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Stochastic homogenization:

Early explicit approximate treatment,

recent numerical applications



Maxwell: Effective resistance of a composite



Einstein: Effective viscosity of a suspension

→ F → F



Recent: composite materials & porous media

Effective elasticity Effective permeability

Effective behavior by simulation on

“Representative Volume Element”



Stochastic homogenization of elliptic equations:

a discrete, scalar toy model.

Setting and qualitative theory



Discrete calculus

Lattice,

sites x, y ∈ Z
d

bonds b, e ∈ E
d

Gradient ∇.

Scalar field ζ : Zd → R  vector field ∇ζ : Ed → R

∇ζ(b) = ζ(x)− ζ(y)

(negative) Divergence ∇∗. ℓ2-adjoint.

Vector field g : Ed → R  scalar field ∇∗g : Zd → R

∇∗g(x) = g(bE) + g(bN)− g(bW)− g(bS)



Discrete elliptic operator and its interpretation

Coefficients a.

Tensor field a : Ed → R,

Uniformly elliptic: ∃ λ > 0 ∀b ∈ E
d λ ≤ a(b) ≤ 1.

Elliptic operator: ∇∗a∇ maps scalar fields on scalar fields

Network of resistors

a conductivity, a−1 resistance, u potential,

j = a∇u current, stationary iff ∇∗j = 0

Random walk in heterogen. environm.

generator given by ∇∗a∇



Random discrete elliptic operator

Field of coefficients a is random variable,

ensemble average 〈·〉

Simplest setting: {a(b)}b∈Ed are independent and

identically distributed

Most general setting:
Z
d acts on space of a’s

by translation

Stationarity: ∀ z ∈ Z
d a and a(·+ z) have same distribution

Ergodicity: If ∀ z ∈ Z
d ζ(a(·+ z)) = ζ(a) then ζ = 〈ζ〉 a. s.



Qualitative homogenization

Kozlov [’79], Papanicolaou & Varadhan [’79].

Suppose 〈·〉 is stationary and ergodic.

∃ ahom ∈ R
d×d, symmetric, λ ≤ ahom ≤ 1 such that:

Given f0(x̂) consider right hand side f(x) = 1
L2f0(

x
L
)

Solve discrete
Dirichlet problem
for u(a;x)

:







∇∗a∇u = f in ((0, L) ∩ Z)d

u = 0 outside ((0, L) ∩ Z)d

Solve continuum
Dirichlet problem
for u0(x̂)

:







−∇̂ · ahom∇̂u0 = f0 in (0,1)d

u0 = 0 outside (0,1)d

Then limL↑∞ u(a, Lx̂) = u0(x̂) for 〈·〉-a. e. a



∇∗a(x)∇u(x) = L−2, x ∈ (0, L) ∩ Z, L ≫ 1

u(0) = u(L) = 0

statistics of a independent, identically, distributed
uniformly in (0.2,1)

a
a



∇∗a(x)∇u(x) = L−2, x ∈ (0, L) ∩ Z, L ≫ 1

u(0) = u(L) = 0

statistics of a independent, identically, distributed
uniformly in (0.2,1)

a
a

a



∇∗a(x)∇u(x) = L−2, x ∈ (0, L) ∩ Z, L ≫ 1

u(0) = u(L) = 0

statistics of a independent, identically, distributed
uniformly in (0.2,1)

a
a

a
a



L = 100

L = 500

L = 2000



L = 100

L = 500

L = 2000

−∇ · ahom∇u = 1

u(0) = u(1) = 0
ahom = 〈a−1〉−1



Prediction of ahom from statistics of a(e) ?

Conductivity−1 = Resistance

For d=1: 〈a−1〉−1 = ahom

For any d: 〈a−1〉−1 ≤ ahom ≤ 〈a〉

in series in parallel

No simple general formula for

(just expansions in 1− λ ≪ 1)



A computable approximation of ahom,

i. e. “Representative Volume Element”:

concept of corrector,

two errors and their scaling



Intuition of homogenized coefficient and corrector

Physical: Consider ∇∗a∇u = 0.

Average potential gradient

ξ = limL↑∞
1
Ld

∑

b∈[0,L)d

∇u

 average current

ahomξ = limL↑∞
1
Ld

∑

b∈[0,L)d

a∇u

Geometrical: Given affine function x · ξ,

find ϕ s. t. ϕ(x) + x · ξ is a-harmonic:

∇∗a(∇ϕ+ ξ) = 0.

