ON THE VARIATION OF THE HARDY-LITTLEWOOD
MAXIMAL FUNCTION

ONDREJ KURKA

ABSTRACT. We show that a function f : R — R of bounded variation satisfies
VarMf < CVar f

where M f is the centered Hardy-Littlewood maximal function of f. Conse-
quently, the operator f + (M f)’ is bounded from W1(R) to L*(R). This
answers a question of Hajlasz and Onninen in the one-dimensional case.

1. INTRODUCTION AND MAIN RESULTS

The centered Hardy-Littlewood maximal function of f : R™ — R is defined by

M () = sup ]lB Wl

r>0

J. Kinnunen proved in [7] that the maximal operator f — M f is bounded in the
Sobolev space WHP(R") for 1 < p < oo (see also [6, Theorem 1]). Since then,
regularity properties of the maximal function have been studied by many authors
(1, 2], (3], (4], [5], (6], [8], [9], [10], [11], [12].

Because M f ¢ L' whenever f is non-trivial, Kinnunen’s result fails for p = 1.
Still, one can ask whether the maximal function of f € W' belongs locally to
W11, In [6], the authors posed the following question.

Question 1.1 (Hajlasz and Onninen). Is the operator f — |V M f| bounded from
WULR?) to LM(R™)?

In the present work, we show that the answer is positive for n = 1. The question
had been already answered positively in the non-centered one-dimensional case by
H. Tanaka [12]. This result was sharpened later by J. M. Aldaz and J. Pérez
Lézaro [2] who proved that, for an arbitrary f : R — R of bounded variation, its

non-centered maximal function M f is weakly differentiable and
Var M f < Varf.

We prove that such an inequality holds for the centered maximal function as well.

Theorem 1.2. Let f: R — R be a function of bounded variation. Then
Var M f < C'Var f

for a universal constant C.
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In this paper, we do not care how small the constant C' may be. We note that
it is a plausible hypothesis that the inequality holds for C' = 1, in the same way as
in the non-centered case (see also [3, Question B]).

Once Theorem 1.2 is proven, it is not difficult to derive the weak differentiability
of M f. Note that M f needs not to be continuous for an f of bounded variation,
and so M does not possess such strong regularity properties as M. Anyway, for a
weakly differentiable f, everything is all right.

Corollary 1.3. Let f : R — R be a measurable function with M f # oo. If f is
locally AC on an open set U, then M f is also locally AC on U.

Corollary 1.4. Let f € WHY(R). Then M f is weakly differentiable and
[(Mf)]l <C|lfllia

for a universal constant C.

We do not know whether M f is weakly differentiable for f € WL1(R") if n > 2.
However, it is known that M f is approximately differentiable a.e. [5].

2. A PROPERTY OF THE MAXIMAL FUNCTION

Throughout the whole proof of Theorem 1.2, a function f : R — R of bounded
variation will be fixed. Without loss of generality, we will suppose that f > 0.

During the proof, we will make efforts to show that f varies comparably with M f.
The basic tool for meeting of this objective is represented by Lemma 2.4. However,
despite of the length of its proof, the simple idea presented in the following remark
is behind.

Remark 2.1. Let two points p < r be such that M f(p) < M f(r) and p is regular
in the sense that M f(p) > f(p). Moreover, let there be a radius w such that

f:f;f = Mf(r) and p € (r — w,r). Then one can use f2p (r-w) f < Mf(p) to
compute that there is t € (2p — (r — w),r + w) such that
£(6) = 1) MI) = M)

w - r—7p

Note that w is close to t — p if p is close to r. Thus, the average increase of f

n (p,t) is comparable to the average increase of M f in (p,r). (Notice also that
Mf(p-irw) M) > Mf(T) Mf(p) )

We expected at first that this idea might lead to a simple proof of Theorem 1.2,
possibly with C' = 1. Nevertheless, no simple proof was found at last.

We need to introduce some notation first.

Definition 2.2. e A peak is the system consisting of three points p < r < ¢
such that M f(p) < M f(r) and M f(q) < M f(r),
e the variation of a peak p = {p < r < ¢} is given by
varp = M f(r) — M f(p) + M f(r) — M f(q),
e the variation of a system IP of peaks is
varlP = Z var p,

peP

e apeak p={p <r < g} is essential if sup,_,, f(x) < Mf(r) — 3 varp,
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e for the top r of an essential peak p < r < ¢, we define (see Lemma 2.3)

w(r)zmax{w>0:][ wszf(T)}.

T—w

r+

Lemma 2.3. Let p < r < q be an essential peak. Then w(r) is well defined.
Moreover,

r—w(r)<p and q<r+w(r).

Proof. We have

r+w r+w
Mf(r) > lim f and Mf(r) > lim fs

—
WO Jr—w ONO Sy

as Mf(r) > Mf(p) > limy—oe £77 f = limy oo f:f:}u f and

p—w

r4+w
(r—w,r4+w)C(pq) = ][7 fSMf(r)—ivar]p.

It follows that w(r) is well defined. Moreover, at least one of the points p, ¢ belongs
to (r —w(r),r +w(r)). We may assume that p € (r —w(r),r +w(r)). It remains to
realize that also ¢ € (r — w(r),r + w(r)).

Suppose that ¢ > r 4+ w(r). Since r — w(r) < p, we can consider the interval
(r—w(r),2p — (r —w(r))) centered at p. We have

r+w(r) 2p—(r—w(r))
][ [ F= Mg e ][ f < MJ(p) < Mf(r),

—w(r —w(r)
and so

r+w(r)
/ £ MEw).

p—(r—w(r))
On the other hand,

r+w(r) 1
][ f< sup f(z) < sup f(z) < Mf(r) — - varp,
2p—(r—w(r)) 2p—(r—w(r))<z<r4w(r) p<z<gq 4
which is a contradiction. (]

Lemma 2.4. Let (z,y) be an interval of length L. Let a non-empty system p; =
{pi <ri <q},1 <i<m, of essential peaks satisfy

< <@ <p2<r2<@2< S Pm—1 <Tm—1 <gm—1 < Pm <Tm <Y
and
250 < w(r;) <50L, 1<i<m.
Then there are s < u < v <t such that
x—50L<s, t<y+50L,
u—s>4L, v—u=L, t—v>4L

and

win{ /() £}~ 1> 35> varps
w i=1
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Proof. We divide the proof into three parts. In parts I. and II., we consider two
special cases and find appropriate numbers satisfying the improved inequality

(* win{ /() S0}~ f 727 varm
u =1

The general case is considered in part III.
I. Let us assume that the system consists of one peak p = {p < r < ¢}. First,
we find s and ¢ such that

f(s)=>Mf(r), x—50L<s<2q—(r+w(r)),
f@)=Mf(r), 2p—(r—w(r)) <t<y+50L.

