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Hilbert's problem & known results

Variational problem - Hilbert's 19th problem
DATA:

@ Q C RY a given open bounded smooth domain

@ f:Q — R" a given smooth vector-valued function (N € N)

@ F:RY x RV*? & R being a smooth function fulfilling assumptions of uniform
convexity, coercivity and growth condition, i.e., for some p € (1,00) and all
(u,n) € RY x RV*? and all x € RV*

|G+ Glnl < F(u,n) < &L+ [n]")|
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Hilbert's problem & known results

Variational problem - Hilbert's 19th problem
DATA:

@ Q C RY a given open bounded smooth domain

@ f:Q — R" a given smooth vector-valued function (N € N)

@ F:RY x RV*? & R being a smooth function fulfilling assumptions of uniform
convexity, coercivity and growth condition, i.e., for some p € (1,00) and all
(u,n) € RY x RV*9 and all k € RV*¢

|G+ Glnl < F(u,n) < &L+ [n]")|

O F(u,n)

Gi(1 P22 <
1+ [n))" k" < A o

_ERE < G+ )P 2 k)

GOAL: Minimize the functional
J(u) = / F(u(x), Vu(x)) — f(x) - u(x) dx
Q
over the space W, ?(;R").
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Variational problem - Hilbert's 19th problem II

Theorem

There exists a minimizer u to J. Moreover, if F does not depend on u
then the minimizer is unique and it fulfills

(14 |Vu|)? € WH3(Q)

loc
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Variational problem - Hilbert's 19th problem II

Theorem

There exists a minimizer u to J. Moreover, if F does not depend on u
then the minimizer is unique and it fulfills

(14 |Vu|)? € WH3(Q)
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QUESTION: How smooth is the minimizer?
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Variational problem - Hilbert's 19th problem II

Theorem

There exists a minimizer u to J. Moreover, if F does not depend on u
then the minimizer is unique and it fulfills

(14 |Vu|)? € WH3(Q)

loc

QUESTION: How smooth is the minimizer?

Hilbert: Set p = 2 and let F be independent of u. Is the minimizer
analytic?
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Hilbert's problem & known results

Hilbert's problem - some “classical” answers
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Hilbert's problem & known results

Hilbert's problem - some “classical’ answers

o Linear theory: “YES, if the solution is C1*" (E. Hopf et alii)

o Partial regularity: “YES, except zero measure set (Hausdorf
dimension is less than d — 2)" (Morrey, Giusti & Miranda)
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Hilbert's problem - some “classical’ answers

o Linear theory: “YES, if the solution is C1*" (E. Hopf et alii)

o Partial regularity: “YES, except zero measure set (Hausdorf
dimension is less than d — 2)" (Morrey, Giusti & Miranda)

e Morrey (1938): “YES, if d =2 and N arbitrary”
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Hilbert's problem & known results

Hilbert's problem - some “classical’ answers

o Linear theory: “YES, if the solution is C1*" (E. Hopf et alii)

o Partial regularity: “YES, except zero measure set (Hausdorf
dimension is less than d — 2)" (Morrey, Giusti & Miranda)

e Morrey (1938): “YES, if d =2 and N arbitrary”
e De Giorgi (1957)& Nash (1958): “YES if N =1 and d arbitrary”
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Hilbert's problem & known results

Hilbert's problem - some “classical’ answers

o Linear theory: “YES, if the solution is C1*" (E. Hopf et alii)

o Partial regularity: “YES, except zero measure set (Hausdorf
dimension is less than d — 2)" (Morrey, Giusti & Miranda)

Morrey (1938): “YES, if d =2 and N arbitrary”
De Giorgi (1957)& Nash (1958): “YES if N =1 and d arbitrary”
Negas (1975): “NO, they are not necessarily C1 if N > 1"
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De Giorgi (1957)& Nash (1958): “YES if N =1 and d arbitrary”
Negas (1975): “NO, they are not necessarily C1 if N > 1"
Uhlenbeck (1977): "“YES, if F is of the form”
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Hilbert's problem & known results

Hilbert's problem - some “classical’ answers

o Linear theory: “YES, if the solution is C1*" (E. Hopf et alii)

Partial regularity: “YES, except zero measure set (Hausdorf
dimension is less than d — 2)" (Morrey, Giusti & Miranda)

Morrey (1938): “YES, if d =2 and N arbitrary”

De Giorgi (1957)& Nash (1958): “YES if N =1 and d arbitrary”
Negas (1975): “NO, they are not necessarily C1 if N > 1"
Uhlenbeck (1977): "“YES, if F is of the form”

F(Vu) = F(|Vul)

Sverak & Yan (2002): “NO, they can be even unbounded”
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Hilbert's problem & known results

Some answers for F depending on u

Consider the simplest case:

F(u,n) = AP (u)nfn)  [0uAllul < C

1

@ Frehse (1973): Construction of a discontinuous solution to the Euler-Lagrange
equation even in d = 2 (but not minimizer!)
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Hilbert's problem & known results

Some answers for F depending on u

Consider the simplest case:

F(u,n) == A" (u)ninf  |8uAllul < C

@ Frehse (1973): Construction of a discontinuous solution to the Euler-Lagrange
equation even in d = 2 (but not minimizer!)