... boundary conditions for corrector ϕ?



Artificial boundary conditions, modified ensemble

Artificial periodic boundary cond.:

a has period L, i. e. a(b+ Lei) = a(b)

 ϕ has period L

Modified, periodic ensemble:

〈 · 〉L := 〈 · |a has period L〉

〈 · 〉 i. i. d. =⇒ 〈 · 〉L i. i. d.

i. e. a has period L,

{a(b)}b∈[0,L)d independent,

identically distributed

... artificial long-range correlations



Practical approximation of homogenized coefficient

Pick a according to 〈·〉L, solve for ϕ (period L),

compute spatial average ahom,Lξ := 1
Ld

∑

b∈[0,L)d
a(∇ϕ+ξ)

Take random variable ahom,L as approximation to ahom

〈error2〉L = random2 + systematic2:

〈|ahom,L−ahom|2〉L = var〈·〉L[ahom,L]+ |〈ahom,L〉L − ahom|2

Qualitative theory yields:

lim
L↑∞

var〈·〉L[ahom,L] = 0, lim
L↑∞

〈ahom,L〉L = ahom

... why is scaling in L of interest?



Number of samples N vs. artificial period L

Take N samples, i. e. N independent picks a1, · · · , aN from 〈·〉L.

Compute empirical mean
1
N

N
∑

n=1

1
Ld

∑

b∈[0,L)d
an(∇ϕn + ξ)

〈total error2〉L = 1
N random error2 + systematic error2

L ↑ reduces

systematic error and

random error

N ↑ reduces only

effect of random error



An optimal result

Let 〈·〉L be ensemble of a’s with period L, where

{a(b)}b∈[0,L)d independent, identically distributed

For a with period L

solve ∇∗a(∇ϕ+ ξ) = 0 for ϕ of period L.

Set ahom,Lξ = 1
Ld

∑

b∈[0,L)d a(∇ϕ+ ξ).

Theorem [Gloria&Neukamm&O. ’13]

Random error = var
1
2
〈·〉L

[

ahom,L

]

≤ C(d, λ)L−d
2

Systematic error =
∣

∣

∣〈ahom,L〉L − ahom
∣

∣

∣ ≤ C(d, λ)L−d ln
d
2 L



Concepts in the proof:

horizontal vs. vertical derivatives

Spectral gap and semigroup decay

parabolic regularity



Stationarity of corrector ϕ

Recall ∇∗(a∇ϕ+ ξ) = 0

ϕ(a;x) is “stationary”

i. e. for all shifts z ∈ Z
d

ϕ(a(·+ z); x) = ϕ(a;x+ z)

All information on ϕ contained in φ(a) := ϕ(a; 0)

Goal: Reformulate equation for ϕ(a; x) in terms of φ(a)



Horizontal derivatives

How sensitively does φ

depend on shifting

its argument a?

(Diφ)(a) = φ
(

a(·+ ei)
)

− φ
(

a
)

,

(D∗
i φ)(a) = φ

(

a(· − ei)
)

− φ
(

a
) for i = 1, · · · , d

Horizontal derivatives Di, D∗
i allow to

reformulate equation for ϕ in terms of φ



Reformulation of corrector equation

Recall











(Diφ)(a) = φ
(

a(·+ ei)
)

− φ
(

a
)

,

(D∗
i φ)(a) = φ

(

a(· − ei)
)

− φ
(

a
)











for i = 1, · · · , d

In terms of ϕ(a;x): ∇∗a(∇ϕ + ξ) = 0

In terms of φ(a) = ϕ(a; 0):
d
∑

i=1
D∗

i a(ei)(Diφ + ξ ·ei) = 0

 discrete elliptic PDE in high dimensions:

dLd variables {a(b)}b∈[0,L)d



No Poincaré estimate for horizontal derivative

Recall elliptic problem
d
∑

i=1

D∗
i a(ei)(Diφ + ξ ·ei) = 0

No Poincaré:
〈

(φ− 〈φ〉L)
2
〉

L
6≤ C(d)

〈

d
∑

i=1
(Diφ)

2
〉

L

no surprise:

dLd variables {a(b)}b∈[0,L)d

d derivatives {Di}i=1,··· ,d

Elliptic operator
d
∑

i=1
D∗

i a(ei)Di is highly degenerate



Vertical derivative

Recall elliptic problem















d
∑

i=1

D∗
i a(ei)(Diφ + ξ ·ei) = 0

∇∗a(∇ϕ+ ξ) = 0















How sensitively does φ = ϕ(0)

depend on changing a(b)

for given edge b?