Due to the symmetry, it is sufficient to find an s only. By Lemma 2.3, we can
consider the interval (2¢g — (7 + w(r)),r + w(r)) centered at g. We have

r+w(r) r+w(r)
£ f=mre) ama f < Mf(a) < M)

—w(r q—(r+w(r))

24— (r+w(r))
][ J > M),

—w(r)

and so

So, there is a point s € (r — w(r),2q — (r + w(r))) such that f(s) > M f(r). We
have x — 50L < r —w(r) < s.

Now, we consider two possibilities.

(La) If ¢ — p < 10L, then we have

§<2¢—(r+w(r)<2p+20L—r—-25L<p—5L<p-—L/2—-4L,
and it can be shown similarly that ¢ + L/2 + 4L < t. We take

(u v)_{ (p—L/2,p+ L/2), Mf(p) < Mf(q),
’ (¢—L/2,g+L/2),  Mf(p)>Mf(q).

We obtain
minf(s), /() ~ f £ 2 MF() = win{MF(p). M (@)} = 5 varp,
and (x) is proven.
(Lb) If ¢ — p > 10L, then we use
§<2¢—(r+w(r)<qg, p<2p—(r—w(r)<t

(here, Lemma 2.3 is needed again). At the same time,

min{ (). /() > MJ(r) > MJ(r) = varp > swp f(a),
and so s and ¢ can not belong to (p,q). It follows that
s<p, gq=<t
Let us realize that the choice
(w,0) = (p+q— L)/2 (p+ g+ 1)/2)
works. Since u —p=(¢—p— L)/2 = q— v, we have
u—s>u—p>9L/2, t—v>qg—v>9L/2.
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One can verify (x) by the computation
. v 1
min{f(s), f(t)} —][ f>Mf(r)— sup f(z)> =varp.
u p<e<q 4

IT. Let us assume that the peaks are contained in the interval [z,y]. (Le., x < py
and g, <y.) For 1 <i<m+ 1, we define

e,:{ Di i=1or Mf(p;) <M f(qi-1),
¢ qi—1, i=m-+1or Mf(pl) > Mf(qul)

We work mainly with the modified system of peaks
Di={ei<ri<ei1}, 1<i<m.
We are going to prove that, for 1 < ¢ < m, there are points s; and ¢; such that
n Mf(ri) — Mf(eit1)

f(si) > Mf(eit1) w(ry), x—50L<s; <xz—23L,

€it1 — T4
f(t:) = M f(e:) + Mf(T:«). = f:jf(ei) ~w(ri), y+23L<t; <y+50L.

Due to the symmetry, it is sufficient to find an s; only. We consider the interval
(2€;41 — (ri + w(ri)), 7 + w(r;)) centered at e;41. We have

ritw(r;) ritw(ri)
Fo T r=wse) ana f f < Mf(ei),
T 2

i—w(r;) eit1—(ritw(ri))

ie.,

ritw(r;) ritw(ri)
[ =t [ f < 2t ewlr) —ein)- M fleisn).
ri—w(r;) 2e;41—(ritw(r;))

It follows that

Y

287;4,17(7"1'4»0.)(7"1'))
/ f 2w(ri) - M f(ri) = 2(ri +w(ri) — eip1) - Mf(eit1)
ri—w(r;)

2(eip1 —1i) - Mf(eivr) +2w(r:) - (Mf(ri) — M f(eir)),

i.e.

f=Mf(eitr) +
i—w(ri) €it1 — T4

w(r;).

It is clear now that an appropriate s; € (r; — w(r;),2€;41 — (1 + w(r;))) exists.
We just realize that z — 50L < r; — w(r;) < s; and s; < 2e;41 — (1 +w(ry)) <
2y —x — 25L = x — 23L.

Similarly as in part I., we consider two possibilities.

(IL.a) Assume that

]lzeiﬂ(riﬂ)(ri)) Mf(ri) — Mf(eit1)

o
‘Mf(emﬂ) — Mf(el)‘ > 3 2var1pi.
We may assume moreover that M f(em+1) > M f(e1). We observe that f(sy,) >
M f(em+1) and that
Mf(rm) — Mf(em)

m — €Em

f(tm) ZMf(em)"’ '(T'm_em):Mf(Tm) ZMf(em-‘rl)-
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We obtain
min{ f(sm), f(tm)} —Mf(e1) > M f(ems1)— M f(e1) Zvar]pZ > = Zvar]pl.

The required properties including (x) are satisfied for
$=58m, (u,v)=(e1—L/2,e14+L/2), t=tn.
(IL.b) Assume that

Ies -
‘Mf(emﬂ) Mf(e1) 5; var p;.

