LMU Munich e Lars Diening

Lipschitz truncation




Lipschitz truncation

Approximate a Sobolev function in a suitable way by Lipschitz functions

Requirement: Change the function only on a small set.

Cannot use convolution as it changes the function on a large set!



Acerbi-Fusco 1984

LMU ;

Method first appeared in:
Theorem (Acerbi-Fusco '84)

If f =1f(x,s,§) is Caratheodory, quasi-convex in & and for some p > 1

0 < f(x,s,q) S a(x) + s’ + |q|”,

then f — /f(x, u(x), Vu(x)) dx is WP-weakly seq. lower continuous.

Idea:
e First show W>-weak-*-sequentially lower continuity.

e Now approximate WP functions by W1 functions.
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Maximal function: (Mf)(x) = sup][ |f| dy.
B>x
Majorant: |f| < Mf
Bounded: ||Mf{|, < [|f]|, for p> 1 and supy-q (A{MF > A}) S IIf ;-

For w € W, () we have

w(x) —w(y)| < Ix = y|(M(Vw)(x) + M(Vw)(y)), J

w is Lipschitz outside the small, open {M(Vw) > A}

Cut out the bad set and

extend to w), € Wol‘X(Q) with [[Vwy | S A



IMU & Lipschitz truncation — cutting the gradients

Maximal function: = sup][ |f|dy.
B>x

Majorant: |f| < Mf
Bounded: HMpr < Hpr for p > 1 and supyg ()\]{I\/If > )\}\) Sl
For w € W, (Q) we have

w(x) —w(y)| < Ix = y|(M(Vw)(x) + M(Vw)(y)),

e w is Lipschitz outside the small, open bad set {M(Vw) > A}.
e Cut out the bad set and
extend to wy € Wy ™(Q) with |[Vwy |, <A
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e Start with w” — 0 in W1P,

Then Lipschitz truncations satisfy for fixed A > 0
o [[Vwill, <A

o wj & 227 in WL (subsequence).
This makes some technical problems in [Acerbi-Fusco 1984].

Landes showed in 1996 that in Whee:
use the bad set {M(Vw) > A} U {Mw > 6,} with 6, — 0 slowly

and wal.. < 0.
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e Start with w” — 0 in W1P,

Then Lipschitz truncations satisfy for fixed A > 0
o [[Vwill, <A

o wj & 227 in WL (subsequence).
This makes some technical problems in [Acerbi-Fusco 1984].

e Landes showed in 1996 that w} S0 in Wwhee:
use the bad set {M(Vw) > A} U {Mw > 6,} with 6, — 0 slowly

and Wl < 0.



w € Wl is Lipschitz outside
bad set Bad) := {M(Vw) > \}.

Whitney covering Bady = J; Qi
with partition of unity ¢;

Wh w on good set,
A o ipi(w)g, on bad set.

Rewrite as wW=w, + Zgo,-(w —(w)q,) since ) ;¢; =1 on Bad,.
i



Well defined
We have wy € Wh! J

Use w = w), + Zgo,-(w — (w)g,). Sum converges in Wh1.

Stability

Iwall, < [lwll, and [[Vwy[[, < [Vwl], for 1 < p < oo.

Lipschitz property
M(Vwy) < A In particular,




Lipschitz truncation
We can decompose w € W1 into

w=w+ > pi(w— (w)g,)
i
with wy € Wh>,

Calderén-Zygmund decomposition

We can decompose f € L! into

with g € L.

f= g+Zs0i(f —(fa)




IMU| &% Additional smallness

Let 1 < p < 0.

Note that {w # w)} C {M(Vw) > \}.

Weak type estimate:  A’[{M(Vw) > A} < c [[Vw]|]?.
Strong type estimate: Y (2/)P[{M(Vw) > 2/}| < c|[Vw]|?.
Most summands are smaII{

Smallness [D., Malek, Steinhauer '08; FMS '03]

There exists A € [22,22""] with

X wstwny VWALD < € AP {M(Vw) > A} < c 277 [ Vw7
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Theorem

Lipschitz truncation can preserve zero boundary values!

Recall w—w,\—i-ZQOi(W (w);)

— (W);).
i
away from 0Q2:  w; :

)@
close to 002

= (w
=0

Need assumptions on Q for Poincaré
fat complement

u]
‘ ]
it

DA



Theorem (Diening, Mélek, Steinhauer '07, +Breit '11)

Forw"” — 0 ¢ W&’p and p > 1 exists w} € W(;l ° such that
e w/ 20 strongly in L,

o Vw] 50 *

weakly in L*°,

° ||VWZ X{w,ﬁéwZ}”z 5 AP |Bad2| 5 2_k-
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Reproving the result of Acerbi-Fusco

M
u
M

Let u € WLHP(Q) and w™ — 0 in Wol’p(Q). Then

F(u,Q) ::/ f(x,u, Vu) dx

Q

<liminf F(u+wg) by wf = 0in W, () for n — oo

<lim F(u + w},Bad}) + liminf F(u+ w", Goody)
n n

<lim F(u+ w},Bad}) + liminf F(u+ w", Q) using f >0
n n

< Iim/ |VulP + AP dx + liminf F(u+w", Q) growth cond.
" JBad] n

< e+ 275 4 liminf F(u +w", Q).
n
Now j — oo proves the W1P-weak-seq. Isc property of F.
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MU & Power law fluids

Lipschitz truncation can be used to prove:

Theorem (Frehse, Malek, Steinhauer '03; +Diening '07)

There exists a weak solution for p > g in R3 to

—div(je(u)P2e(w)) + (u- V)u+ Vg =F,
divu = 0.

