A; /()] = C27 9007 f(a) — F(b)] for some j € Z .
Let us first suppose that j > k. Without loss of generality we may assume that
(3.3) A;f(a)] > C2E| f(a) — £(b)]
Now, let us use the formula

1
(3.4) Ajf = (D1 + D5+ D) A f =D f 5 Y gy,

i=—1
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This standard identity holds because Zil:fl — (&) =1 for all £ € supptiy—s. We
have

A f(a |<0/ S ()] 150 — )] dy

B(a,277) i=—1

*Z/B sz i) 18 (a = y)| dy.

7 JBla2-+)\B(a2-i+1-1) [T

(3.5)

Now, to handle the first term of the sum we apply the Holder inequality and (2.1)
and we obtain

=

/ S sl Ssstanians ([ a5 upa) 2B

B(a,279) =1

while the terms inside the sum are estimated as

| Zw}? )] 1A (a - )l dy
B(a,279+t)\B(a,2=7+1-1) .=
1
<cu(/ IAjf(a—y)!pdy) i1 (g, 2794
B(a,279t)\B(a,2—3+1-1)
By the combination of (3.3), (3.5), (3.6) and (3.7) we obtain
2012 f(a) — f(b)] <
<C Ajfla—y)Pdy) 2" M|B(a,277"
ey ([ a2 e, 2

=0

< Oy Y grimhinlith ( /

=0 B(a,2-9+1)

(3.7)

1
7

S
I’y

1

Aif(a—y)Pdy)’

1
< 40y sup 2 o2 ([ Ao yray)”
B(a,2-3+10)

lo€Np

where in the last step we used the observation that for any sequence {u;};°, we have

22 | < QSup|ul0\
1=0

to reduce the sum to one element. The constant M comes from the Schwartz decay
formula (2.1) and we can choose M = 3 +n — s — 7. Therefore for some [, we have

2T fa) — F(D)I,

Jjnp— onp

/ QSjp|Ajf(a —y)|Pdy > C2%9P2~ njp+p(n—s+2)log
B(a,27710)

> CR (1) 21 - fOP

because we have 287770 ~ R/Ry and R &~ 277t The conclusion (3.1) follows easily
and (3.2) follows by k£ < j and 0 < v < p/2. We note that the result from this part
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would give a stronger estimate than (3.2) with a different choice of M, in particular
we may get a better power of R/Rg, but we wish to keep the estimates unified.
In the case j < k, we estimate the derivative in order to gain some size over the

larger ball. For sufficiently small constant C' ~ (352, 277/ p)_l we get that for some
J € Z we have

A f(a) = A f(b)] = C27 WP f(a) — £(B)].
By the mean value theorem there is a point y on the line segment (a, b) such that
(3.8) VA, fy)| = C27FI07P2¥ f(a) — f(b)].
We differentiate the formula (3.4) and we obtain the estimate

1
\Y Z Yo—j+i|.

i=—1

VA f| < |Ajf]

We assume that the estimate (3.2) fails for some choice of the constant C., and use
this assumption to prove it for some other value of C.,. First we repeat the calculation

from (3.5), (3.6) and (3.7) with ‘Vz Sty in place of ‘Zil:_l'@bz—j-&-i‘. This

leads to the same result with additional factor 2%/ which comes from (2.2). We have
for any z € B(y,277)

vl < o Y[

=0 Y B(z2771)

1

8,0z = @)l da) "2 Bz, 277

We assumed that the opposite of (3.2) holds for any choice or R > Ry. We use this
opposite inequality for R = 277 to estimate the j-th term of the sum and we get

1
IV2A;f(2)] < Cp2¥ Sup(/ ) 1A f(z—y)| dy) gni=(M=Dlo| B o=i+h)|;
B(z,277%

lo

< 09| f(a) — F(B)|2 sup 20105 eI gni— (4 Diogllo=)

lo

and so for large value of M the we get

(3.9) sup  |V2A, f(x)] < €227 55 fa) — f(b)].