We have

m

M f(emsr) = Mf(er) = 3 [(MF(r) = Mf(e) = (MF(r) = Mf(eirn)].

i=1

Z varg, =3 [(Mf(r0) = MJ(e) + (Mf(rs) = M[(ei11)) ],
=1
and so the assumptlon can be written in the form

RNy
.MS

var p;
1

-
Il

Z(Mf(ri)_Mf(ei)) >

m 1 m
and Z (Mf(rl —Mf( €z+1 Z Z var ;.

i=1
Let j and k£ be such that
Mf(ry) = Mflej+) _ - Mf(ri) — Mf(eit1)
€ir1 — Ty o 1<i<m €i+1 — T4 ’
M{(re) = Mf(ex) _  Mf(r) = Mf(e)
Tk — €k 1<i<m T, — € '
We have
f(s5) = Mf(ejrr) = Mf(ré)_:l ]l/[f(eﬁl) ~w(rj)
J j
> Mf(rj) = Mflejv1) oo r
€j+1 =T
Mf(r;) — Mf(ejs1) -
- fjfj+1 =7 J '25;(6i+1 e
_ 252 Mf(r;) — Mf(ej-i-l) (eir1 —17)
i=1 Ci+1 =T
> 252 (Mf(ri) = Mf(eiyr))
=1
S 25
Z z var p;,

=1
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and the same bound can be shown for f(t;) — M f(ex). Hence,
i (s,) S0}~ MF©) = 2 Y varp > 23 v,
min{ f(s;), f(tx )= i:1var]pz e i:1var1pl

for some e € {ej4+1,ex}. The required properties including (*) are satisfied for
s=s;, (w,v)=(e—L/2,e+L/2), t=ty.

III. In the general case, the system of peaks can be divided into three subsystems
Py={pi:pi<z}, Po={pi:z<pi,q <y}, Ps={pi:z<p,y<aq}.
Each of these systems consists of at most one peak or of peaks contained in [z, y].
Thus, by parts I. and II. of the proof, if the system is non-empty, then there are

appropriate numbers satisfying the improved inequality (x). The numbers s < u <
v < t assigned to a Py with

Var]pz1 Y var p;
RS

pPEPk i=1

work. O

3. BASIC SETTING FOR THE PROOF

We are going to introduce the remaining notation needed for proving Theo-
rem 1.2. Note that some notation was already introduced in Definition 2.2.

We recall that a function f of bounded variation with f > 0 is fixed. We fix
further a system

a1 <bp <az<by<: - <a, <bs < agt1

such that
M f(ai) < Mf(b;) and M f(aiy1) < Mf(b:)
forl1<i<o.
Definition 3.1. e The system IP consists of all peaks p; = {a; < b; < a1}

where 1 < i < g,

the system [E consists of all essential peaks from P,
Ly is given by 50L¢ = max({w(b;) : p; € E} U{0}),
L, is given by L, =27 "Lg for n € N,

the systems E}',n > 0,k € Z, are defined by

w={pi € E:25L, < w(b;) <50Ly,, kL, <b; < (k+1)Ly,}.

Lemma 3.2. We have
var(P \ E) <2 Var f.

Proof. For every p; € P\ E, we choose x; with a; < x; < a;4+1 such that
1
fla) > Mf(b;) — 1 var p;.
We take a small enough € > 0 such that the intervals (a; —¢,a; +¢),1 <i<o+1,
are pairwise disjoint and do not contain any z;. For 1 < i < o + 1, we choose
yi € (a; — €,a; + €) so that
fyi) < Mf(as).
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For p; € P\ E, we have
|f (@) = f (o)l + |f (yir) — f ()]

Y

f(@i) = f(yi) + f(2:) = f(yitr)
> oM () — 3 varpi] — Mf(as) — M(aii)
1

— var pi,
5 Pi

and the lemma follows. O

To prove such a bound as in Lemma 3.2 for the peaks from IE will not be so easy,
and this is why we call them essential. Our first step is the application of Lemma 2.4
on every non-empty E}. It turns out that the system obtained directly from the
lemma is not convenient for our purposes and an additional property is needed. In
the following lemma, we show that there is a system with one of two additional
properties. Unfortunately, we will be able to handle only with one property at the
same time, and this will mean twice as much work for us.

Lemma 3.3. Letn >0 and k € Z. IfIE} is non-empty (i.e., varE} > 0), then at
least one of the following two conditions takes place:
(A) There are s < o < 3 <~ < 6 <t such that

(k—50)L, <s, t<(k+51)L,,
a—-s>L,, f—-a>L, ~y—-p=2L,, 6—~v>L, t—0>1L,

min{ f(s), f(£)} —max{][ﬁ f,]{sf} > 21—4varIEZ.

(e

and

B) There are o < f <u <wv <y <9d such that
Y
(k—=50)L, <a, 6<(k+51)L,,
ﬁ—CYZLn, u_ﬁana U_U/ZLna W_UZLna 6_’72-[/11

. 8 § v 1
mln{]i f,]£ f} —]£ f> ﬂvar]EZ.
Proof. Let s < u < v < t be points which Lemma 2.4 gives for £} and x = kL,,,y =
(k+1)L,. We define
a=u—-3L,, pf=u—-2L, ~vy=v+2L,, éd=v+3L,
and look whether the inequality

win {1 f 1} = (mnts sy + )

holds. If it holds, then (B) is satisfied. If it does not hold, then

F 1 <5 (wintso) 10} + f

u

and

/)
where I is one of the intervals (a, ), (7,9). This inequality is fulfilled also for
I = (u,v). Hence, (A) is satisfied for one of the choices
a/:a,/B/:ﬁ?’y/:u’a/:v,
o =u,f =v,9 =7,0 =0
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Definition 3.4. We define
A= {(n,k) : E} is non-empty and (A
= {k € Z : k = K mod 200,

B = {(n,k) : E}. is non-empty and (B
:{kEZ:k:KmonOO,

~—

from Lemma 3.3 is satisfied for (n,k)},
nk)e A}, n>0,0<K <199,
from Lemma 3.3 is satisfied for (n,k)},
n,k)ye B}, n>0,0<K <199.

