THE SIZE OF THE CLASSES OF HW.SETS
VACLAV VLASAK

ABSTRACT. The class of H™)-sets forms an important subclass of the class of sets of
uniqueness for trigonometric series. We investigate the size of this class which is reflected
by the family of measures (called polar) annihilating all sets from this class. The main
aim of this paper is to answer in the negative a question stated by Lyons, whether the
polars of the classes of HV)-sets are the same. To prove our result we also present a new
description of H™)-gets.

1. INTRODUCTION

Let M be a collection of closed subsets of [0, 1] and M([0, 1]) be the set of all Radon
measures on the interval [0, 1]. Then the polar M+ c M([0,1]) is defined by

1
M* = {ve M([0,1]); VB € M : v(B) = 0}.

We say that € M([0,1]) is Rajchman if limy, |, f1(n) = 0. The family of all Rajchman
measures is denoted by R. Let us recall that closed sets of extended uniqueness (Uy sets)
are those closed sets which are annihilated by every Rajchman measure. Thus by definition
we have that R C Ug-.

Rajchman investigated classes A with the property At = R. He introduced in [9] an
important subclass of U sets, so called H-sets (or H™M-sets) (see the next section or [4]
for the definitions of U and H™")) and investigated whether H*+ = R. Lyons in [5] showed
that R = Uy. On the other hand Kaufman proved that U+ # Ui- = R ([3]). Thus Uy can
be considered much larger than U in the sense of polars. More generally, one can consider
two families of closed sets A C B and may ask whether B+ C AL, If this is the case then
B can be considered much larger than A.

Rajchman conjectured that every set of uniqueness is a countable union of H-sets. This
was disproved by Pyatetskii-Shapiro in [7] (see also [8]), where he also introduced the
classes of H®™)-sets. Further he showed H™ < HWN+) < U ¢ U, and he stated that
there is an H™+V_get which cannot be written as a countable union of H™)-sets. Lyons
in [6] showed that R C (Uyey HY ))L. Thus, classes H™V) are “small” in Uy in the sense
given above. Lyons in [6] posed a question whether (HW*D)+ = (H™))L The aim of this
paper is to prove the next theorem which answers Lyons’ question in the negative for every
N e N.

Theorem 1.1. Let N € N. Then (HW+)L £ (HM)L,
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We will prove Theorem 1.1 using Theorem 2.5 on a description of H™)-gets. This result
can be used to reprove Sleich’s result that each H™-set is o-porous ([12]).

The case N = 1 in Theorem 1.1, which is much simpler, was presented without proofs
in [11].

There also arises an open question, whether (U Nen H (N ))L D U*. Zeleny and Pelant
([13]) show that there is a non o-porous closed set of uniqueness. Thus this set is a set of
uniqueness, which cannot be written as a countable union of elements of .y H (N)

2. PrRoOOF OF THEOREM 1.1

Notation 2.1.

(i) We denote the Lebesgue measure on R by A and the number of elements of a finite
set A by g A.
(ii) The symbol (x) stands for the fractional part of z € R, i.e., (x) = x — [z], where

[z] is the integer part of x. Further, for B C R we denote (B) = {(z); = € B}.

(iii) For N € N and a € (]RN )N, we employ the following coordinate notation a =
{a;}jen and a; = (aj,...,a}) € RY.

(iv) By an open interval J C RY we mean any product of nonempty open intervals
JCR,i=1,...,N.

(v) Let 2 € R and r > 0. We denote the interval (z —r,z + 1) by B(x,r).

Definition 2.2. Let N € N, L € R, and P C R.

(i) A sequence of vectors a € (RV)N is quasi-independent if for every nonzero o € ZV
we have lim; | (o, a;)| = 0o, where (u, v) denotes the scalar product of vectors u, v €
]R]]VV . The set of all quasi-independent sequences of vectors from PV is denoted by
QN (P).

(i) A c(los)ed set A C [0,1] is in H™(P) if there exist @ € QV(P) and an open
interval J C [0,1]" such that for every z € A and every j € N we have (za;) :=
((zaj), ..., (zal)) ¢ J. We will write just HW) instead of H™W)(N) and HW)*
instead of H™) (R \ {0}). The subsets of elements of H) are called H™)-sets.

(iii) A closed set A C [0,1] is in HéN)* if there exist @ € QY (R \ {0}) and an open
interval J =[], J* C [0, 1]" witnessing A € H™* and satisfying

a;H)\(J'L)

T
a;

> L

for every i € {1,...,N — 1} and j € N.