@ Giaquinta, Modica, Giusti, Hildebrandt, Meier, Struwe: A lot of (variations of)
counterexamples to regularity
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Hilbert's problem & known results

Some answers for F depending on u

Consider the simplest case:

F(u,n) == A" (u)ninf  |8uAllul < C

!

@ Frehse (1973): Construction of a discontinuous solution to the Euler-Lagrange
equation even in d = 2 (but not minimizer!)

@ Giaquinta, Modica, Giusti, Hildebrandt, Meier, Struwe: A lot of (variations of)
counterexamples to regularity

@ Giaquinta & Giusti (1982): For A*’(u) = a(u)d*” such that
2a(u) +ay-u>og >0 (one-sided condition)

the minimizer is Holder continuous and consequently smooth. Moreover, if
(one-sided condition) does not hold then the minimizer may not be continuous.

@ Giaquinta & Giusti (1982):For general A the theory is valid if |A,| < 1
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Hilbert's problem & known results

Questions and Statement of the problem

Under which assumptions on F is the minimizer Holder continuous?
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Hilbert's problem & known results

Questions and Statement of the problem

Under which assumptions on F is the minimizer Holder continuous?

Under which assumptions on F is a bounded minimizer Holder
continuous?
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Hilbert's problem & known results

Results based on embedding

@ the case p > d,;
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Hilbert's problem & known results

Results based on embedding

@ the case p > d; WP — C% for some a

@ in case F is independent of u and uniformly p-convex;
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Hilbert's problem & known results

Results based on embedding

@ the case p > d; WP — C% for some a

@ in case F is independent of u and uniformly p-convex;

(1+|Vul)z € Wh?

Steinhauer (University Koblenz-Landau) Regularity of minimizers



Hilbert's problem & known results

Results based on embedding

@ the case p > d; WP — C% for some a

@ in case F is independent of u and uniformly p-convex;

1+ |Vu)f e W2 — Ve Lis
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Hilbert's problem & known results

Results based on embedding

o the case p > d; WHP — C%° for some

@ in case F is independent of u and uniformly p-convex;
e 1,2 g 0,a
(1+|Vu))2 e W = Vueli2 = uelC”

provided that p > d — 2.
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Notation

° Einstein summation convention is used
e Dj:

— axj
OF (u,
° Fn}’(U,U) = %

e Fu(u,m):= 9F (un)

oun
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Minimizers & Euler-Lagrange equations

@ usually one derives the Euler-Lagrange equation and studies a solution
of them

Steinhauer (University Koblenz-Landau) Regularity of minimizers



Minimizers & Euler-Lagrange equations

@ usually one derives the Euler-Lagrange equation and studies a solution
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@ usually one does not take care so much of the origin of the problem
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Minimizers & Euler-Lagrange equations

@ usually one derives the Euler-Lagrange equation and studies a solution
of them

@ usually one does not take care so much of the origin of the problem

e BUT not all solutions must be minimizers (F depending on u or F
being non-convex)
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Minimizers & Euler-Lagrange equations

@ usually one derives the Euler-Lagrange equation and studies a solution
of them

@ usually one does not take care so much of the origin of the problem

e BUT not all solutions must be minimizers (F depending on u or F
being non-convex)

@ EVEN in case that the solution is a minimizer, we may hope that
much better understanding of what is going on will come from the
minimization property
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Key consequences of minimizing property

Consider u being the minimizer of J(u), i.e., J(u) < J(v) for all v € WyP(Q; RY). The
goal is to find a proper comparison function v giving optimal information
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Key consequences of minimizing property

Consider u being the minimizer of J(u), i.e., J(u) < J(v) for all v € WyP(Q; RY). The
goal is to find a proper comparison function v giving optimal information

@ Euler-Lagrange equation: set v(x) := u(x) + ty(x) and let t — 0

=Dj(Fyy (u, Vu)) + Fuv (u, Vu) = *

v=1,...

