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Introduction

[ 19}

Plasticity (Prandtl-Reuss Model)

Reference domain of material @ on time interval (0,7).

Variables
displacement : Q% (0,T) > R"
Strain Viu : Q x (0,T) —» R*"
Cauchy stress ¢ Q% (0,T) - R*"

with Véu = £(Vu + (Vu)?).

Conservation of linear Momentum: —V .o =f
Additive strain decomposition: Viu = _e . p
~—
elastic strain plastic strain
Hooke's law: Co =e

Force f and elasticity tensor C' are given fields.
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The flow rule

Flow rule with kinematic hardening

8,5;068\1/(0—\@4;0)

hardening parameter

Example: Let ¥ be the indicator Von-Misgs example:
function of the set K C RI'*" Decompositon of Rg*": Every
tensor is decomposed as
0 focK o =05+ P, where
Y= .
4o ifo g K 1
? % = ~tr(o)id

OW the subdifferential. "

The flow rule demands

Von-Mises yield criterium

o—-BpeK. K:={oeRP" : |o”| <~}
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e-Problem

-V.o*=f, o =Cotef,
Viu® = ef +p°, Op® € 0¥ (0° — B.p®)

o C., B, € L>®(Q; LR*™ R™™)) are symmetric, uniformly elliptic.

o U_(-,x): R ™ — R is convex and for each ¢ > 0 there is
C(e) > 0 such that

(W2 (o5 21) — Wi(o;20)| < Cle) |21 — 22l [o] -

Suppose uf — u in L*(0,T; L*(Q)) for ¢ — 0.
What is the effective equation for u ?
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Averaging Property
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Averaging Property

Definition

The coefficients C, B. and U, allow averaging, if there exists an
operator

Y HY0,T;RI™) — H'(0,T; R ™)
such that the following property holds:
For a simplex 7 C R", ¢ € HY(0, T; R?*") let u¢, e, p° and o° be
solutions to the e-problem on 7 with f = 0 and u®|s7 = {xz. Then, as
e — 0, there holds

f o (t) = S(E)).
g

Lo Py
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Averaging Property

Definition

The coefficients C, B. and U, allow averaging, if there exists an
operator

Y H'(0,T;RY*™) — H'(0,T; RY*™)
such that the following property holds:
For a simplex 7 C R", ¢ € HY(0, T; R?*") let u¢, e, p° and o° be

solutions to the e-problem on 7 with f = 0 and u®|s7 = {xz. Then, as
e — 0, there holds

f o (t) = S(E)).
g

Theorem

| A\

Under some assumptions on X, the problem
-V -2(Vu)=f

has a solution u and u® — u weakly in H'(0,T; H'(Q)) as e — 0.




Needle Problem for plasticity

o Use a discretization @, of @ via simplices T and
call the grid Ty, = {7 }1cn,

o Ny :={p € Hj(Q) : dloy, is affine VT, € T, 9=00n Q\Qr}
o Construct discretization g; of RHS such that

/ gh - = / f - for piecewise affine test functions ¢
UoTk Q

Definition (Needle problem in plasticity)

Find u§ € H'(0,T; Ny), €5, 05,05 € HY(0,T; L?(Qp; RT*™)), s.t.

T T
/ / o :Vgoz/ / gn - Yo € L?(0,T; Ny),
0 IS 0 UoTxk

and almost everywhere in @}, holds

Viup, =€, +ph, Ceof =€, ,  Owj, € OVe (0}, — Bepj,) -




Homogenization proof

Q }llll)%;l_rp l|luf, —u ||L°° 0,THY(Q)) 7 0

Q uj, — up as € — 0 and uy, is piecewise affine and solves

// Viup) : Vo = //gh@ Yo € L2(0,T;Y},).

o Vi ={p € HyQ) : ¢|7, is affine VT € Tn, =00nQ\Qr}

Q u,—u



Homogenization proof

Q }llll)%;l_rp l|luf, —u ||L°° 0,THY(Q)) 7 0

o Testing with 9 (uj, — u®)

Q uj, — up as € — 0 and uy, is piecewise affine and solves

// Viup) : Vo = //gh@ Yo € L2(0,T;Y},).
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Homogenization proof