4. DEALING WITH GROUP A
Proposition 4.1. Let 0 < N <9 and 0 < K < 199. Let n € NU {0} and let
n = 10n+ N. Then there is a system
T <UL <V <2 <U2 <V < < Ty < Uppy, < VUppy, < Tppt1

such that
uy — 21 > Ly, v1—u1 > Ly, 2—v1 > Ly,

and
m

Vi 1
Z [f(;vz) + f(zig1) — ][ f] > &0 Z {VarIEz :0=Nmod10,0 < n,k € A%}
i=1 Ui

To prove the proposition, we provide a method how to construct such a system
for n when a system for n — 1 is already constructed. We suppose that there is a
system

Xi<U <W <X2<U2<V2<"'<XM<UM<VM<XM+1
such that
U, — X, >1024L,,, Vi —U; >1024L,, Xs—V; >1024L,,

and
M Vi
g{ (X1) + f(X141) — ]{h f]

z—OZ{Var]Ez:0:Nmod10,0§n—10,k€A‘}<}

(for n — 1 = —1, we consider M = 0 and X; = anything). We want to construct a
system
T <Ul <V <T2<U <V < < Ty < Um < VU < Tl

such that
up —x1 > Ly, v —uy > Ly, x—v1 > Ly,

and
i{ f(@i)+ f(@iv1)— ][”i ] i{ (Xn)+f(Xr41)— ][ } Z var E}.
=t " I=1 keA"

For every k € A%, let us consider such a system as in (A) from Lemma 3.3. If
we put sy = s,t, = t and choose a (ax, Ok) € {(, 8), (7,9)}, we obtain a system
Sk < ag < Br < tg such that

(k — 50)Ln <S8k, < (k + 51)Ln,
ap — 8k > Ly, Pr—ar > Lp, tp— 0> Ly
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and

Br
min{ f(sg), f(tx)} — f> ivarEZ.

Ak

We require from the choice of (ax, Bk) € {(«a, 5), (v, )} that
dist (X7, (i, Be)) > L, 1<T<M+1.
For an interval (¢,d) and a k € Z, we will denote
(e,d) Lk < dist ((c,d), ((k — 50)Ly, (k + 51) L)) > L.

Lemma 4.2. Let (U, V) be an interval of length greater than 210L,. Then there
are a subinterval (U', V') and a k with k = K mod 200 such that

fo £ <4 1,

V' —U' >5L,,

U’ = (k — 100) Ly, or V' = (k + 100)Ln,

(k — 105)Ln, < U’ and V' < (k + 105)Ln,

(U, V') L1 for every |l # k with | = K mod 200.

Moreover, we can wish that f[}// f> fl‘]/ f instead of the first property.

Proof. Let g and h be the uniquely determined integers with ¢ = h = K mod 200
such that

(9 —105)L, <U < (g+95)L, and (h—95)L, <V < (h+105)L,.
We have g < h due to the assumption V — U > 210L,,. The system
U< (g+100)L, < (¢g+300)L, <--- < (h—100)L, <V

is a partition of (U,V) into intervals of length greater than 5L,. We choose a
part the average value of f over which is less or equal to the average value of f
over (U,V). (Respectively, greater or equal to the average value of f over (U,V)
if we want to prove the moreover statement.) Such a subinterval (U’, V') and the
appropriate k with ¢ < k < h and k = K mod 200 have the required properties. [

Claim 4.3. Let (U, V) be an interval of length greater than 210L,. Then at least
one of the following conditions is fulfilled:
(i) There is an interval (¢,d) C (U,V) with d — ¢ > L,, such that (¢,d) L1 for

every l € A% and
d 1%
frz-f s
c U

(ii) There are an interval (c,d) C (U,V) withd —c > L, and a k € A} such
that (c,d) L1 for everyl € A%\ {k} and

—]{ = —]{] f—l—l—mvar]EZ.

(iii) There are a system
c<d<y<d<d
with (¢,d") C (U —1023L,,,V 4+ 1023L,,) and

d_CZan y_dZLn; Cl_yana d/_CIZL’n,
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and a k € A} such that (c,d’) L1 for every i € A%\ {k} and

][ ][f> ][ f—l—mvarIE"

Proof. Let (U’,V') and k be as in Lemma 4.2. If & ¢ A%, then (i) is fulfilled
for (¢,d) = (U',V'). So, let us assume that k£ € A% (and thus that we have
S < ap < B <t for this k).

Let us assume moreover that U’ = (k — 100)L,, (the procedure is similar when
V' = (k + 100)L,, see below). We put

1
W=U+ (V' =U).

We have W = 2U’ + 1V’ < 3(k —100)L,, + £ (k +105) Ly, = (k —59) Ly, < sp — 9Ly

and By <t < (k+51)L, =U’ + 151L,. In particular,
sp —W >L, and B <V’ +1023L,.

Further, we have

w v 41
< - E! < =z E".
][/f—U/ Ftg ggvarkh ][ U ]l,f 5 24Var
If the second inequality takes place, then (ii) is fulfilled for (¢, d) = (W, V’). If the
first inequality takes place, then (iii) is fulfilled for
(e,d)=(U"W), y=sk (,d)= (o Bk)-

So, the claim is proven under the assumption U’ = (k—100)L,,. The proof under

the assumption V' = (k + 100)L,, can be done in a similar way. If we denote
1
W=V = (V= U),

then one can show that (ii) is fulfilled for (¢,d) = (U’, W’) or (iii) is fulfilled for

(¢,d) = (o, Bk), y=te, (c,d)= (W V).

O
Claim 4.4. There is a subset S C A} for which there exists a system
y1<01<d1<y2<cz<d2<~--<yj<cj<dj<yj+1
such that
ca—y12Ln, di—c1 2Ly, y2—di>Lyn, ...,
le AL \S = (c,d;) L1, 1<i<y,
ZEA?(\S = diSt(yia(o‘laﬁl))ZLn; 1§Z§]+15
and
i M Vi 1
T 7 _2 :| |: X X ][ } - = ]En
;[ )+ Flis) Jﬁ > [0+ st —2f, o]+ g5 3 v
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Proof. We apply Claim 4.3 on the intervals (Ur,V),1 < I < M. We write the
inequalities from Claim 4.3 in a form more familiar for our purposes:

d Vi
() SO+ F(Xpi) - ][ £+ f ) —2f .