Remark 2.3. (i) Let NNM € N, N < M and L, K € R, L < K. Then we clearly have
HY c HM* g« = gIN* and H™ ¢ H™*_ Further, family H®™) is hereditary, i.e.,
if Aec H™, A> B and B is closed then B € H™). Similarly, families H™* and H™*
are also hereditary.
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(ii) Bari [1] denotes H™* as H™)(R). We use R\ {0} instead of R to avoid dividing by
zero. It is easy to see that H™V)(R) = H™)(R\ {0}). Thus, both of these definitions define
the same object. Note that each set from H®)* is a finite union of elements of H") (see
[1, pp. 919-921]). Consequently, (HM*)+ = (HM)L,

(iii) Let N € N. Then the collection H™) consists of closed H")-sets.

The proof of the main result is based on the following two results which will be proved
in the next sections.

Lemma 2.4. Let N € N. Then (HOV+D)L ¢ (H")L
Theorem 2.5. Let N,L € N. Then H N)x _ (N«

Granting these results the proof goes as follows.
Proof of Theorem 1.1. Using Lemma 2.4, Theorem 2.5, and Remark 2.3(ii) we get
(HY)E ¢ (H ") = (HO)E = (H)-

=

3. PROOF OF LEMMA 2.4
Throughout this section N € N will be fixed. We will construct a measure u € (H fév)*)L\
(H(NJrl))J_‘

3.1. Construction of the measure .

Notation 3.1. Let A be a collection of subsets of R and S C R. We denote
AS={V e A Vsl
Notation 3.2. We find and fix some @ € (NV+H)N guch that for every n € N and j =

+1
1,..., N we have that m" i and *}\,*jl are natural numbers bigger than n?.

Tn

For n € Nand j = 1 , N + 1 we set the following:
(3.1) P, = {x €0,1]; (z-z) ¢ (1/2, ) i=1,...,n},

1—1 1 1—1 1
Pr.j = — — | C[0,1; ieN, (| ——, — | C P, ¢,
N HZ:C% 2:6%} 0,1 (233% 296%) }

1Pl = 1/(227,).

Remark 3.3 and Lemma 3.4 will explain some basic facts concerning collections P ..

Remark 3.3. Let n € N. Since 962%;1

and 2?}@&1 are natural numbers we can easily obtain
the following three statements: !

L Upn,NJrl =P,

® Fnt1j = UIG’Pn’N+1 73]+1 e
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o Ifj€{1,.. N+1}zeNIe7>nN+1and[;1 i]c]then

723

— 1 1 1 1+1
[Z i s - ] EPTL+1,j or [ ; y -

J J J
2@, 2%, 2wy, 2%,

S ,Pn+17j.

Lemma 3.4.
(i) If V € P, then | Pl = MV).
(ii) Let k >n andi,j < N+1 such that k >n or j >1i. Let I,.J € P, ;. Then we have
tt7315,]’ - ﬁP,;fj.
(ili) Letn>1, I € Pyp_yny1 and 1 < j <i < N+ 1. Then we have

Pri<2 Y 4P
ReP]

(iv) Let ny,ne,ns € N, ny < ng < ns, j1,72,J3 € {1,...,N+ 1} and I € P,, j, be such
that no < n3 or jo < j3. Then we have

n3 J3 — <2 : : ﬁ n3,]3

I
RGPM jo

(v) Let n € N and 1 < j < N. Then ||Pu || > n?||Pnjt1ll-

Proof. (i) Let V' € P, ;. Then there exists ¢ € N such that V' = [—, 24] Thus, \(V) =
1/(22]) = [Pl

(ii) Let = min(I) and y = min(J). It is easy to verify that P/, = P} +y — .

(iii) By Remark 3.3 we can easily obtain

1P <20 MI) <2 ) P
ReP]

(iv) Assume ny < ng, Then we have

Jj n3]3 = Z Z ﬁ ns]s’

VE’PnQ 1,N+1 Wepng N+1

Z 1 Priss = Z Z Z 4P s

I
ReP,, ; vepl N1 RePY j WEPn2 N1
2,72 2— 2,72

Using (ii) and (iii) we obtain the desired inequality.
Assume ny = n3 and j, < j3. Then we have

_ Vv
ﬁ n3]3 - E: ,Pn37j3’

I
VeP, 1,811

Z tP n3js = Z Z 1P nm:a

ReP;, . VEP] 1 n41 REPY, .
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Using (ii) and (iii) we obtain the desired inequality.
e
(v) Clearly, | Pogll = 2| Pagall = 20°| Paja . O

Notation 3.5. Let V' C [0,1] and z € R\ {0}. We set
1
T(x, V)= {E(V—i—n); n e Z} :

Lemma 3.6. Let W, S C [0, 1] be intervals, x € R\{0} and \(S) > ﬁ. Then A (U T (z, W)®) >
INS)AW).