Convection (u - V)u = div(u ® u), requires WP — [2? je p >

gilloy

Use Lipschitz truncation & pointwise monotonicity.

Use Bogovskif correction to overcome divuy # 0.

e p(+) is possible (electrorheological fluids).
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Stationary problems

Prandtl-Eyring fluids: constitutive law reads

S(e(u)) = |0g(1|EJEu|)€|(U)|)E(u).

o Natural spaces L™ (almost p = 1).

e Critical already for n = 2 due to convection div(u ® u).

e Problem: Bogovskii-operator unbounded on Lt"t.

= Need solenoidal Lipschitz truncation, i.e. div(uy) = 0.
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MU e Solenoidal Lipschitz truncation; stationary

MONCHEN

Curl representation for R3 J

For u € Wol,’dpiv exists w = curl tu € W(i’f(ﬂ)-

Use W?2°-truncation for w (Lipschitz truncation of second order)

w=uw)+ Zgo,-(w — wj).

1
with w; local, linear approximations of w.

Solenoidal Lipschitz truncation [Breit, Diening, Schwarzacher '12] J

uy := curl(w,) is solenoidal and behaves like Lipschitz truncation.

Also: [Breit, Diening, Fuchs '11; Diening, Kreuzer, Siili '12]

Lars Diening Lipschitz truncation 15/23



MU & Almost harmonic (1/3)

MONCHEN

Definition
u € WHL(B) is almost harmonic on B if for suitable small § > 0

‘][ AVuVE dx
B

< 5][ Vuldx|[VEll.  for € € C(B).
B

Can use £ € W, (B).

Theorem (Approximation Lemma)

If u is almost harmonic, then there exists harmonic h close to u.

Giaquinta, Simon, Duzaar, Mingione, ...

Important for partial regularity!
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LMU | e Almost harmonic (2/3)

MONCHEN

Theorem (Classical approximation Lemma) J

If u is almost harmonic, then there exists harmonic h L?-close to u

Classical: Contradiction argument with harmonic limit and compactness.

New direct approach: “Ah=0 on Q
h=u on 0.

Use W, -truncation of u — h as test function.

Theorem (Diening, Stroffolini, Verde)
o
(][IV )% dx> §5(5,9)][|Vu|2 dx  forf e (0,1)
B
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LMU Almost harmonic (3/3)

What about the quasi-convex case?

Consider —div(AVu) with A Legendre-Hadamard elliptic tensor

Theorem (Diening, Lengeler, Stroffolini, Verde, Cruz-Uribe)

1

(s—1) s
][\V(u—h)|qu§ T <][|Vu|qsdx> ge(l,00),s>1
B B

Idea:

[(AV (u = h), VE)|

V(u—h)||,~ sup
19— )l oL

cewy ¥ (B)

Use W01’°°—Lipschitz truncation for £ and weak-type estimates.
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MU &% Almost p-harmonic

Definition

u € Whmax{p—1.1}(B) is almost harmonic on B if for suitable small § > 0

’][ IVulP2VuVe dx| < 5][\vuv’—1 dx||VE|,, ~ for £ € C§°(B).
B B

Duzaar, Mingione, ...

Theorem (Diening, Stroffolini, Verde)
Then the p-harmonic h with u — h = 0 on OB satisfies

(f IV(u— h)|%P a/x>é < &(6,0) ][ IVulPdx 6 €(0,1)
B B

Problem: Cannot go below power p.

Lars Diening Lipschitz truncation 19/23



IMU| & Parabolic problems

Assume u € LP(W'P) and H € LP'(LP") and
du=divH  inD'(I x Q)

Parabolic Poincaré-inequality

On parabolic cube @, := (—ar?,ar?) x B,

/

r

u—ug,

dxdt <c ][|Vu|dxdt—|—ca ][‘H|dxdt,
Qr

r

To match Vu with H we need o = \27P.

Parabolic Lipschitz truncation [Kinnunen, Lewis '02, D. R. W. "10]
Roughly uy € L®(W1™) N L®(W 1)

|

e Solenoidal version is possible! [Breit, Diening, Schwarzacher "13]
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Theorem (Diening, Schwarzacher, Stroffolini, Verde)

Let O;w = divG on Q with w = 0 on 9,Q. Then there exists wy with
QO wy =0o0nd,Q.

Q [Vwg|, <cA

1
@ wy is A-Lipschitz with respect to metric (' )5 +|x—y|
Q (Orwy,w—wy) < c—|Bad |

where Bad§ := {M*(Vu) + aM*(G) > A}
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MU &4 p-caloric approximation lemma

Extension of: Duzaar, Mingione, Bogelein, Scheven, . ..

Theorem (Diening, Schwarzacher, Stroffolini, Verde)
Let 0;u = divH and let u be p-caloric in the sense that for & € C5°(Q)

< 5<][ VulPdz +][ IHIP dz + ||vgy|g;>
Q Q

Then the p-caloric h with h = u on 0,Q satisfies for § € (0,1)

1
0 /
<][ |Vu — Vh|P° dz) < e(6, 9)<][ |VulPdz +][ |H|P dz>.
Q Q Q

Use parabolic Lipschitz truncation perserving zero boundary values.

‘][ —udi€ + A(Vu)VE dz
Q
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e Lipschitz truncation is useful in many PDE problems

(Existence; almost harmonic; almost caloric)

e Close relation to Calderén-Zygmund decomposition

o = QA
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