Ur

d Vi 1
(i) f(X1)+ [(X141) — ][ fo(X1)+f(X1+1)—2U f—l—@varIEZ,

d d
(i) (£ + 1) —2f ]+ [10)+ 5 —2f 4]
Vi
> F(X0) + F(Xro) —2f 4 o var g,
Ur

We define S as the set of those k’s which appeared in (ii) or (iii) for some I. One
can construct the desired system by inserting the systems which we obtained from
Claim 4.3 between X7’s. O

To finish the proof of Proposition 4.1, it remains to show that, if a proper subset
S C A% has such a system as in Claim 4.4, then S U {k} where k € A% \ S has
also such a system.

So, let S and

y1<cl<d1<y2<cQ<d2<---<yj<cj<dj<yj+1

be as in Claim 4.4 and let k € A% \ S. Let ¢ be the index such that y, belongs to
the connected component of R\ (J]_, [¢;, d;] which covers ((k — 50) Ly, (k + 51)Ly,).
We intend to obtain the desired system for S U {k} by replacing y, with

y<ap<pBr<y

where

_J Yo Y. < o — Ly and f(y.) > f(sk),
Y Sk, otherwise,

/ Y., Y Z ﬁk + Ln and f(yL) 2 f(tk)a
y tr, otherwise.

For every | # k with [ = K mod 200, we have
dist (((k — 50)Ln, (k + 51)Ly), (I = 50) L, (I +51)Ly,)) > 99Ly, > Ly,
and thus

le AR\ (SU{k}) = (o, Br) L1,
le A\ (SU{k}) = dist(y, (au, (1)) > Ly and dist (y', (ou, 61)) > L.

Let us prove the inequality for the modified system. We note that, if 7 > 1, then
the left side of the inequality for the original system can be written in the form

dy

do d;
fo -2f fe2fe)-2f seees2e)-2f F S,

C1 C2
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We need to show that the modification of the system increased this quantity at
least by % var £}, What we need to show is

Bk 1
when 1 < ¢ <j+1: 2f(y)—2 f+2f(y/)22f(yL)+@varEZ,
ag
Bk 1
when 1=1<j+1 £ =2 F420) 2 f) + g verER,
ok
ﬁk 1
when 1 <o =j+1: 2f(y) =2f  fHIW) = fly) + g var ER,
ok
ﬁk 1
whenl=1=7+1: f(y)—2][ f—l—f(y/)z@varIEZ.
ag

1

607
Br 1 , Bk

F) =1 fzgpvarER f(y) -
k

o

These inequalities, even with % instead of follow from

1
f> 21 var £},

g

f) = fly) or f) = fy)
(f(y) > f(y.) is implied by y, < ay — L, and f(y') > f(y.) is implied by y, >
The proof of Proposition 4.1 is completed.

Corollary 4.5. For 0 < N <9 and 0 < K <199, we have
Z {V&I‘]EZ :n=Nmod10,k € A’}(} < 60 Var f.
Proof. Let n be large enough such that
A% #90 = o<n
where n = 10n 4+ N. Let
T <Up <V <T2<U <V < < Ty < U < Uy < Tyl

be the system which Proposition 4.1 gives for N, K and . For 1 < ¢ < m, let
w; € (u;,v;) be chosen so that

fw)<f 1
We compute

Varf = 3 [Ifw) = f@)l + 1f i) = f ()]

1

@
I
=

I

N
Il
-

@) = f(w) + i) = flw)]

I

N
Il
-

:f(xi) + f(@i1) — 2]{% f}

7

Y

{varEz:o:Nmole,ogn,keA‘}(}

{VarIEz :0=Nmod10,k € A‘}(}

(=2
o

=2~
1 ™
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5. DEALING WITH GROUP B

Proposition 5.1. Let 0 < N <9 and 0 < K < 199. Let n € NU {0} and let
n =100+ N. Then there is a system

P1 <Y1 <851 <t <Pa <Yy <2< tg << Sy <t < Pmt1 < U1
such that
Y1 —@1 2Ly, s1—%1 =Ly, t1—8 2Ly, @2—t1 > Ly,

and

m Vi Yit1 ti 1

Z[][ f_|_][ f-2 f}2@Z{varIEz:0:Nm0d10,o§n,k€[j’}’(}.
i=1 Y ¥i Pit1 Si

To prove the proposition, we provide a method how to construct such a system
for n when a system for n — 1 is already constructed. We suppose that there is a
system

P <V <5 <T1<‘I>2<\112<52<T2<"'<SM<TM<(I)M+1<‘I’M+1
such that
v,—®; >1024L,, S1—V¥, >1024L,, T1—S1 > 1024L,, $o—T7 > 1024L,,

R

=1 P41

and

1 o o
2—OZ{VarIEk:0:Nmod10,o§n—10,k€BK}

(for n — 1 = —1, we consider M = 0, ®; = anything and ¥; = ®; + 1024L,,). We
want to construct a system

01 <P <51 <t <o <Yg <2<ty << Sy <ty < Omt1 < U1
such that
1/}1_4/7121171; 81_1/}1 Zan tl—Sl ZLn; <P2_t1 Zan

and

m Pi Pit1 ti M Wy Wit Ty 1

3 []l f+]l f—2][ S []l f+ f—2][ 4 3 varEy.
- ) ) ) b » s 60

i=1 Pi Pit1 Si I=1 I I+1 I kGB";(

For every k € B, let us consider such a system as in (B) from Lemma 3.3. We
obtain a system oy < B < ug < v < Y& < 0 such that

(k= 50) Ly < ok, Ok < (k +51)Ly,

Bk —ar > Lp, up—0Fr>Ly, vg—up>Ln, Ye—vp>Ly, 6x—7>Ln

and
Br Ok vk 1
min{][ f,][ f} —][ f> —varEy.
(&3] Yk Uk 24

Again, for an interval (¢,d) and a k € Z, we denote

(c,d) Lk <« dist((c,d), ((k—50)Ly, (k+51)Ly)) > Ly.