Proof. Clearly, T (z,W)° > A(S) - |z| — 2. Thus,

A (U T(m,W)S> - Ag/) AT (2, WS > MS)AW) — 2A|§3V|V).
Since A(S) > é—‘ we have
AS)AIW) — ”&V’ > CAS)MIV)

g

Lemma 3.7. Letn,s,jeN,n>1,5,j<N+1,1€P,_ 1, andlet S C I be an interval
with M(S) > 8||Pull. Then X (UPS,) > 1A(S).

Proof. It is easy to verify that I = (JP}_; x4y and PY, D T(x],[0,1/2])" for every
VePl_ i SoPL; DT (x],[0,1/2])". Thus Py, D T(a:ﬂ [0,1/2])%. Thus

A(UP;?.) >)\<UT 0,1/2]) )

We know that A(S) > 8]|P, ;|| = 5. Thus, we can use Lemma 3.6 and obtain

<UT 0,1/2)) > ZA(S).

O
Construction 3.8. For I = [;N}m . N+1], where n € N and 7 € {1""’2an+1}, we
define
(3.2) u(l) = —ﬁpn’lNH, whenever I € P, yy1,
| 0, whenever [ ¢ P, 1.

Now we use the standard mass distribution principle, see e.g. [2, Proposition 1.7], to
extend p to the desired measure.
We also set

(3.3) P={zxe0,1; Vie N: (z-z;) ¢ (1/2,1)"*'}.

We can easily obtain the following properties of the measure p.
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Lemma 3.9. The measure p is a continuous Radon probability measure and the support
of i is a subset of P.

Proof. Let x € [0,1] and n € N be arbitrary. Then there exists 1 < i < 22! such that
T € [T N+1, - N+1] By (3.2) we have

1—1 1 1
< _ < —.

Since lim,, m = 0 we have u({z}) =0.

By (3.2) and Remark 3.3 the support of 4 is a subset of |J Pn.n+1 = P, for every n € N.
By (3.1) P =(),ey Pn- Thus the support of p is a subset of P.
U

3.2. Verification of p ¢ (HWV+D)L,
Lemma 3.10. The set P is a closed HN*Y-set and p(P) = 1.

Proof. Let a = (aq,...,an41) € _ZN“ be a nonzero vector. We find the largest ¢ < N + 1
such that a; # 0. Since lim,, ii = 0 for every 1 < j < i we have

lim |(2,, )] = lim | Zx]a]‘ = hm x, ‘Zx %‘ = |ay] hm z! = 0.
n—o0 n—00 n

Thus {x,, }nen € QVTH(N) and therefore P € H(N“). By Lemma 3.9 we have u(P) =1. O

3.3. Verification of ;1 € (H{év )*. We fix an arbitrary X € H{év We find an open

interval W = szl 2 C [0,1)Y and z € QV(R \ {0}) witnessing X € H)*. Thus, we

have

A TAW;)
P

(2

Let 0 <0 < p < N be integers. We set
Apop={z€[0,1;Fj €N, o <j<p:(z-2]) ¢ W;},
Av={z € [0,1;Vi<k:(x-z) ¢ W}={)Aion,

i<k
A= (A=) Arow.

keN keN

We have X C A. We want to show that p(X) = 0, so it is sufficient to prove u(A) = 0.
Further in this section fix a constant [ € N such that

(3.5) [>100 and [>1/A(W;), j=1,...,N.

(3.4) > 10 for every i e N,j € {1,...,N —1}.
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Notation 3.11. Let n,k € N, S;T C [0,1] and D be a collection of subsets of [0, 1]. We
define

V(D,T)={VeD; VAT =0}
and if P7 ., # 0, then we set
4V (Panar, Ap)°

f Pg,NH

nd g = 0

uf:,k =1

Lemma 3.12.

(i) Let n,k € N. Then p(A) < fin k-
(i) If n,s,k € N and n > s then i, < sup{u,‘;k; Ve Psni1} - Usk-

Proof. (i) We have
(3.6) ANP CANP CANP, CJPunsr \V (Pansr, 4r)).
Using Lemma 3.9, (3.6) and (3.2) we can conclude

pA) = wANP) < (UPanss \V (P A)

_ _ 8(Pant1 \ V (Pon+1, Ar))
= > () P

= HUn,k-
JG(Pn,N+1\V('Pn,N+17Ak))

(ii) It is easy to verify that
BV (Pani1, Ak) _ 1_ Z 8V (Punst, A

Hnk = 1
ﬁ ,Pn’NJrl VEePs N+1 ﬂ PS’NJrl ' lj ’PXNJrl
\%
= 1 Z 1 _ ﬁv (Pn7N+17 Ak)v — ZVGPS,N+1 ’U/nvk
Jj PS,N—H ﬁ PX;]\H_l Jj 7Ds,N—&—l