,N
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Key consequences of minimizing property

Consider u being the minimizer of J(u), i.e., J(u) < J(v) for all v € WyP(Q; RY). The
goal is to find a proper comparison function v giving optimal information

@ Euler-Lagrange equation: set v(x) := u(x) + ty(x) and let t — 0

=Dj(Fyy (u, Vu)) + Fuv (u, Vu) = *

v=1,...,N

@ Reverse Holder inequality, Gehring lemma, Giaquinta & Giusti: set
v(x) == 0(x)u(x) + (1 — 0(x))dr

Js

|Vu|p+s

pre

R4~ Rd
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Key consequences of minimizing property

Consider u being the minimizer of J(u), i.e., J(u) < J(v) for all v € WyP(Q; RY). The
goal is to find a proper comparison function v giving optimal information

@ Euler-Lagrange equation: set v(x) := u(x) + ty(x) and let t — 0

=Dj(Fyy (u, Vu)) + Fuv (u, Vu) = *

v=1,...,N

@ Reverse Holder inequality, Gehring lemma, Giaquinta & Giusti: set

v(x) == 0(x)u(x) + (1 — 0(x))dr

R4~ Rd

pte P gte
/ [Vul™? c<1+/ [Vl ) Tl = vewrrt(@RrY)
Br Bar

@ Noether's (1918) equation: set v(x) := u(x + t)(x)) and let t — 0

—D; (Fyy (u, Vu)Diu”) 4+ DiF(u, Vu) = " Dyu”

k=1,....d
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Use of Noether's equation - testing by Vu - Pohozaev like
problem

Assume that u € W01’2(Q;]RN) is a bounded solution to

— Au” = |u|P2u” v=1,...,N. (P)
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Use of Noether's equation - testing by Vu - Pohozaev like
problem

Assume that u € Wol’z(Q;RN) is a bounded solution to
— Au” = |u|P2u” v=1,...,N. (P)

Q: Is it possible that (P) admits a nontrivial solution?
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Use of Noether's equation - testing by Vu - Pohozaev like
problem

Assume that u € Wol’z(Q;RN) is a bounded solution to
— Au” = |u|P2u” v=1,...,N. (P)

Q: Is it possible that (P) admits a nontrivial solution?

A: If Q is a star-shaped, regular domain and p > dz—_dz, then u = 0.
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Proof of Pohozaev

Proof.
Multiply (P) by u” and integrate

IVull3 = [lull? (1)
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Proof of Pohozaev

Proof.
Multiply (P) by u” and integrate

IVullz = [lull; (1)

Multiply by —Dyu” to get D;(Dju” Dyu”) — 1Di|Vul* = —%Dk|u|”, then multiply by xk
and integrate, use integration by parts

/ DjUVDkUVanj — 1|VU|2X;<I7;( +/ 1|VU|2D1<X;( — DjUVDkUVDij = 1/ |U|pDka
o0 2 Q2 b Ja
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Proof of Pohozaev

Proof.
Multiply (P) by u” and integrate

IVullz = [lull; (1)

Multiply by —Dyu” to get D;(Dju” Dyu”) — 1Di|Vul* = —%Dk|u|", then multiply by xk
and integrate, use integration by parts

/ DjUVDkUVanj — 1|VU|2X;<I7;( +/ 1|VU|2D1<X;( — DjUVDkUVDij = l/ |U|pDka
o0 2 Q2 b Ja

1 2 d—2 2 d p (1) d 2
5 | 1Vulxn+ S22Vl = S @ Sivul:
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Proof of Pohozaev

Proof.
Multiply (P) by u” and integrate
IV ull? = llullp (1)

Multiply by —Dyu” to get D;(Dju” Dyu”) — 1Di|Vul* = —%Dk|u|”, then multiply by xk
and integrate, use integration by parts

/ DjUVDkUVanj — 1|VU|2X;<I7;( +/ 1|VU|2D1<X;( — Dju"DkuVDjxk = l/ |U|pDka
o0 2 Q2 b Ja

3 [ IVulx-nt S22Vl = Sl @ £ vl
Thus if
d-2_d 2
2 p d—2
and the boundary integral is nonnegative then u = 0. O
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Use of Noether-harmonic mappings

Assume the simplest case, i.e., u € WH?(Q; RN) and |u(x)| = 1 for almost
all x € Q fulfils

—Au” = u"|Vul? v=1,...,N.
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Use of Noether-harmonic mappings

Assume the simplest case, i.e., u € WH?(Q; RN) and |u(x)| = 1 for almost
all x € Q fulfils

—Au” = u"|Vul? v=1,...,N.

Q:How smooth is a solution?
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Use of Noether-harmonic mappings

Assume the simplest case, i.e., u € WH?(Q; RN) and |u(x)| = 1 for almost
all x € Q fulfils

—Au” = u"|Vul? v=1,...,N.

Q:How smooth is a solution?

A:lt is smooth up to a set of zero (d — 3)-Hausdorf measure, . .. ‘i

is
x|
always counterexample to everywhere regularity.
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Use of Noether-harmonic mappings

Assume the simplest case, i.e., u € WH?(Q; RN) and |u(x)| = 1 for almost
all x € Q fulfils

—Au” = u"|Vul? v=1,...,N.