ON THE VARIATION OF THE HARDY-LITTLEWOOD MAXIMAL FUNCTION 15

Claim 5.2. Let (S,T) be an interval of length greater than 210L,,. Then at least
one of the following conditions is fulfilled:
(i) There is an interval (c,d) C (S,T) with d — ¢ > L,, such that (c,d) L 1 for

every | € By and
frefs

(i) There are an interval (c,d) C (S,T) withd—c > L,, and a k € B} such that
(c,d) L1 for everyl € B\ {k} cmd

d T 1
—]{ fZ—][S f—|—mvarIEZ.

(iii) There are a system
c<d<p<v<d<d
with (¢,d’) C (S —500L,, T + 500L,,) and
d-c>L,, p—d>L,, v—u>L,, ¢ —-v>L, d-cd>L,
and a k € BY such that (¢,d') L1 for every |l € B\ {k} and

Frfof oz f e o

Proof. This can be proven in the same way as Claim 4.3. ([

The main difference between proofs of Propositions 4.1 and 5.1 is that we need
one more analogy of Claim 4.3 because there are intervals (®7, ¥) instead of points
X1. Even, two versions of this analogy are provided. Both versions are written at
once in the manner that the inequalities belonging to the second version are written
in square brackets (this concerns also the proof of the claim).

Claim 5.3. Let (®,¥) be an interval of length greater than 210L,. Then at least
one of the following conditions is fulfilled:
(i*) There is an interval (u,v) C (D, V) with v —p > L, such that (u,v) L1 for

every l € By and
v 4
frzfs
m P

(ii*) There are an interval (u,v) C (®,¥) with v — u > L, and a k € B} such
that (p,v) L1 for everyl € By \ {k} and

ﬁnyﬁQf+r;)varEZ [resp.][ ][ f—i——var]E"}

(iii*) There are a system
p<v<ce<d<uy <v
with (u,v") C (® — 500L,, ¥ + 500L,,) and
v—-u>L, c¢c—v>L, d—c>L,, —-d>L, V-—y>L,
and a k € BY such that (u,v') L1 for everyl € B\ {k} and

]{Lyf—][cdfﬂL]{:/fz]ffﬂLﬁvarEZ
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v d v 4 1
[Tesp.][ f—2][ f—|—2][ fz][ f+ —=varEy
1w c w P 60
v d v’ 4 1
and 2]1 f—2][ f+][ fz][ f+—varE;;].
I c w P 60

Proof. By Lemma 4.2, there are a subinterval (', ¥’) and a k with £k = K mod 200
such that

. qu IS

° — &' >5L,,

. <1>/ = (k —100)L,, or ¥’ = (k + 100)L,,

e (k—105)L, < ¥ and ¥’ < (k+ 105)L,,

o (¥, W) L[ for every | # k with [ = K mod 200.
If k ¢ BY., then (i*) is fulfilled for (i, v) = (®’, ¥’). So, let us assume that k € B

(and thus that we have ay < B < ur < vp < v < 0 for this k).

We provide the proof under the assumption ® = (k—100)L,, only (the procedure
is similar when ¥’ = (k 4 100)L,,). We put

1
0=37+ g(\I/’ - ).
We have © = 2&'+ 10/ < 3(k—100) Ly, + £ (k+105)Ly, = (k—59) Ly, < ap—9L,, <
uy — 9L,, and 5k (k + 51) n = ® 4+ 151L,,. In particular,
up —© > 1L, and 0y <V +500L,.

Further, we have

@ \I,/ 4 1 \I,/ \I,/ 1 1
]l,fz " f—g 24var]E" or ][@ f> . f—l-g 24varIEk

/

‘y/
2 1
resp ][f>][ f—— VarIE” or][ f> f+-- VarE”}
’ ’ 6 @/ 5 24

If the second inequality takes place, then (ii*) is fulfilled for (u,v) = (0, ¥’). If the
first inequality takes place, then (iii*) is fulfilled for

O C R R v e S
(/1'7 )_{ ak,ﬁk f¢/f<fdl (7d)

The inequalities in (iii*) follow from

8 1
> > = L2 n
][f ][,f ]Z f 5 24V&I‘]Ek {resp 5 24var]Ek
][Uf ][f>1 ar £ ][V,f ][df>1 ar [Ej;
— — var — — var[E}.
B Y LA Y i

Claim 5.4. There is a subset T C BY; for which there exists a system

= (ukvvk)v (Mlvl/) = (’71@751@)'

/J,1<V1<01<d1</L2<V2<02<d2<"'<0j<dj<uj+1<Vj+1
such that
—pm1>Ln, aa—-v12>2Ly, di—c1 2Ly, p2—di>Ly, ...,
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1€BE\T = (ci,d;) L1, 1<i<j,
1€BRN\T = (u,vi) L1, 1<i<j+1,

and
S S o e e

keT

We note that, if 7 > 1 and M > 1, then the inequality can be written in the
form

v d1 12 do uj+1
][ f—2][ f—|—2][ f—2 f+- +2][ —][ f—l—][
H1 C2 Hj Hj+1
War41

2]51 ][ 2 f—---— ][SM f+ o f—i——ZvarIE"

Proof. If M =0, then we can put 7 = &, j = 0 and find a suitable interval (p1,11)
of length L,,. So, let us assume that M > 1.

We apply Claim 5.2 on the intervals (S;,Tr),1 < I < M, and Claim 5.3 on the
intervals (®7,V;),1 < I < M + 1, (the first version for 1 < I < M + 1, the second
version for I = 1,1 = M + 1). We write the inequalities from Claim 5.2 in a form
more familiar for our purposes:

—]lf>2 /,

(ii) —][f> 2S f—i—lvar]Ek,

(iii) —][f—I—ZJ[ —][ f> 2 f—l—lvarEk

Concerning the inequalities from Claim 5.3, we moreover specify which inequality
will be applied for I:

v s
(i*) l1<I<M+1: 2][f22 fs
©w D
\J
I=1lorI=M+1: ][f> 7
(ii*) 1<I<M+1: ][f>2][ Var]E
I=1lorI=M+1: ][f> f+ —=varE],
D7

iii*) 1<I<M+1: ][f—i—][ f>2 f—i—lvarIE
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We define 7 as the set of those k’s which appeared in (ii), (iii), (ii*) or (iii*) for
some I. One can construct the desired system by collecting the systems which we
obtained from Claims 5.2 and 5.3. O

To finish the proof of Proposition 5.1, it remains to show that, if a proper subset
T C B% has such a system as in Claim 5.4, then 7 U {k} where k € B% \ 7 has
also such a system.