VE’PS,NJrl
\4

B ZVGPS,NH\V(PS,NH,A;C) Fon e

ﬂPS,N-i-l ’

where the last equality follows from the fact that ,u}; , = 0forall VeV (P ni1, Ax). Thus,
we have

(Ps,n+1 \ V (Psnt1, Ak))
‘j Ps,N—l—l

fnge < sup{py p; V € Pongal} ﬁ

= SUP{MX,;C; V€ Psnii} - Hske
Ul

Let us assume that k € N is fixed in the following definition, Lemma 3.14, Lemma 3.15
and Lemma 3.16.
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Definition 3.13. Let S C [0,1] be an interval and j € {0,..., N — 1}. We inductively
define

Kjje1(S) = T (2 Wis)¥,
Ki($)= |J T W)k, t=j+2,. .. N
LEIijtfl(S)

Lemma 3.14. We can easily obtain the following five properties.
(i) For every Z € Kj,(S) we have \(Z) = 2% >

EDERER
(ii) Let K, L C [0,1] and K N L = 0. Then K,,(K) N K, (L) = 0.
(iii) Let K,L € K;4(S). Then K =L or KN L = 0.
)

(iV U IC]7t(S> N Ak:,j,t == @

Proof. Statements (i)—(iii) are easy to verify.
(iv) It is straightforward to verify that

UKes) < () U7 w)s,

i=j+1

t

Ao = (0N T m0)%).
i=j+1
Since T (21, W;)° C T (2, W;)E for every 1 < i < N we have

N UTEw 0 U 0\ UJTE w05 =0

So, we are done. O

Lemma 3.15. Let 0 < j <t < N and S C [0,1] be an interval with \(S) > 4/|2™".
Then XA (UK;.:(S)) > A(S) - (20)7.

Proof. We will prove this lemma by induction. First, we assume that ¢ = j + 1. Then
K (S) =Tz, W,)® and A\(S) > 4/|zL|. By Lemma 3.6 and (3.5) we have

MUK) = A (UTEm0%) 2 s

(3.5) .
> MS)- 2D = A(S) - (21
Now, we assume that t > j + 1 and we already proved
(3.7) A (U /cj,t,1<5)) > \(S) - (20t
Let L € K;4-1(S) be arbitrary. Then A\(L) = % By (3.4) we have ’\(fojll) > 1_to|. Thus
2, z L

|2, |2

we have
4
(3.8) ML) > T
|Zk|
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By Lemma 3.14 (ii)-(iii), Lemma 3.6, (3.8), (3.5) and (3.7) we have

VUka) = AU U TeEwt)

LeK;-1(5)
L.3.14(id) (i) Z A (U T (21, Wt)L>
Lek;t—1(S)
L.3.6 1
N Z
g 3 SAMLAW)
Lekj—1(S)
(3.5)
. > e
Lek;t—1(S)
L.3.14(i) (2071 (U /Cj,t—l(S)>
(3.7)

2 A(S) - (21"

where the formula (3.8) was used to verify the condition of Lemma 3.6.
O

Lemma 3.16. Let 0 <o <p<N,1<s<N,1<j5<N+1,n, k be natural numbers
and I € P, 5. Suppose that the following conditions are satisfied

(3.9) n > 1%
1 .
(3.10) | Prsiall = Ei (n+ DlIPosryll,  o<i<p
K
Then
V(PL | . Apg 1
(3.11) EV( n+1I,J k, ,p) = (207
JanJrl,j 4
Proof. By Lemma 3.14(iii),(iv) we have
Ko,p(
(3.12) VPl Avey) D P o | PR
Kekq,p(I)

By (3.12), Lemma 3.14(iii) and Lemma 3.4(i) we have

ﬂV( TL+1]7Ak:O'7p) > Z ﬁ +1]_ Z (U +1])

— I -
jjIJDTIL-H,]' KeKo, (I Jj7371-&-1] KeKo,o(I (U +1J)

AUP )
2 A

KeKo,p(I)

v
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Thus, it is enough to verify that

(313) S AUPEL) = e

KeKo,p(I)

By (3.9) and (3.5) we have n > [* and [ > 4. By Lemma 3.4(v) and (3.10) we have

4

U+1 Z 0+1 :
2k, 2k

MI) = [[Posll = 0| Posiall 2

Thus by Lemma 3.15 we have

(3.14) (U Koo ) (I)(20)7".
Let K € K, ,(I) be arbitrary. By Lemma 3.14(i), (3.10) and n + 1 > 8] we have

1
AK) > 7 > 8| Prya,jll-
2L

Thus by Lemma 3.7 we have

(3.15) MUPEL) = 4 AK).
By (3.15), Lemma 3.14(iii) and (3.14) we have

Z U +1J = Z /\ = _)\ <U ICUp > > i ( )(2l)o_p.
KeKo,p(I) Kelcap
So, we verify (3.13). O