Q:How smooth is a solution?

A:lt is smooth up to a set of zero (d — 3)-Hausdorf measure, ﬁ is
always counterexample to everywhere regularity.

Monotonicity formula: Noether appears (fully stationary point).
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Use of Noether-harmonic mappings

Assume the simplest case, i.e., u € WH?(Q; RN) and |u(x)| = 1 for almost
all x € Q fulfils

—Au” = u"|Vul? v=1,...,N.

Q:How smooth is a solution?

A:lt is smooth up to a set of zero (d — 3)-Hausdorf measure, . .. ﬁ is
always counterexample to everywhere regularity.

Monotonicity formula: Noether appears (fully stationary point).

Multiply by —Dxu” to get

1 1
Di(Dju” Dyu”) — EDk|vu|2 = —Dyu’u”|Vul? = —EDk]u]2|Vu|2 =0.
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Harmonic mappings Il

Starting Noether identity:

D,‘(D,’UVDkuV) — %Dk|Vu|2 = 0
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Harmonic mappings Il

Starting Noether identity:
D,‘(D,’UVDkuV) — %Dk|Vu|2 = 0

Multiply by x« and integrate over Br := {x; |x| < R}.
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Harmonic mappings Il

Starting Noether identity:
D,‘(D,’LIVDkuV) — %Dk|Vu|2 = 0

Multiply by x« and integrate over Br := {x; |x| < R}.

1 d
/ Diu” Diu” xini — / |Vu|2 — f/ |Vu|2xknk + f/ \Vu|2 =0.
9BR Br 2 dBR 2 Br
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Harmonic mappings Il

Starting Noether identity:
D,‘(D,’LIVDkuV) — %Dk|Vu|2 = 0

Multiply by x« and integrate over Br := {x; |x| < R}.

1 d
/ Diu” Diu” xini — / |Vu|2 — f/ |Vu|2xknk + f/ \Vu|2 =0.
9BR Br 2 dBR 2 Br

. 2
2/ M—R/ |VU|2+(d—2)/ IVu?=0|
9Bg |x| 2Bg Br

Steinhauer (University Koblenz-Landau) Regularity of minimizers May 03, 2014, Telt 14 /25



Harmonic mappings Il

Starting Noether identity:

D,‘(D,’LIVDkuV) — %Dk|Vu|2 = 0

Multiply by x« and integrate over Br := {x; |x| < R}.

Br

. 2
2/ M—R/ |VU|2+(d—2)/ Vu?=0|
9Bg |x| 2Bg Br

The final (in)equality - monotonicity formula

L2 2
ng/ |Vu-x" _ d [Vul '
9Bg |x9 dR Jg, Rd=2

1 d
/ Diu” Diu” xini — / |Vu|2 — / |Vu|2xknk + f/ \Vu|2 =0.
9B 2 JoBg 2 /g,
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Use of monotonicity formula

The formula

2 2
032/ Mook _ o [ ]
2Bg x4 dR Bg Rd=2

@ neglect the positive term and integrate over R € (R1.R»)

2 2
/ [Vl </ IVl . e BMO
B r

d—2 = d—2
R, Ry R;
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Use of monotonicity formula

The formula

2 2
ogz/ Mot _ 4 [ )
2Bg x4 dR Bg Rd=2

@ neglect the positive term and integrate over R € (R1.R»)

2 2
/ Vol / IVl . e BMO
B R

d—2 = d—2
r, R , R

the same procedure should give BMO for general minimizers provided that the

term F,v Diu"xix, has a sign = minimizers are always in BMO provided that F

satlsfles 'splitting condition”
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Use of monotonicity formula

The formula

ogz/
9Bg

|Vu-x]> d
x|~ dR

[Vul®

d—2 |
B R

@ neglect the positive term and integrate over R € (R1.R»)

/ [Vul® _
BR Rd 2 —

the same procedure should give BMO for general minimizers provided that the

d—2
2] R

2
/ IVl . e BMO
R

term F,v Diu"xix, has a sign = minimizers are always in BMO provided that F

satlsfles 'splitting condition”

@ DO NOT neglect the positive term and integrate over R € (0, r)

2
2/ [Vu dx| S/
B, x|

[Vul?
pd—2
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Hole-filling appears

The inequality:

2/ |Vu~x|2</ |V ul?
S P A
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Hole-filling appears

The inequality:

2/ |Vu~x|2</ |V ul?
S P A

@ Start to cheat: "assume” that

Steinhauer (University Koblenz-Landau) Regularity of minimizers



Hole-filling appears

The inequality:

2/ |Vu~x|2</ |V ul?
S P A

o2 2
@ Start to cheat: "assume” that 2 [, Iv‘:‘j‘ >ef, LT:,IQ
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Hole-filling appears

The inequality:

2/ |Vu~x|2</ |V ul?
S P A

o2 2
@ Start to cheat: "assume” that 2 [, Iv‘:‘j‘ >ef, LT:,IQ

@ Think that & = 3, then
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Hole-filling appears

The inequality:

2/ |Vu-x|2</ |V ul?
e T g r2

2 2
@ Start to cheat: "assume” that 2 [, Iv‘)‘:"j‘ >ef, ||Xv|d",|2

@ Think that ¢ = 1, then

/ ‘VUIZ <2/ |VU|2 :237(1/ |VU|2 +2/ |VU|2
g, X972 7 g, (2r)772 g r'? g, (2r)172
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Hole-filling appears

The inequality:

2/,

|Vu-x|2</ |V ul?

|X|d rd—2

2 2
@ Start to cheat: "assume” that 2 [, 24> > ¢ [ ||)(v|du12

@ Think that ¢ = 1, then

|x|

Vul?
| <
By, ||

2,
By

VuP s / Vu?
(@i ;

rd—2
r

[Vul?
+ 2/
By, \ B, (2r)d=2

@ d > 4 gives
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Hole-filling appears

The inequality:

2/ |Vu-x|2</ |V ul?
e T g r2

2 2
@ Start to cheat: "assume” that 2 [, Iv‘)‘:"j‘ >ef, ||Xv|d",|2

@ Think that ¢ = 1, then

/ ‘VUIZ <2/ |VU|2 :237(1/ |VU|2 +2/ |VU|2
g, X972 7 g, (2r)772 g r'? g, (2r)172

@ d > 4 gives
2 2
[T o) I
B, [x] By \B: |x|
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Hole-filling appears

The inequality:

2/ |Vu-x|2</ |V ul?
T AT

2 2
@ Start to cheat: "assume” that 2 [, Iv‘)‘:"j‘ >ef, ||Xv|d",|2

@ Think that ¢ = 1, then

/ ‘VUIZ <2/ |VU|2 :237(1/ |VU|2 +2/ |VU|2
g, X972 7 g, (2r)772 g r'? g, (2r)172

@ d > 4 gives
2 2
[T o) I
B, [x] By \B: |x|

® Fill the hole, i.e., add C [, [0

|Vul? C [Vul? / |Vul?
< —N — < C
/B, |92 = C+1 [, |x[I2 g, rd—2+2a =
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We do not want to cheat - Caccioppoli inequality - E-L
equation again appear

Let us choose the prototype case:

-Au”" =0 v=1,...,N
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We do not want to cheat - Caccioppoli inequality - E-L
equation again appear
Let us choose the prototype case:

—Au” =0 v=1...,N

Denote: 1
g = — | u, TrR(|x]) := 7(|x|/R),
|Br| /gy,

where 7 is smooth non-negative equal to one on (0, 1) and equal to zero on (2, c0).
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We do not want to cheat - Caccioppoli inequality - E-L
equation again appear
Let us choose the prototype case:

—Au” =0 v=1...,N

Denote: 1
g = — | u, TrR(|x]) := 7(|x|/R),
|Br| /gy,

where 7 is smooth non-negative equal to one on (0, 1) and equal to zero on (2, c0).
Multiply by (u — Gr)7Tr and integrate by parts

/|Vu|2TR = —/(u“ — Ug)Dyu” Dyrr | = / |Vul]* < CRfl/ |u— dr||Vul|
Br

Byr\Br
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We do not want to cheat - Caccioppoli inequality - E-L

equation again appear
Let us choose the prototype case:

-Au”" =0 v=1,...,N

Denote: 1
g = —— u, Tr(|x|) = 7(|x|/R),
|Br| Jg,

where 7 is smooth non-negative equal to one on (0, 1) and equal to zero on (2, c0).

Multiply by (u — Gr)7Tr and integrate by parts

lu— &IV u]

/|VU|2TR = —/(u“ — %) Dyu” Ditr | = / |Vul]* < CR’I/
Br Byr\Br

/ |Vu|2</ |u— dr||Vu- x|
Br RiI=2 = B2r\Br Re

2 2
< 8/ IVdLiI2 +Ce) [Vu dXI
BZR R BZR\BR |X|
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All together
(]
[Vul? [Vul?
/ Rd—2 <e
Bg B,
(]