Vertical derivative:
∂φ

∂b
= φ− 〈φ|{a(e)}e 6=b〉L ∼

∂φ

∂a(b)

Note
∂

∂b

∗

=
∂

∂b



Poincaré estimate holds for vertical derivative

For 〈·〉 i. i. d.:
〈

(φ− 〈φ〉L)
2
〉

L
≤

〈

∑

b∈[0,L)d

(∂φ

∂b

)2〉

L

no surprise:

dLd variables {a(b)}b∈[0,L)d

dLd derivatives { ∂
∂b
}b∈[0,L)d

Elliptic operator
∑

b∈[0,L)d

∂
∂b

∗ ∂
∂b is non-degenerate

— but not directly related to
d
∑

i=1
D∗

i a(ei)Di



Corrector expressed and estimated via semigroup

We have φ =
∫ ∞

0
U(t)dt where

∂tU+
d
∑

i=1
D∗

i a(ei)DiU = 0 and U(t = 0) = −
d
∑

i=1
D∗

i a(ei)ξ·ei

Theorem[Gloria&Neukamm&O.].

Suppose 〈·〉 is stationary

and has Spectral Gap ρ > 0 w. r. t. { ∂
∂b}b∈[0,L)d.

Then for all p < ∞
〈

|U(t)|p
〉
1
p ≤ C(d, λ, ρ, p) t−

d
4−

1
2.

... error estimates are corollary



Two processes on space of coefficient fields

reversible w. r. t. ensemble 〈·〉 of coefficient fields a(b)

heat-bath

Glauber dynamics

– unrelated to
homogenization

“Environment
as seen from
a random walker”

– related to
homogenization

[Sznitman&Sidoravicius 04 ...]

... seemingly unrelated



Spectral gap of generators

Glauber dynamics:

Generator
∑

bonds b

( ∂
∂b
)∗ ∂

∂b

typically has spectral gap (in i. i. d. case)

Random walker dynamics:

Generator
d
∑

i=1

D∗
i a(ei)Di

does not have spectral gap,
but decay of semi-group (ergodicity)

Idea: spectral gap for
∑

bonds b

( ∂
∂b
)∗ ∂

∂b

 quantified decay of exp(−t
d
∑

i=1

D∗
i a(ei)Di)



A more general view on our result

Theorem[Gloria&Neukamm&O.]. Suppose 〈·〉 is sta-

tionary and that
∑

bonds b

( ∂
∂b)

∗ ∂
∂b has spectral gap ρ > 0.

Then for all ζ(a) and 1 ≪ p < ∞
〈
∣

∣

∣ exp(−t
d
∑

i=1

D∗
i a(ei)Di) D1ζ

∣

∣

∣

p〉1
p

≤ C(d, λ, ρ, p) t−
d
4−

1
2

∑

bonds b

〈(

∂ζ
∂b

)p〉1p .

Optimal semi-group decay

for
d
∑

i=1

D∗
i a(ei)Di



Proof: connecting horizontal to vertical derivative

From D to ∇: u(a;x) = U(a(·+ x)) satisfies

∂tu+∇∗a∇u = 0, u(t = 0) = −∇∗aξ

From ∇ to ∂: ∂u = {∂u∂b}b satisfies

∂t
∂u
∂b

+∇∗a∇∂u
∂b

= −∇∗δ(· − b)∇u(b)

∂u
∂b

(t = 0) = −∇∗δ(· − b)ξ



Proof: Green’s function and parabolic regularity

Representation via parabolic Green’s function G(a; t,0, x):

∂u
∂b

(t,0) = −
∫ t

0
∇G(t− s,0, b)∇u(s, b)ds−∇G(t,0, b)ξ(b)

Parabolic regularity theory ∃ q(d, λ) > 1 ∀ α < ∞

∑

b

(

( |b|2

t+1
+1

)α(

∇G(a; t,0, b)
)2

)q
≤ C(d, λ, α)(t+1)

d
2−2q(d2+

1
2)

Nash, Caccioppoli, Meyers (Naddaf& Spencer)



Ongoing and future projects

Random errors ≈ Gaussian:

[Biskup&Salvi&Wolff, Nolen, Rossignol]

Continuum medium: Finite correlation length ok

Systems:

Moment bounds on corrector ok

Other boundary conditions:

half-space ok

P. Bella, J. Ben-Artzi, A. Lamacz, D. Marahrens