Lemma 3.17. Let ng <mnj3 <ns € N, 1 < j; < jo<j3s < N+1and T), T, C [0,1]. If
there exist oy > 0, ag > 0 such that

ﬁV( 1+1]27T1) >

(316) = Qq,
lj’Pm-H 2J2
Iz
(3.17) VP14 1) as
jj,Pnz-l-l S B

for every Iy € Py, j, and Iy € P, ;, then
ﬁ.]}( ng—i—l ]37T1 UTQ) 1

> Qi
]j 2+1 ,J3 4
for every I € Py j,.
Proof. Let I € Py, j, be arbitrary. Clearly,
(3.18) V(P T) > Y P,

vey(p!

n1+1,j2° Tl)
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By (3.18), Lemma 3.4(ii),(iv) and (3.16) we have

(3.19) 1V(P, 2 oo T1)  G18.L > st ZVGV (Pay+1,55°T1) # P, 92
. u 7’L2 j2 - 2 ZWEP,,IL +1,59 PZZJQ
B0 V(P T
N ﬁ 1+1 2J2
(3.16) 1
Z —(1.
2
Clearly,
(320) ﬁV(P12+1 J3) Tl U TQ) sl Z ﬁv<7)n2+1 ,J37 2)
Vev(PL . T)

n9,j2°

By (3.20), (3.19), (3.17) and Lemma 3.4(iv) we have

1( mHB,TlUTQ) (3:20) L3430 ZVeV(’PfLQJ-Q,Tl)ﬂV(P)z/z-&-l,jg’TQ)

Jj n2+1j3 B 2ZWE7DTIL27 Jj n2+1j3
(3.17) V(PL T
> 2ﬂ ( n2]2 1)
ﬁ n2]2
(3.19) 1
> — .
= 4CY2041

g

Lemma 3.18. There exists € > 0 such that for every n,k € N there exist n € N and keN
such thatn >n, k >k and

ﬁV(PI JN+1» AIE,O,N)

PPN

> €

for every I € Py ny1-

Proof. Set ¢ = 2(321)™". Let n,k € N be arbitrary. We set ng = max {n + 1,1?}. We will

Constructl;:>/{:,SSNandsequencesno<n1 <+ <ngand 0=y <vy < -+ <vg=N
such that

VO <i<s Vo <j < niHPni,Ui71+2H } 1>H,Pm+1ﬂ)i+1|"

!

Since z € QN(R \ {0}) and (3.4) holds we have lim|21] = oo and |#/"'| > 102]] for
every i € N,j < N. Thus, we can find & > k such that ’ 7 < < || Prg+1.2](no + 1). We set
k

?r‘zk:

vp = 0. Assume that we have already constructed nq,...,n; and vy, ..., v; for some 7 > 0.
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If v, = N we set s =14 and we are done. If v; < N we find n;,.; € N such that

1
N1 | Pri i wirall = W > (it + D[Py +1,042]l-
~Z

Further we find the largest v;4+1 € {v; + 1,..., N} such that

Z?H_l > (ni-i-l + 1)||Pni+1+1ﬂ)i+l+1||
k

and we are done. We set n = n, + 1. B
We use Lemma 3.16 replacing o, p, s, j, n, k by v;_1, v;, vi-1+1, v;+1, n;, k respectively
to obtain

ﬁ V<7DT‘L/Z+1 vl+17 A]::,’Uifl,’ui)

(3.21)
Jj +1 ui+1

(1)

MH

for every V € Py, », ;41 and 1 <7 <'s.
We prove by induction that

ﬁv< n; “+1 U]+17 Aiﬂ,fuo,vj)

(3.22) > 479(20) 7 47t

ﬁ +1 w+1

for every V € P, 1 and 1 < j <s.

By (3.21) we have (3.22) for j = 1.

Suppose that 1 < j < s and (3.22) holds for 5 — 1. Thus, by (3.21) and Lemma 3.17
replacing ng, n1, ne, ji1, j2, J3, 11, To by n1, nj_1, nj, 1, vy + 1, v; + 1, A;
respectively we have

Jj V( nj+1 vJ+17 Al},uo,uj) ﬁ V(Pq‘m/j—&-l,v]—i-l? AI},vO,vj,l U Afc,vj,l,vj)
ﬂ +1 wi+1 ﬁ +1 v +1

1 .