So, let 7 and

/L1<V1<01<d1</L2<V2<02<d2<"'<0j<d‘<ﬂj+1<Vj+1

be asin Claim 5.4 and let k € B\ 7. Let ¢ be the index such that (y,,v,) is covered
by the same connected component of R\ ngl[cz, d;] as ((k — 50)L,, (k + 51)L,).
We intend to obtain the desired system for 7 U {k} by replacing p, < v, with

p<r<up<uvg<u <v

where

oy = { (v S e L and fEF 2 f0S
, (ks Br), otherwise,

(W) = { (1o, 1), > vk. + L,, and JC;: f> fj: f
(Y, Ok ) otherwise.
For every | # k with [ = K mod 200, we have
dist (((k — 50) L, (k + 51) L), (1 = 50) L, (I + 51) L)) > 99Ly, > L,
and thus
le B\ (T U{k}) = (ug,vg) L1,
le BE\(TU{k}) = (u,v) Lland (¢',v) LI

Let us prove the inequality for the modified system. We need to show that the
modification of the system increased the left side at least by varlE}. What we
need to show is

v Vi v’ v, 1
when 1 << j+1: 2][ f—][ f—i—2][ f22 f—l——varIEZ,
w w

’

f 2][ f—|—2]£,f2]{t f+ VarIEk,

. ;f f+i
f;ff+fy iamn

instead of 2

when 1 =¢<j+1:

when 1 <=7+ 1:

sa%&

when 1 =1 =75+ 1:

l\7|>—A t\'\:

These inequalities, even with 1 follow from

60’

Jéyf—]q{kaZivar]EZ, ][ ][ f> var]Ek,
f,f>fbf or f r=f f
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(f:f > f:; f is implied by v, < ugx — L,, and f:, f> f:j f is implied by p, >
Vg + Ln).
The proof of Proposition 5.1 is completed.

Corollary 5.5. For 0 < N <9 and 0 < K <199, we have
Z {Val“]EZ :n=Nmod10,k ¢ B%} < 60 Var f.
Proof. Let n be large enough such that
By #@ = o<n
where n = 10n 4+ N. Let
1 <Y1 <81 <ty <o <Po <52 <tp < < Sy <t < Pt < Yy

be the system which Proposition 5.1 gives for N, K and . For 1 <i < m+ 1, let
i € (vi,1;) be chosen so that

f@ﬁzf?f-

i

For 1 <i<m, let z; € (s;,1;) be chosen so that
ti
fer<f s
S;
We compute

Varf 2 30 [1f() = FO)]+ | f ) = £l

1M

o

N
Il
-

FO) = £+ FOr) = ()]

Lot

{Var]Ez:0=Nm0d10,0§n,k€8§(}

o

N
Il
-

Y

{V&I’]Ez :0=Nmod10,k € B‘I)(}

(=2
o

-2~
] ]

6. PROOF OF THEOREM 1.2

We are going to finish the proof of Theorem 1.2. We recall that Theorem 1.2 is
being proven for a fixed function f of bounded variation with f > 0. Let us sum-
marize our conclusions first (the required notation was introduced in Definition 2.2
and during Section 3).
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Let 0 < N <9and 0 < K <199. Using Lemma 3.3 and Corollaries 4.5 and 5.5,
we can write

3 {varE;; :n = Nmod10,k = Kmod200}
= Z { varEp : n = N mod 10,k = K mod 200 and E}, is non—empty}

=Z{VarIEZ:nszole,keA?(UB"K}
< 60 Var f + 60 Var f.

Further, using Lemma 3.2, we can compute

> [Mf(b) = Mf(as) + M(b) = Mf(airn)]
i=1
=varP =var(P\ E) + var E
9 199
=var(P\E) + Z Z Z {VarIEZ :n=Nmod10,k = Km0d200}
N=0K=0
< 2Var f +10-200 - 120 Var f.

So, we have proven the following statement.
Proposition 6.1. Let
a1 <bj <ay<by<- - <a, <bs <ag41
be such that
Mf(a;)) < Mf(b;) and Mf(ai1) < Mf(b;)
for1 <i<o. Then

[oa

3 {Mf(bi) — M f(a;) + Mf(b;) — Mf(al-H)} < (2410200 - 120) Var .

=1

Once we have Proposition 6.1, the proof of Theorem 1.2 is easy. Nevertheless,
we provide the final argument for completeness.

Proof of Theorem 1.2. Let 1 < x2 < --- < 27 be given. We want to show that

-1

> IMf(wj41) = Mf(x))| < CVar f.

j=1
After eliminating unnecessary points and possible repeating of the first and the last
point, we obtain a system
bo < ay <b1<a2<b2<"'<ag<bg<ag+1§bg+1
such that
Mf(az) < Mf(bz) and Mf(alurl) < Mf(bl)
for 1 <i<o and
o o+1

-1
> (MF(bi) = Mf(airn)) + Y (MF(bi) — Mf(a;)) = Z |M f(xj41) = M f(x5)|.

i=0 =1
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We have M f(by) — M f(a1) < supf —inf f < Varf. Similarly, M f(by4+1) —
M f(ay+1) < Var f. It follows now from Proposition 6.1 that

-1
D O IMf(zi1) = Mf(x;)] < (2+ 2410200 - 120) Var f,
j=1

and the proof of the theorem is completed! O

7. PROOF OF COROLLARIES 1.3 AND 1.4

In this section, we follow methods from [2] and [12]. We recall that a function
f:ACR — R is said to have Lusin’s property (N) (or is called an N -function) on
A if, for every set N C A of measure zero, f(IN) is also of measure zero. The well-
known Banach-Zarecki theorem states that f : [a,b] — R is absolutely continuous
if and only if it is a continuous N-function of bounded variation.