z€B(a,277)

For every T € B(y,c277) we use mean value theorem together with (3.9) and (3.8) to
obtain

VA f(y) = VA f(@) <277 sup  [VPA;f ()]

z€B(a,279)
< cC2"27 "5 f(a) = F(b)] < cCIVA;f(y)] -
We see that there is an independent constant 0 < ¢ < 1 such that
(3.10) sup VA f(y) — VA S ()] = [VA;f()]/10.

z€B(y,c2779)
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This means that there exists a direction such that whenever we choose a line parallel
to that direction of length of at least ¢2797! which lies inside of B(y,c277) on at
least one quarter of this line we have with the help of (3.8) and (3.10)

4/ ()] = 027275 | f(a) — 1) -
Therefore there is a significant part P of B(a,c277) such that if z € P, then we get
A f(@)| > €25 927 55 f(a) — f(0)

and the claim (3.2) follows from
/ (QSjIA]-f(a:)Dp dx > CQ—anSjpg(k—j)pQ—(k—j)'y|f(a) _ f(b)|p )
B(a,c2779)

g

Proof of Theorem 1.1. The proof of the Theorem follows the same principle as the
proof in [10]. The only difference is additional level of complexity caused by the fact
that the estimate given by the Lemma 3.1 is no longer local. There are two points
where the proof needs to be altered, first, the balls generated during the proof may
overlap significantly and second, it is not possible to limit the diameter of the balls
initially. Both of these problems are handled using the additional factor (R/R)? in
the estimate (3.2).

It is enough to show that dimy(F) < 3 for each 8 > 8. Let us fix § > Bla, p, s)
and assume for contradiction that dimy(E) > 8. By Theorem 2.1 we know that the
set

F ={z €0,1)" : zis not Lebesgue point of f}
has Hausdorff dimension at most n — sp and the same holds for its projections. From
p > « we know that § > 3 > n — ps and hence this set is negligible and

where P is the projection on the last n — m variables. By [12, Lemma 3.1 and

Theorem 8.13] there is a compact set Ey C E \ P(F) so that 0 < H3(E,) < co. By
Frostman’s lemma ([12, Theorem 8.9]) we can fix a measure p supported in Fy with
total variation ||u|| = M, and such that

(3.11) pu(B(a,r)) < r? for any a € R"™ and r > 0 .
We can fix @ < « such that § > B(a,p,s) and & > m. It follows that
HY(f((0,1)™ x {y})) = oo for every y € Ej .
Now let us fix a huge constant ¢y > 0 and let us select € such that
M _
(3.12) u(Ey) > > for  Ey:={ye€Ey: HI(f((0,1)" x {y})) > co} .

Fix a point y € E;. Let us introduce dyadic cubes on [0,1]™. We denote Dy =
{[0,1]™} the mother cube, and Dy = {Q;} where Q; are closed cubes with vertices in
the points 27¥Z" N[0, 1]™ and with volume 27*™. Simple selection process, described
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in detail in [10] gives us a natural number K, and a sequence of disjoint dyadic cubes
{le}fiyl such that if we denote ¢, ,, = diamf(Q;, x {y}) we have

We now fix a constant v > 0, precise value to be specified later. We fix C,, ~
Y iep 277 and select k such that

& —1o—~k €0
> ehy > Oyl
{i:l,._.7Ky: Qi,yeDk}

For each Q,; € Dj we may find ay;,b,; € @Q,;, where the diam in ¢,; is almost
attained. Now we apply Lemma 3.1 for each @,; € D, and denote the sequence of
resulting n-dimensional balls B;. We categorize the balls according to their diameters
and denote

B ={B;: 27" < diam(B;) < 27"}

For each of these balls we denote the generating cube @);, and the appropriate ¢;,,.
We select [ such that