(A 4 (Z(zl)vﬂ—w)

= 479(20) .47

k,vo, vj—1" Ak,vjfl,’vj

v

Thus we have (3.22).
Since vs = N, s < N and (3.22) holds we have

i V( 3 N+17 AIE,O,N) >

3.23
(3.23) P e

475(20) N 475t > 9

for every V' € P, 1. Fix arbitrary I € P, y41. Clearly,

(3.24) EV(P; 7, N+1 kON Z sV(P N+1’ kO,N)‘

VeP{L1 1
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By (3.24), (3.23) and Lemma 3.4(iv),(ii) we have
EV(Pini Aron) - ZVePfll,l 8V (P a1 Aron)
i /Pfi,N-',-l B 2 ZWGP,{LI f P}L/E/NH
So, we are done. O

Proof of Lemma 2.4. We need to show that j(A) = 0. Set ¢ = 2(321)™". Let n,k € N be
arbitrary. By Lemma 3.18 there exist n, k € N such that

i V( 3 N+17 AIE,O,N) >

tP N+1 N

> €.

for every I € P, ny1. Since Aj, C A,;O ~ Wwe have

I 1P N+1 ﬂV( ,N+1s ) §P N+1 ﬁV( N+1aA12,0,N)
M = £p

<1l-—¢
N+1 ﬂ N+1

for every I € P, y+1. Thus by Lemma 3.12(ii) we have Pk < (1—¢)ptn - Thus inf{pe, ; n. k €
N} = 0. By Lemma 3.12(i) we have

0 < p(A) < inf{pnr; n,k €N} =0.
So, u(A) = 0. d

4. PROOF OF THEOREM 2.5

Notation 4.1. Let N,n € N, a € Q¥(R\ {0}), y € Rand J C R, J =[[L, J/ C [0,1]¥
be open intervals. We set

T(y,J) ={z <0, 1]' (ry) € ()},

H'(a, o1\ﬂTaP JP),
H(a,J :ﬂH”a,j).
neN

Notation 4.2. Let m € N, I C [0, 1] be an interval and z € Q™(R\ {0}). Then we define
H(z,I)={z€0,1]; VEe N: (x-z) ¢ I}.
Remark 4.3. Let m € N.
(i) If A € HO™* then there exist z € Q™(R \ {0}) and an open interval W C [0, 1]™
such that A C H(z,W).
(i) If I € J C [0,1]™ are open intervals and » € Q™ (R\ {0}), then H(r,J) C H(r,I).
(iii) Let m € N, I C [0,1]™ be an interval and z € Q™(R \ {0}). Then
H(z,I)={z€0,1); VEe N: (x-z) ¢ I}.

Lemma 4.4. Let N € Nya = {a;} € QV(R\ {0}), {jx} be an increasing sequence of
integers and J C U C [0,1] be open intervals. Then the following assertions hold.
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(1) {a;, } € QV(R\ {0})

(ii) H(a,U) C H({ay},U)

(iii) H(a,U) =,y H"(a,U)

(iv) Let L € RN be a regular matriz. Then there exists a finite set M C N such that
for every increasing sequence {vg} of elements from N\ M we have {L(ay,)} €
0N (R \ {0}).

(v) Lety € R\{0} and J C [0, 1] be an open interval. Then T(y,J) = UneZ (J+ n)N
0.1)=UT (/)N [0,1]

(vi) Let m € Z\ {0}, y € R\ {0} and u,r € R. Then we have T(y, B(u,r)) D

T(L, B(+, L)), where the symbol B(z,s) = (x — s,z + s) for s > 0.

m? m’ |m|

(vii) Lety € R\ {0}, J CR and V C (J) be open intervals. Then T(y,J) D T(y,V).
Proof. (i)-(iii),(v),(vii) are trivial.

(iv) We set M = {i € N; 9s < N : (L(a;))® = 0}. Let {v;} be arbitrary increasing
sequence of elements from N\ M. Then {L(a,, )} € (R\ {0})™)N. Let o € Z" be nonzero
vector. Then LT (a) be nonzero vector, where LT be transpose of matrix L. Thus we have

Jim [(La),0)] = Jim [(au,, 7 (@))] = o0

Thus, L(a,, ) € OV (R\ {0}).

(vi) Clearly, T (y, B(u,7)) D T (%, B(:, t&)). Thus (vi) follows from (v).

m? m|
O
We will use the following well known approximation theorem.
Lemma 4.5. [10, Dirichlet’s Theorem on Simultaneous Approximations| Let aq, ...,y
be real numbers and Q > 1 be an integer. Then there exist integers q,pi,...,p, with

1<qg< Q" and |oig—pi| <1/Q for all1 <i <mn.