R + C(e)

|Vu-x?
Byr\Bgr x|
2 2
/ [Vu dx| SC/ [Vu|
Bg || B

d—2
. R
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All together

|Vul? |V ul? |Vu-x?
/ Ri2 =€ Ra—a T C(e) T
Br Byg Bor\Br

2 2
/ [Vu dXI < C/ IthiI2
Bg || Bg R

@ iteration gives

|Vu-x|2 |Vu|2 0.a
[
R

Steinhauer (University Koblenz-Landau) Regularity of minimizers



All together

|Vul? |V ul? |Vu- x|
/ Ri2 =€ Ra—a T C(e) T
Br Byg Byr\Br

2 2
/ VoexP ¢ / va
Bg || BRR

@ iteration gives

\Vu-x|2 |Vu|2 0,00
[
R

What we really needed - F independent of u:
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All together

|Vul? |V ul? |Vu- x|
/ Ri2 =€ Ra—a T C(e) T
Br Byg Byr\Br

2 2
/ VoexP ¢ / va
Bg || BRR

@ iteration gives

\Vu-x|2 |Vu|2 0,00
[
R

What we really needed - F independent of u:
(]

e(1+ )P %0 - x> < Fpen) xix;

|Fpxil < C(L+[n))" 2]y - x|
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What to do for F depending on u
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What to do for F depending on u

Consider the prototype case:

3 u2 2
P = 22

Euler-Lagrange equations then takes the form

—Di(a(|uP)Die”) + A ([uP)u’|VuP = £ v=1,...,N

o Testing by (v — UR)7R:
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What to do for F depending on u

Consider the prototype case:

3 u2 2
P = 22

Euler-Lagrange equations then takes the form

—Di(a(|uP)Die”) + A ([uP)u’|VuP = £ v=1,...,N

o Testing by (v — UR)7R:
» the first term is ok
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What to do for F depending on u

Consider the prototype case:

Euler-Lagrange equations then takes the form

2

R (1

—Di(a(|uP)Die”) + A ([uP)u’|VuP = £ v=1,...,N

o Testing by (v — UR)7R:
> the first term is ok

» to handle the second term we need to show that for some ¢ < 1 there

exists R < 1 such that

Steinhauer (University Koblenz-Landau)
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What to do for F depending on u

Consider the prototype case:

Euler-Lagrange equations then takes the form

2

R (1

—Di(a(|uP)Die”) + A ([uP)u’|VuP = £ v=1,...,N

o Testing by (v — UR)7R:
> the first term is ok

» to handle the second term we need to show that for some ¢ < 1 there

exists R < 1 such that

I,

‘U—UR|p

Rd <el<=

J

VP _
Ri—p =°
R

@ we need apriori something what we want to show :(
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What to do for F depending on u

Consider the prototype case:

Euler-Lagrange equations then takes the form

2

R (1

—Di(a(|uP)Die”) + A ([uP)u’|VuP = £ v=1,...,N

o Testing by (v — UR)7R:
> the first term is ok

» to handle the second term we need to show that for some ¢ < 1 there

exists R < 1 such that

I,

‘U—UR|p

Rd

<e

=

J

VP _
Ri—p =°
R

@ we need apriori something what we want to show :(
@ One-sided condition appears
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Use of the one-sided condition
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Use of the one-sided condition
@ One sided condition reads:

e < a(s)+4d(s)s

foralls >0
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Use of the one-sided condition

@ One sided condition reads:

e < a(s)+4(s)s foralls >0

@ Test by urg (not (v — dr) & neglect not important terms)

[ (@) + 2 uP)uf?) [Vulre < [ full DeuDira
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Use of the one-sided condition

@ One sided condition reads:

e < a(s)+4(s)s foralls >0

@ Test by urg (not (v — dr) & neglect not important terms)

[ (@) + 2 uP)uf?) [Vulre < [ full DeuDira

@ Use one-sided condition for left hand side and use the "good”
procedure for the right hand side

/€|VU|2TR < C/|U— iR||DkuDiTr| + |GR|| Dk uDy TR
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Use of the one-sided condition I
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Use of the one-sided condition I

@ We get (after some simplifications)

1
2 2 2

/ [Vu dx| < Clax| / [Vu dx| 4 OK

Br Ix]| Bor\Br |x|
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Use of the one-sided condition I

@ We get (after some simplifications)

1
2 2 2

/ [Vu dx| < Clax| / [Vu dx| 4 OK

Br Ix]| Bor\Br |x|

@ Frehse's inhomogeneous hole-filling

- |Vu-x|? Cc
< ( E. — <
|UR| — /BR |X|d - ||n R|
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Use of the one-sided condition I

@ We get (after some simplifications)

/ |Vu-x?
Bg |x|9

< Clar| ( /
Byr\Br

1
2\ 2
|[Vu- x| ) 4 OK

x|

@ Frehse's inhomogeneous hole-filling

T =¢] —

@ Improved inhomogeneous hole-filling

|Gr| < C|InR|? | =

Steinhauer (University Koblenz-Landau)
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Use of the one-sided condition I

@ We get (after some simplifications)

/ |Vu-x?
Br

x|

1
2\ 2
< Cla| (/ W"f) + 0K
Byr\Br |x|

@ Frehse's inhomogeneous hole-filling

T =¢] —

2
/|Vu-x| < C
o S

Bg

Ix| [InR|

@ Improved inhomogeneous hole-filling

|Gr| < C|InR|? | =

@ Surprise:

Js

|Vu-x|2< C
Ix|¢ = [In]InR]|

|Vu-x|?