D AN ee il e

]y —
{j:BjeB;} 8

Now, we either have [ > k, in which case the balls are essentially disjoint and we may
use (3.1) to get

@ @A@)) dr =0 Y e gl
[0,1]’”><B(y72—l)< Z ) Z

K=—00 {i:B;€B}

If I < k, the balls have overlap at most of the order 2™*=) 5o we use (3.2)
(3.14)

/ ( Z (28R|A,€f(l’>|) ) dr > O Z P 2 l(n—sp 2—m(k l)2p(k 1)2 |k— l|'y
[Ovl]mXB(y72_l) RKR=—00 {]B EB[}

Since p > «, we use the Holder inequality

(3.15) > s (X @) e

{4:B;€B} {i:B;€B}

For [ > k we combine this with (3.13) and with the help of p > o > & we get
(3.16)

[ (S eagmn)asc( ¥ 4)emmp
[Ovl]mXB(y72_l) K=—00 {j:BjGBl}

2 l(n— sp)2ml(1 )2 SZ’y.

{j:BjEBL}
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The same inequality in fact holds also for [ < k. In this case we use (3.14) to estimate
the left hand side by

Cy( Z 5§fy>

{5:B;€B}

olliS]

9—l(n—sp)g—m(k=1)gp(k—l) gmk(1—&)o—|k—I|y >

ya
> Cy( Z 5?3;) @ 2—l(n—sp)2ml(1—§)2—3l7
{j:BjeB}

where in the last step we use | < k and p —m +m(1 - £) > 0 (by & > m) and this
neglected factor also allows to pass from 27/~ to 2731 for small enough ~

For each y, we have a centered ball in the space [0,1]"™™ of diameter 2. We
use Besicovitch theorem to select a disjoint collections B(y,,27") from these. Us-
ing (3.12) we obtain that for one of these subcollections we have pu(UB(y,,27%)) >
C'(n)M where the constant involves the constant from the Besicovitch theorem. Fi-

nally, we pass to a subcollection B(y,,27!), where [ is fixed and for some C =~
C(n)(X2,27") 7! we have

wl By, 27h) > 27",

By (3.11) we conclude that the size of the index set N = {v}, which indexes this
subcollection is at least 2°/C M2, Using (3.16) we then write

ey fj @A @))) do

veN [0,1]™ % B(yw,2 H:—OO

[nalye

ya
&

Bl l n— —3lyolm(1—£
> 2HCM g g g (N 8 )
{j:BjEBl}
Bloy— —l(n—s m(1-2) %
> O M 2P~ n=sp)om(1=5)

Since 3 > Bla,p,s) =n—m — (5 — %) p, we see that if v is small, the expression

ya
above is bounded from below by a multiple of ¢§. Moreover, the constant ¢y may be
chosen arbitrarily large, leading to a contradiction with the finiteness of the norm of

/-

The case sp > n — m and Sp - +m < a < p can be treated analogously. These
inequalities imply sp > n and hence we can choose a continuous representative of f.
We choose a > a > and for contrary we assume that there is y with

HE(F((0, 1) x {})) =
We again have inequality (3.16) and by m(1 — £) — (n — sp) > 0 the right hand side

sp— n+

D
is bigger than a constant multiple of ¢j which again leads to a contradiction. O

4. COUNTEREXAMPLES

First we prove Theorem 1.3. We use the approach that was developed in [3, The-
orem 1.4] and [11, Theorem 3|. In the proof we need a measure on the image of
m-dimensional hyperplanes (pushforward of the m-dimensional Hausdorff measure)
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and then we use the definition of capacitary dimension which equals the Hausdorff
dimension. For the convenience of the reader we include all details.