Lemma 7.1. Let f : R — R be a measurable function with M f # oo and let r > 0.
Then the function

Tt+w
M f) =suwp [ If

w>r —w

is locally Lipschitz. In particular, M>,f is a continuous N -function.
We prove a claim first.

Claim 7.2. For z,y € R, we have

M, f(y) 2 M, f(z)

Proof. Due to the symmetry, we may assume that y > x. Let ¢ > 0. There is an
w > r for which

o Mer(x)

ly — /.
"

Tt+w
F oIz M) -

—w

We can compute

2y—(z—w) 1 2y—(z—w)
Motz =g [

r—w —z+w) Jou
1 o 2w
T 2y—r+w) /w_w 1F1= 2y —r+w) (Mzrf(:v) B 8)
> Mo, f(e) =& = ———— Mo f(z) = M, f(z) — & = == M5, f(2).
- Yy—xr+w - T -
As e > 0 could be chosen arbitrarily, the claim is proven. (|

Proof of Lemma 7.1. We realize first that M>, f is locally bounded. If y € R, then
M>, f is bounded on a neighbourhood of y by Claim 7.2, as

r
— M-, .
T—|y—ZE| Zf(y)

Now, let I be a bounded interval. There is a B > 0 such that M>, f(z) < B for
x € I. Using Claim 7.2 again, we obtain, for x,y € I,

M, f(9) 2 My f @)~ 2y — 2],

Hence, M>,f is Lipschitz with the constant B/r on I. O

ly—z|<r = Ms.f(z)<
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Lemma 7.3. Let f : R — R be a measurable function with M f # oo and let
x € R. If f is continuous at x, then M f is continuous at x, too.

Proof. The assumption M f # oo is sufficient for M f to be lower semicontinu-
ous. Assume that M f is not upper semicontinuous at x. There is a sequence xy
converging to x such that infreny M f(xr) > M f(x). We choose ¢ so that

klg]ng(:vk) >c> Mf(z).

For each k € N, we choose wy, > 0 such that

Tp+wk
][ fl>c k=1,2....

k—Wg
Now,

e the possibility wy — 0 contradicts the continuity of f at z, since then
limsup, ., [f(y)| > ¢ > M f(x) > liminf, . [f(y)],

e the possibility limsup,_,. wr > r > 0 contradicts the continuity of the

function M>,f from Lemma 7.1, since then limsup,_,.o M>,f(zr) > ¢ >

O

Lemma 7.4. Let f : R — R be a measurable function with M f # oo which is
continuous on an open set U. If f has (N) on U, then M f has also (N) on U.

Proof. Note that the set E = {x € U : M f(z) > |f(x)[} fulfills E = U~ E1/k

where

ET:{IEU:Mf(x)> sup |f(y)|}, r > 0.

ly—z|<r
For x € E,, we have M f(z) = M>,f(x) where M>,f is as in Lemma 7.1. At the
same time, for © € U \ E, we have M f(z) = |f(z)|. Hence,

[MF(N\E)| + Y [MF(N O Eyy)l

IMf(N)| <
k=1
< |FIN\E)+ > Mz f(NNEyj)| =0
k=1
for every null set N C U. O

Proof of Corollary 1.3. By Lemma 7.3, M f is continuous on U. By Lemma 7.4,
M f has (N) on U. So, it is sufficient to show that M f has bounded variation on a
given [a, b] C U because then the Banach-Zarecki theorem can be applied to prove
that M f is absolutely continuous on [a, b].

Let » > 0 be chosen so that [a —r,b+r] C U and let g : R — R be defined by

f(x), x€la—rb+r],
g(x):{(), xé&la—rb+r].

Then ¢ has bounded variation, as f is absolutely continuous on [a — 7,b + r]. By
Theorem 1.2, Mg has bounded variation. It remains to realize that

Mf(l?) = maX{Mg(I)aMZTf(I)}a (S [aab]a
for the function M>, f from Lemma 7.1. O
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Proof of Corollary 1.4. Assume that f € WHY(IR). Then f is represented by an
absolutely continuous function of bounded variation (which will be also denoted
by f). By Corollary 1.3, M f is locally AC, and thus weakly differentiable. Using
Theorem 1.2, we can write

I(Mf)[lx = Var M f < CVar f = C|| f']|1.

8. REMARKS

Remark 8.1. It is possible to formulate an abstract statement which covers a sig-
nificant part of the proof of Theorem 1.2.

Let f: IR — R be a function of bounded variation and let Qp x,n > 0,k € Z, be
non-negative numbers. Let Lo > 0 and L, = 27" Ly for n € N. Assume that, for
every (n, k) with Qn.r > 0, there are s < u < v < t such that

(k—50)L, <s, t<(k+51)Ly,

w—s>4L,, v—u>L,, t—v>4L,

and

Then

3" Qu < 10-200 - 120 Var f.
n,k

It is sufficient to prove this under the assumption that @,, x > 0 for finitely many
Qn,x’s only. In such a case, just consider @ instead of var E} in Lemma 3.3 and
in Sections 4&5.

Remark 8.2. The proof of Theorem 1.2 works also for the local Hardy-Littlewood
maximal function. More precisely, if  C R is open and d : Q — (0, 00) is Lipschitz
with the constant 1 such that d(z) < dist(z, R\ ), then the function

rtw
Meaf@) = sy
O0<w<d(z) Jz—w
fulfills Varg M<uf < C Varq f. Here, by Varg we mean ) Var;, where Q =, I,
is a decomposition of 2 into open intervals. The inequality Var;, M<qf < C Vary, f
can be proven in the same way as Theorem 1.2. It is sufficient just to modify
appropriately the formula for w(r) in Definition 2.2.
The version of Corollary 1.4 for M<,f can be proven as well. If f € Wh1(Q),
then M<qf is weakly differentiable and

[(M<af)ll1.0 <Cllflliie-
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