<C

x|~

Steinhauer (University Koblenz-Landau)
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Use of the one-sided condition IlI
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Use of the one-sided condition Il
@ The method works only for p = 2. For p # 2

we need: |igg| < C|ln R|mi"(1/2’1/p,), but we know: |dg| < C|In R|max(1/2’1/p,)
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Use of the one-sided condition Il
@ The method works only for p = 2. For p # 2
we need: |dr| < ClIn R|min(1/2’1/p/), but we know: |dg| < C|In R|max(1/2’1/pl).

@ Indirect approach: Show that

. VulP " -
lim / | du| = 0| = everywhere Holder continuity.
R—0 /g, Rd—p

Test by (u” — ¢”)7r, where

, {o if |3"| — C < oo,
c =

@ if @] = oo
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Use of the one-sided condition Il
@ The method works only for p = 2. For p # 2
we need: |dr| < ClIn R|min(1/2’1/p/), but we know: |dg| < C|In R|max(1/2’1/pl)

@ Indirect approach: Show that

. VulP " -
lim / | du| = 0| = everywhere Holder continuity.
R—0 /g, Rd—p

Test by (u” — ¢”)7r, where

, {o if |3"| — C < oo,
c =

-V

g’ if |7 = oo
[VulP |u—c||Vu\”_2|Vu-x| v
/BR Rdip S ¢ Brr Rd*P+2 + |FUV(U, VU)C ‘ + OK
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Use of the one-sided condition IlI

@ The method works only for p = 2. For p # 2

we need: |dr| < ClIn R|min(1/2’1/p/), but we know: |dg| < C|In R|max(1/2’1/pl).

@ Indirect approach: Show that

. VulP " -
lim / | du| = 0| = everywhere Holder continuity.
R—0 /g, Rd—p

Test by (u” — ¢”)7r, where

, {o if |3"| — C < oo,
c =

-V

g’ if |7 = oo

[VulP lu— c||VulP?|Vu - x| y
/BR Rd=p = ¢ Bor Rd—p+2 + |FUV(U,VU)C ‘+ OK

@ |Fu(u,Vu)c”| ~ |Fuv(u, Vu)u”|

‘ |Fur (u,m)| < C(1+ |u”|)_1g(u")|77|p A with g(s) — 0 as s — oo.
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Main result

Assumptions on F revisited
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Assumptions on F revisited

@ Fis a C! function
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Assumptions on F revisited
@ Fisa C! function
@ Growth conditions

1P () (1 + [nl) + [ F ()| + [Fulu, m)| < K(L+ [n])? |
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Main result

Assumptions on F revisited

@ Fis a C! function
@ Growth conditions

1P () (1 + [nl) + [ F ()| + [Fulu, m)| < K(L+ [n])? |

@ Conditions for Noether

Fuy (u,n)nj — pF(u,n) > —K(1+ [n])*~*

For (u,m)nf xix; > e(1+ [n])P%|n - x|?
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Main result

Assumptions on F revisited

@ Fis a C! function
@ Growth conditions

[1Fa(u,m) (1 + ) + [Fu,0)| + |Fu(u,m)] < K(1+ [n])? ]

@ Conditions for Noether

Fuy (u,n)nf — pF(u,n) > —K(1+ [n])*~*

)

For (u,m)nf xixg > e(1+ [n])P%|n - x|?

@ Conditions for Caccioppoli

|Fup (usm)x| < KL+ [n))"2|n - x|
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Main result

Assumptions on F revisited

@ Fis a C! function
@ Growth conditions

[1Fa(,m) (L + [0]) + [Fu, )] + [Fu(u,m)] < K(L+ [n])?

Conditions for Noether

Fuy (u,n)nf — pF(u,n) > —K(1+ [n])*~*

)

For (u,m)nf xixg > e(1+ [n])P%|n - x|?

@ Conditions for Caccioppoli

|Fup (usm)x| < KL+ [n))"2|n - x|

@ Conditions for inhomogeneous hole-filling - one-sided condition

Fop ()l + Fu ()’ > elnl” — K
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The result

Theorem (Buli¢ek, Frehse, Steinhauer)

V.
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The result

Theorem (Buli¢ek, Frehse, Steinhauer)

o Let F satisfies the growth conditions and the conditions for
Noether. Then any minimizer belongs to BMO.
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The result

Theorem (Buli¢ek, Frehse, Steinhauer)

o Let F satisfies the growth conditions and the conditions for
Noether. Then any minimizer belongs to BMO.