Proof of Theorem 1.2. Note that the inequality o < p” £ erm for sp > n — m implies

that § > 0 while § > 0 always holds for sp < n —m.
Let us denote the orthogonal splitting of R by
V=R"x{0}*™ and V*+={0}"xR"™
and for a € R™ we denote V, =V + a. We assume that our set E satisfies
(4.1) N(E,r) < Cr .
We will construct a map f € F3,(R", RF) that satisfies
(4.2 H (fe(Va N10,1]7) = 0

for H® almost every a € E and almost surely in &, for each o/ < a.

Let us introduce the sets that will serve as a set of indices in our construction.
Denote W = {1,...,2"} and let W7 be the set of (ordered) j-tuples of elements of
W and let

we=|Jw.
320
We say that w = (wy,...,wg) is a subword of v = (vy,...,v;) if j > k and v; = w;

for i = 1,...,k. The length of a word w € W/ is equal to j and we denote it as |w|.
We use the set W* to index the cubes in the standard dyadic decomposition

D = {Qw}wEW*

of Q = [0,1]". Tt follows that the side length of @, is equal to 277 if w € W7 and
that @, C @, if w is a subword of v. We project these cubes into the subspaces V'
and V' and we denote

QY = Pyi(Qn) and QY = Py(Qu)

where Py, and Py 1 are the corresponding projections. Analogously to the definition
of W7 we can define a system of 2™ dyadic cubes in [0, 1]™ and we denote this system

as W7. To simplify the notation we write
WHE)={weWi: QU NnE+0}.

Let us fix fy € C°(R™) such that fy =1 on Qo = (0,1)™ and supp fo C 2Qy. For
cach w € W*, let ¢, € C3°(R™) be a function defined as a proper translate of foul
from Lemma 2.3. That is 1, is supported in the cube 2Q),, of side length 227" and

(i) 0 <9y, <1,

(ii) ¥y = 1 on Q,,

(iii) 1, = 0 on the complement of 20Q),,,
(i) 1wl < O™,
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Let € = {&, }wew~ be a countable sequence of elements from the unit ball in R*. For
each 7 > 1 we define

1 mj
fej = Z ,—22_7]¢w(a,:c)£w, forz eV, acV*
weWI(E)

and finally we set

fe= Zfs,j :
j=1

Since )
_mj
[ fe il < Cj—22 «

it is easy to see that f¢ is continuous.

We have 27 x 27(*=™) cubes Q,, for w € W7 and we have to estimate the number
of such a cubes whose projection intersects E. By (4.1) we know that we can cover
E by €277 balls of radius 2-U*1) and each of these balls can be covered by at most
27=™ dyadic cubes of side length 277, It follows that the number of cubes Q,, for
w € WI(FE) can be estimated from above by

N = C27™ x 218

The cubes Q,,, w € WJ(F), are disjoint and the norm of the function j22m7jf§7j can
be estimated by Lemma 2.3 B) and hence

1 mj . n C mj jm - n
Ifesllrg, < C52 ¥ N3y < G-ty -
’ J J
where we have used 3 = (n —m) — (s — 2)p in the last step. By summing up we
obtain that fe € F5,(R",R*) as

o0 %) 1
Fi, < Z 1 feillrs, < CZ]—Q <00 .
Jj=1 j=1

In the remaining part of the proof we would like to show that for a generic choice
of & we obtain a map f; with the desired property (4.2). Let us view £ = {&, }wew+
as a sequence of independent random variables, identically distributed according to
the uniform probability distribution on the unit ball B in R*. Since Hausdorff and
capacitary dimension coincide (see Preliminaries) it is now enough to show that for
each o/ < o we can find a measure p on f¢([0,1]™ x {a}) with finite o/-energy.