Q }llll)%;l_rp l|luf, —u ||L°° 0,THY(Q)) 7 0

o Testing with 9 (uj, — u®)

Q uj, — up as € — 0 and uy, is piecewise affine and solves

// Viup) : Vo = //gh@ Yo € L2(0,T;Y},).

o Vi ={p € HyQ) : ¢|7, is affine VT € Tn, =00nQ\Qr}
o Follows from averaging property

Q uy, —u



One term from testing

h—0e—0

to
lim lim / oy, : OV (Pp(u®) — u®)
0 JQ

o Py, = L?(Q) — Y}, orthogonal projection



One term from testing

to
: : e . s €Y _ €
%12%);1_1}(1] ; /Qo—h.atv (Pr(u®) — u®)
o Py, = L?(Q) — Y}, orthogonal projection

o Compensated compactness result:

Theorem (Schweizer and Veneroni)

Let {a®},., C H'(Q) a sequence with weak limit a* — a € H'(Q),
= d a sequence of grids T}, as h — 0 and a subsequence a® with

lim qE:VSE:/ q:Va Vh >0
Qn h

e—0

for all ¢ — q weakly in L*(Q), with V - ¢¢ = 0.




One term from testing

/ ’ /Q oF 0,V (Pu(u®) — u)

J time-discretization
ko—l

S [ T (i) (9 (Pulu) =) (7717) = ¥ (Palu) =) (7))
i=0 7 C@n
compensated compactness | € — 0
ko—1
S [ e () (9 Pata) =) (1F,) = V° (Pa(w) = ) ()
i=0 7 Qn

1 h=0
0



Periodic case




Periodic case

—v-(/yzdy)zf,

Cz=Vu+Vyv—w, < -V -2(Vu)=f
dyw € 0¥(z — Bw;y),
Vy-2=0,



Periodic case

—v-(/yzdy)zf,

Cz=Vu+Vyv—w, < -V -2(Vu)=f
dyw € 0¥(z — Bw;y),
Vy-2=0,
o 4/ zdy & o° =X (Viu)
v

/ zdy & E(Viu)
Y



Periodic case

-V </ zdy> = f, Opw € 0¥ (z — Bw; y),
Y
Cz=Vu+ Vv —w, Vy-2=0,

For £ € H(0,T;R™*™), we can formally consider the ODE
Oywg = 0V (z¢ — Buwe;y),

fZCZ§+w§—Vz’U§ Vy-2e=0
where z¢,we € L*(Y;RI*™) ve € H),,(Y;R™).

2= [ sedy



Periodic case

—V-(/ zdy):f, Opw € 0¥ (z — Bw; y),
Y
Cz=Vu+ Vv —w, Vy-2=0,

For £ € H(0,T;R™*™), we can formally consider the ODE
Oywg = 0V (z¢ — Buwe;y),
§ = Cz +we — Viyve Vy-2¢=0
where z¢, we € L2(Y;R?*") ve € HY,, (V;R™).

per

2= [ sedy

The operator &> : H*(0,T;R?*"™) — H*(0,T;R"*"™) has all properties
that are necessary to apply our Main Theorem.
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Stochastic case

On a probability space (2, X, P) with an ergodic dynamical system
(Tz)zern, we consider C, B € L*>°(Q)) and

Ce(7) == C(r2w), Be(r):=B(rzw), Yc(o3z):=V(0;72w).

Consider the ODE

Op(t,w) € 0¥ (2(t,w) — B(w) p(t,w) ; w) , Cz=&+v° —p,

where z € L*(0,T; L2 ,(Q)), v € L*(0,T; L?,,(2)) and define

sol pot

2(6) ;:/dep.

The operator ¥ : H*(0,T;R?*"™) — H(0,T;R"*"™) has all properties
that are necessary to apply our Main Theorem.




Conclusions
Conclusions

o Non periodic homogenization of the Prandtl-Reuss plasticity model
o Averaging Property

o Needle-problem approach

o Adapted grids

o Special case: Periodic geometry

@ Special case: Stochastic homogenization

- THANK YOU ! -
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