@ Moreover, if F satisfies conditions for Caccioppolli and one-sided
condition, then any bounded minimizer is Holder continuous.

y
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The result
Theorem (Buli¢ek, Frehse, Steinhauer)

o Let F satisfies the growth conditions and the conditions for
Noether. Then any minimizer belongs to BMO.

@ Moreover, if F satisfies conditions for Caccioppolli and one-sided
condition, then any bounded minimizer is Holder continuous.

@ Even more, if there exists a constant C such that for xo € Q and all
R e (0,1)
min( l 4
|85(s0)| < C(1+ [In R)™Z7)

then minimizer is Holder continuous in a neighborhood of xg.

y
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The result
Theorem (Buli¢ek, Frehse, Steinhauer)

o Let F satisfies the growth conditions and the conditions for
Noether. Then any minimizer belongs to BMO.

@ Moreover, if F satisfies conditions for Caccioppolli and one-sided
condition, then any bounded minimizer is Holder continuous.

@ Even more, if there exists a constant C such that for xo € Q and all
R e (0,1)
a,L
|TB4(x0)| < C(1 + | In RI)™" @57
then minimizer is Holder continuous in a neighborhood of xg.

o Moreover, if p = 2 then any minimizer is Holder continuous.
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The result

Theorem (Buli¢ek, Frehse, Steinhauer)

Let F satisfies the growth conditions and the conditions for
Noether. Then any minimizer belongs to BMO.

Moreover, if F satisfies conditions for Caccioppolli and one-sided
condition, then any bounded minimizer is Holder continuous.

Even more, if there exists a constant C such that for xp € Q and all
R e (0,1)
min( l 4
|85(s0)| < C(1+ [In R)™Z7)

then minimizer is Holder continuous in a neighborhood of xg.

Moreover, if p = 2 then any minimizer is Holder continuous.

In addition, if |F,(u,n)||lu| — 0 as |u| — oo then minimizer is Hélder
continuous.

v
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The result

Theorem (Buli¢ek, Frehse, Steinhauer)

Let F satisfies the growth conditions and the conditions for
Noether. Then any minimizer belongs to BMO.

Moreover, if F satisfies conditions for Caccioppolli and one-sided
condition, then any bounded minimizer is Holder continuous.

Even more, if there exists a constant C such that for xo € Q and all
R € (0,1)
(2
|40 < C(L+ [In R)™ G5

then minimizer is Holder continuous in a neighborhood of xp.
Moreover, if p = 2 then any minimizer is Holder continuous.

In addition, if |F,(u,n)||lu| — 0 as |u| — oo then minimizer is Hélder
continuous.

If F(u,A\n) = A\PF(u,n) then any bounded (or globally in BMO)
minimizer on RY is constant.

v
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Applicability of Theorem

Define
Qun(u, x,m, 1) := AR (u) by (x)nf )

Steinhauer (University Koblenz-Landau) Regularity of minimizers



Applicability of Theorem

Define
Qm(u, X, 1, M) = Aiﬁ(u)bu(x)nlaﬂf
Possible settings of F are

F(Xv u, 77) = (Z Qm(uv X, 1, 77))

p .
2 (convex, not diagonal),

F(x,u,n) = H(Qm(u,x,n, n))PTm (not convex)

with pm € R such that

> pm=p
m
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Main result

Applicability of Theorem

Define
Qm(uaxanv M) = Aiﬁ(u)bu(x)nlaﬂf

Possible settings of F are

F(Xv u, 77) = (Z Qm(uv X, 1, 77))

p .
2 (convex, not diagonal),

F(x,u,n) = H(Qm(u,x,n, n))me (not convex)

with pm € R such that

> pm=p
m

Generally

F(X7 Uﬂ?) = ﬁ(X, u, |QI(U, X, 1, 77)|7 ce |QM(U7X$77777)‘)

is possible,
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Main result

Applicability of Theorem

Define
Qm(uaxanv M) = Aiﬁ(u)bu(x)nlaﬂf

Possible settings of F are

F(Xv u, 77) = (Z Qm(uv X, 1, 77))

p .
2 (convex, not diagonal),

F(x,u,n) = H(Qm(u,x,n, n))me (not convex)

with pm € R such that

> pm=p
m

Generally

F(X7 Uﬂ?) = ﬁ(X, u, |QI(U, X, 1, 77)|7 ce |QM(U7X777777)‘)

is possible, while in the Uhlenbeck setting we require

F(x,u,n) = I:'(x7 u,|Vul) | or more generally | F(x, u,n) := ﬁ(x, u, |Q(u, x,n,m)|)
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