For each a € E consider the measure (fe)4(H™|(0,1)mx{a}), i-. the pushforward of
the H™-measure on [0,1]™ x {a} via the map fe. Let us denote H]" = H"™|[,1)m x{a}-
We claim that the expectation

(4.3 e[ Lo (106 (1) a°(@)

is finite for each o/ < a. It follows that almost surely with respect to & we obtain
that

= Q

g

Ly ((fe)g(H)) is finite for H ae. a € E

and our conclusion follows once we prove the claim (4.3).
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Using Fubini theorem we may transform the integral from (4.3) to

[ Eefan) — fean) ™) ai (o) a2 (o) art o)
(0,1m Jo,1m JE
We write

(44> ff(av x) - ff(av y) = Z cw(a, xz, y)gw

weW*(E)
where the coefficients are given by

L _mlwl
(45) Cw(a7 z, y) = W2 « (w’w(aa :L‘) - w’w(aa y)) :
Let us fix a € F and y € [0,1]™ x {a}. The sequence of the coefficients ¢ clearly
belongs to £*° and thus we may use Lemma 2.4 and our task is reduced to the proof
of

/ plelax,y)" dHM(2) < C < 0o .
[0,1]™

where the constant C'is independent of a and y. For x € [0, 1]™ x {a} let us denote by
j(x) the largest integer such that both x and y lie in the same Q,, 3 z,y for w € W),
It follows that they lie in different Q,, > = and Q,,, > y for uy, uy € W@+ Tt follows
that most terms in (4.4) and (4.5) cancel and the first nonzero term corresponds to
j(z) + 1. Since ¥y, (a,z) = 1 on Q,, and ¥, (a,z) = 0 on the complement of 2@Q),,
it is easy to see that the supremum norm of the difference of these two functions is
1. We can do similar observation for the term j(x) + 2 which must be again nonzero
and hence we obtain

1 _ m(i(z)+1) 1 _ m(i(2)+2)

lela:z.9)le = Gy« adeldeny) = ey

From the construction of W7 we know that for each j = j(z) we have a fixed cube
Qu, 2 y and we can find at most 2™ — 1 cubes @), such that x € Q),, and hence

H({x € [0,1]™ x {a}: j(z) =j}) = 2" = DHF (Qu,) = (2" — 1)27 "0+

Now we can estimate

/ plca, z,y))™ dH (x) <Y (2" —1)27"0HD
[0,1]™

j=0

;Qm(jﬁ)%’ )

(J +2)?
Since o < « it is easy to see that the series converges which finishes our proof.  [J

Now we proceed to the proof of Theorem 1.3. In contrast with the previous con-
struction (or the construction from [3]) we do not put some basic function into each
subcube that intersects our set but only into some of them. Instead of the push-
forward of the m-dimensional Hausdorff measure we need to use the pushforward of
the natural measure on the Cantor type set that is created as the intersection of the
subcubes from our construction.
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Proof of Theorem 1.3. We use the notation V, V+, W7, W9 and so on introduced in
the previous proof. .

In W7 we have 27" = 29™ x 2/("=™) cubes and we would like to define W2, C W7
with 2VAm 5 2i(=m) cubes Q,, for w € Wg; We first choose 2VA™ cubes from W7
and then we choose all cubes Q,,, w € W7, such that QY lies in this system WI. Our
only requirements for the position of these cubes are that

a) for each w € Wé there is v € Wé_l such that @, C Q,,

b) for each w € Wé there are at most 2™ pairwise essentially disjoint cubes
Qu, € Wéﬂ such that @Q,, C Q. ,

¢) number of different cubes in {QV,w € W2} is 29n=m)

The construction of this system of cubes is given with details in [10].
To simplify the notation we write

WL(E)={weW.: QU NE#0}.

The cubes from Wg; naturally form a Cantor type set in R™

(4.6) G = ﬁ U ey

=1 J
I=LweWwl,

Let us fix fy € C2°(R™) such that fy =1 on Qo = (0,1)" and supp fo C 2Q. For
each w € W*, let ¢, € C°(R™) be a function defined as in the previous proof. Set
We = Ujso W, Let € = {&w fwewy, be a countable sequence of elements from the
unit ball in R*. For each j > 1 we define

m[y7
fej = Z 2- [ajlww(a, z)y, forz €V, ac V*:
weWL(E)

and again we set

fe= Zfs,j :
j=1

By
_ m[V7]
| fejlloe < C27

it is easy that f¢ is continuous.