Lemma 4.6. Let N € N;a € QV(R\{0}) andU,, = U' x-- - xUN"'xUN C [0,1]V, n € N
be open intervals. If there exists a > 0 such that A(UYN) > « for all n € N then there exist
an increasing sequence {j,} of positive integers and an open interval J = Ul x---x UN~1x
JN C [0, 1)N such that for every n € N we have

(1) AA(TY) = AT,

(i) H"({a;,}, U;,) < H*({a;,}, T).-

Proof. Since inf{\(UY); n € N} > a > 0 there exists an increasing sequence v,, of positive
integers such that

4inf{A\(U)); n € N} > 3sup{\(U)); n € N}.
We find [ € N such that

% < fAUN); n e N} < %

For all j € N we find b; € Ny and an open interval J," = ( lj, i 71) such that J C Uqf;’. Since

the set {J); j € N} is finite there exists an increasing sequence {p,} of positive integers
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and an open interval J» such that JN JN foralln € N. Weset J = U x---xUN"1xJN
and j,, = vp,. Thus,

for every n € N. Clearly,

IATY) = %‘ gmf{)\(UN); n e N} > sup{AUY); n e N} > AUN)

for all m € N.

The following lemma was inspired by Zajicek [12].
Lemma 4.7. Lety,z € R\ {0}, y # z, U = B(u,r1),V = B(v,13) be subsets of [0,1] and
5<m1n{ A0 M) } If 4|y| > 3|z| then

Tyl |Z

|z|0 To
T(y,V)ﬂT(z,U)DT(z,B(u, 1 ﬂT(y—z,B(v—u,4)).
Proof. Since |z|6/4 < r; we have B (u, |z]0/4) C U. Thus

T(2,U) DT (2, B(u, |26/4)).

Let z € T (2,B(u,|2|6/4)) N T (y — 2, B(v — u,2/4)). Then there exist £ € B(0,72/4),
€ B(0,|z]0/4) and m,n € Z such that

1
r=(E+v—u+n) :
y—z

1
xz(,u+u+m)—

Thus, z = (§—|—,u—|—v—|—m—|—n) Since |§ 4 p| < 2 + 28 |5 %—l—@ <2422y we
have £ + u+v € V. Thus, xeT(y,V).

O
Lemma 4.8. Let N € Nya € QV(R\ {0}), U = [[L, U < [0,1]N be an open interval,
L € N and ¢; = min{’\‘(g?; i = 1,...,N} for every j € N. Then there exist a regqular

matriz L € QN*N | an increasing sequence {v,} of positive integers and an open interval
J =TIY, 7  [0,1)N such that

) @ = {L(a,,)} € Q¥(R\ {0}),

) VneN: H"({a,,},U) C H"(x,J),

) VneNVi< N: |2 > 1
)

(a
(b
( a,
(d W >6vn/16
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Proof. Going to a subsequence and permuting indexes if necessary, we can assume that

ai| < |ai*!| for all n € N and i < N. We find Q € N such that 1 < 2nAU% =1..N} gy
n n Q 8L
Lemma 4.5 for every j € N there exist qj,pjl., . ,pév_l € Z such that
1 S QJ S QN717

at ; 1
(4.1) q]—fv—pj < o i=1,...,N—1

J
Since Sj_%l‘ < 1, we have [pj| < QN~' for every j € N and i = 1,..., N — 1. Going

J

to a subsequence if necessary, we can assume that there exist ¢,p!,...

,pV~! such that

q = q;,p' = p} for every j € N. Clearly, there exists 0 < s < N such that p’ = 0 if and only
if i < 5. Denote by u’ the center of the interval U’ and set

a’ for i < s,
- aiv (IN . .
Y5 = p—gv—% for s <i < N, jeN.
4 for i = N,
q
Further we define
o Ji=Ulfori<s,
oji:B("—Z——N,)‘ >f0rs<z<N
p q " 8[p]
ojN:B(éV,MyJ)for]EN
.JN JN N (0,1).

Since UT € (0,1) we have A\(JY) > %/\(JNJN ). Going to a subsequences if necessary and

using Lemma 4.4(iv) we have that y

s < i < N we find an open interval J* C

Lemma 4.4(vi) we have

T(a%,U") D T(

(.
0, 1] such that A\(J*) >

7o (v )

)}, is in QV(R\ {0}). For every
AT and J' C (). By
ul MUY
P 2[pf]

N )\(UN)
49 T, UV DT(yN,B<“—,—>).
(4.2 @0 o1 (o) B (7,
Since
at . 1 min{\U%;i=1,...,N 1
W < L minD@) b1
a; Q 8L 8
we have 4 ‘>3|y§v} Smce%—yj —y] and y € QV(R \ {0}), we have Zi;éij.We
use Lemma 4.7 replacing y, v, 19, §, z, u, r1 by :, pf, éﬂgl‘) 5],yJN, TN, )‘(2U ) respectively
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to obtain

(43) T (&B (“— @)) nT <y§V,B (ﬂ A(UN))) S TN, IV NT(y:, T,

P’ P 2|p| g 2q

i aj N _ i
Recall that y — z is replaced by Sy = Ui
By Lemma 4.4(vii) and our choice of sets J*, J;V we have

N 7N i T N N io7i
(44) T(y] 7‘]]‘ )ﬂT<y]7J)DT(yJ an )mT(y]ﬂ])
By (4.2), (4.3) and (4.4) we have
(4.5) H"(a,U) C H"(y,J" x --- x JV71 x JN).