We have 2[Vilm x 2i(n=m) cuhes @, for w € W(]; and we have to estimate the number
of such a cubes whose projection intersects E. From the construction of Wé c) we
know that the number of cubes projected to V* is 2/(»=™) that is all dyadic cubes
are available for our covering. By (4.1) we know that we can cover E by C'2/° balls
of radius 27U+ and each of these balls can be covered by at most 2"~ dyadic cubes
of side length 277. Tt follows that the number of cubes Q,, for w € WZ(E) can be
estimated from above by

N = ColVilm w 9if
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The cubes Q,,, w € Wé(E), are disjoint and the norm of the function 9™ fej can
be estimated by Lemma 2.3 B) and hence

| fe ;1

Since 3 < n — sp it is easy to see that fe € F;Q(]R",]Rk) by

(B=n+4sp) /= P 1y1
Ifellrs, < Mfegllrs, <C D 2 v 27 VIME Dy < o0
j i

pr, < C2 " NE ()55 < c2 e

In the remaining part of the proof we would like to show that for a generic choice of
§ we obtain a map fe with the desired property (4.2). Let us view § = {&, fuewy, as
a sequence of independent random variables, identically distributed according to the
uniform probability distribution on the unit ball B in R*. Instead of the conclusion
(4.2) we will even show that

(4.7) H (fe(Goa N [0,1]") = oo

where GG, is a Cantor type set in V, constructed as in (4.6). It is now enough to show
that for each o < o we can find a measure p on fe(G, N[0, 1]") with finite o/-energy.
On the Cantor type set GG, there is a natural measure H¢, such that

1 . 4
(4.8) He, (Qu) = =27Vl for cach w e WY .

#W,
The existence of such a measure was sketched in [10].
For each a € E consider the measure (f¢)x(Heg,), i.e. the pushforward of the
He,-measure on G, via the map fe. This measure is nonzero, because the set G, is
nonempty. We claim that the expectation

(4.9 e[ 1o ((040e) (@)

is finite for each o/ < a. It follows that almost surely with respect to & we obtain
that

Lo ((fe)#(He,)) is finite for HP ae. a€E

and our conclusion follows once we prove the claim (4.9).
Using Fubini theorem we may transform the integral from (4.9) to

a,xr)— a —a B a T '
/[Ql}m /[O,HM/EEg(Ug( 1) = fela,y)|™*) dH’(a) dHe, (z) dHe, ()
We write

(4.10) fela,) = felay) = 3 culasa,y)éu

weWy(E)
where the coefficients are given by

(4.11) cw(a,z,y) = Q_M[Tm (ww(a, x) — Py(a, y)) .
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Let us fix a € E and y € GG,. The sequence of the coefficients ¢ clearly belongs to
(> and thus we may use Lemma 2.4 and our task is reduced to the proof of

/ plela,x,y)) dHe, (x) < C < oo .
[0 l]m

where the constant C' is independent of a and y. For z € G, let us denote by ]( )

the largest integer such that both z and y lie in the same @, 3 z,y for w € W] @)
Similarly to the previous proof we have

ml/IE L mlVG@+2)
le(a, 7.9l = 27757 and plefa,z,y)) =272

From the construction of W part b) we know that for each j = j(z) we have a fixed
cube @y, 3 y and we can find at most 2™ — 1 cubes @), such that z € @,,, and hence

He,({ € Ga: ja) = j}) = 2" = YHe, (Qu,) = (27 — 127"V

Now we can estimate

/ plc(a,z,y))” of dHg, (z) < Z 1)2- mlViFTgmlvi+2] %
[0,1]™ j=0

Since o < « it is easy to see that the series converges which finishes our proof. [
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