Observe that we have
|a)| o lmin{A(U)ii=1,...,N} |a)|
=1 |a| q

1 .
AN 5A(J;V>:-5|N|—-5

Imin{\(U");i=1,...,N}
4 q '

Thus we can use Lemma 4.6 to get an open interval J» and an increasing sequence v,, of
positive integers such that for every n € N we obtain

(4.6) H{yp, }, I x oo x JNEx Iy € H"({y, }, JE x - x JY),
ANTN) = A(IY).
We set ¢ := y,f)n and J = J' x --- x J¥. By the definition of y we simply get that £ is

triangular matrix without any zero element on diagonal. Thus we have (a). By (4.5) and
(4.6) we get (b). Assume i < s. Since

! al, 1 min{\U"; i=1,...,N}
_] . _] 7 < - < ) ) )
e I R e 8L
we have '
xéyA(JZ) _ xNA<U’) xf8L Sl
Let s <7 < N. Since
whp’ _ i{,j | < 1 _ min{\(U%); i=1,...,N}
o, ay 0 8L
we have '
xﬁv)\(ﬂ) xjv)\(Jl) _ xij(Ul) - $§VL
T 2x] 8xipt | T |xQp’

Thus we have (c). Clearly,
L6A(IY) 2 A7) 2 2M(T)) = b, ||
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for all n € N. Thus we have (d).

O
Lemma 4.9. Let N € Nya € QV(R\ {0}), U = [[L, U C [0,1]N be an open interval,
L e N and d; = min{)‘ﬁg;); 1=1,... ,N} for every 7 € N. Then there exist x € (RN)N,
a regular matriz M € QN*N | an increasing sequence {v,} of positive integers and an open
interval J = [, J* C [0,1]N such that

(a) & :={M(a,,)} € QV(R\ {0}),
b) vn € N: H"((ay,),U) C H"(z,J),

(b)
() VneNVi< N: |22 >,
(@) %7 2 6../16.

Proof. We will proceed by induction over N. The case N = 1 is trivial. Assume that our
statement holds for some N — 1 € N, we show that it also holds for N. By Lemma 4.8
there exist a regular matrix £ € QV*¥ | an increasing sequence {p, } of positive integers

and an open interval V =[], V? € [0, 1]" such that

(i) ¥ :={L(ap,)} € QV(R\ {0}),
(ii) Vn € N: H"((ap, ), Ll) C H”(y,V)

(iii) Vn € N Vi < N : |20 ’>16L
. N
(iv) 20t > 6,,/16.
Clearly, {yl, o yNT e ONTHR\ {0}). By induction hypothesis there exist {x,} €

(QN *1) , a regular matrix Z € QW=Ux(W=1 " an increasing sequence {j,} of positive
integers and open intervals J* C [0,1], 0 <i < N , such that

(1) {zps oz = {20y}, oy DY € QYR A{O)),

(2) Vn e N :
H"({y}, -y B IS V) € H (g, R T,
B) VneNVi< N—1: |22 > 1

NOARD) 1AV,
(4) ST Z—mln{lyi‘,Z—l,...,N—l}.
We set v, = p;,, o) = yﬁ and JY = VN, We define Z € QN*N by

Zi,j fOl"O<’i,j<N,

Zii =41 fori=7=N+1,
0 otherwise.

Clearly, Z is regular. We set M = Z - £. Thus M is also regular. Using (i) and (1) we
easily obtain (a). By (2) we have

(4.7) VnEN:H"({y;n,...,yjn} V) C H (x,J)
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Using (4.7) and (ii) we get (b). Using (3) we obtain (c) for i < N — 1. From (iii) we have

min ’\‘?52/1'), = 1,. -1} = )“(VN T Using this, (4) and (iii) again we get the case
In
i = N — 1. The formula (1V) easily gives (d). O

Proof of Theorem 2.5. The inclusion HM* 5 H(Mk is trivial.
Let A € H™)* be arbitrary. Then there exists a € QV(R \ {0}) and an open interval

U c [0,1]V such that A C H(a,U). By Lemma 4.9 there exists « € (QN)N and an open
interval 7  [0,1]" such that H(a,U) C H(z,J) € H"*. So, A € H™", O
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