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Homogenization in general

> equation with rapidly oscillating variables
—divA (g, u(x), Vu(x)) = g(x) in Q

A periodic in first varible

> equations on a domain with a shrinking microstructure

nnnnnn

—div(A(x, u(x), Vu(x)) = g(x) in Q. RN,
.

The aim is to establish equation without the dependence on the
microstructure whose solution is a good approximation of the
solution of initial problem.



Nondimensional form of stationary Stokes system

1 . 1 .
e div (n(Du)Du) + EuVp = ﬁf in Q
divu=0in Q
u=0on 02

macroscopic characteristics of the porous media Q:
Re Reynolds number

Eu Euler number

Fr Froude number



Generalization of the power law

'(Ip
n(Du) = ¢|(|DUT|)
¢ :[0,00) = [0,00) is N-function if 3¢’ such that
1. ¢ is (right)continuous, non-decreasing,
2. ¢'(0) =0,
3. ¢/(t) >0 fort > 0.
Aj-condition Fc>0 Vit > 0: ¢(2t) < cy(t)
examples:

p(t) = £ p>0, 9(t) = gtergys #(t) = (t+1)1

og(t+1)—t



Sobolev-Orlicz spaces

Let Q Cc RY be open.
Orlicz space

19(Q) = {u € 1L.(Q), /Q o(Ju]) < oo}

fullp =iof {0 [ o (1) <1}

Sobolev-Orlicz space
We(Q) = {u € LP(Q): Vu € L?(Q)}
ullre = llully + [Vl

1, o 1oyl
WO(,ﬁiv)(Q) - CO(,div)(Q) i



System of interest

€ ratio of the microscopic length and the characteristic length of
the porous medium

Re ~ e 7 ,Eun~ &b Fr~e P

Du, )
—&7div (@'(|Dug)|Dz ’) +&°Vp. = %F in Q.

without loss of generality 5 =0, § =0

Du,
|Du,|

—e7div (@’(|Dug|) > +Vp.=fin Q.

divu, = 0in €, (GS:)
u. = 0 on 99,



The resulting system

Theorem
Let v=1. The functions uq, py satisfy for almost all x € Q

. Dyuo(x,y
i, (D00 ) o)) 19, y)
=f(x)—Vxpo(x) inY
divyug=0inY
w Y — periodic.



Known results

Tartar '80

Nguetseng '89

Allaire '92

Bourgeat, Mikeli¢ '96

Nnang, Tachago '13

derivation of Darcy law via homogenization
of Stokes problem

introduction and using of 2-s convergence

obstacle size involves the form of the ho-
mogenized system

homogenization of stationary p-NS

2-s convergence in Orlicz setting



Geometry of a porous medium

Ye

Y =(0,1)4, d=2,3

Ys solid part of Y A
Ye fluid part of Y

B(35) C Ys C B(3) e

a periodic repetition

Y =e(Y + k), k€ Z? (Y scaled to
e-length)

Es = Uygzd Y§

Q. = Q\ Es fluid part of a porous
medium Q € CO1(RY)




Korn's type inequalitites

Lemma (Korn I)
A1, 2 > 0 W € Wy¥(Q):

/Q A(VV)) < a1 /Q #(1Dv))

Vvl < e Dvllp

Lemma (Korn I1)
Jdci, 0,c3,c4 >0 Vv € W&’”(QE):

/Q oM <a /Q o(elVV]) < o /Q o(c|Dv))

Ivlle.0. < cael[Vvllp0. < cacl|Dvllya.



Two-scale convergence |

Definition

A sequence {v., } C L¥(RQ) is said to converge weakly two-scale in
L?(Q) to v € LP(Q x Y) (ve, == v) if for any

0 € L9 (Q; Coer(Y))

Jim, /Q Ve, ()0 <x, ;)dx: /Q /Y v(x, y)o(x, y)dydx.

Theorem
From any bounded sequence in L?(2) one can extract a
subsequence which converges weakly two-scale in L¥(Q).



Two-scale convergence |l

Lemma
Let {v.,},{ekVv.,} be bounded in L#(Q)=Jve L#(Q; Wait(Y)),

2—s 2—s
{Ve, }ive, = v, €, Vxve, — Vyv.
1 ! |

Lemma
Let w € C&(2; Cpg,(Y)). Then

elkimo/ﬂ¢ <ekvxw <x, ;)) dx = /Q/YQJ(V},W(X,y))dydx.

Lemma
Let & € CY(RY*Y) be convex, 0< d(¢) <p([€]). Let &, 2= ¢.
Then

|iminf/ﬂq>(ggk)dx2/Q/YMg(x,y))dydx.

Ek%O



Weak solution

Let f € LY (Q). u. € WOldlv(Q) is a weak solution of (GS;) if
W e Woh, ()

der, >0 Ve:/ (|Du.]) <c1/ o ( el™ 7f])
Q.

| e o) e [ o)
Q. Q.



Extensions |

» u. = 0 on 9Q. = u, extended by zero in Q\ Q. is bounded
uniformly with respect to ¢ in Wolgfv(Q)

» Extension of p. is not obvious. We want this extension to be
bounded in L¥"(Q)!



Extensions |

» u. = 0 on 9Q. = u, extended by zero in Q\ Q. is bounded
uniformly with respect to ¢ in W(igfv(ﬂ)

» Extension of p. is not obvious. We want this extension to be
bounded in L¥"(Q)!
Extension solved by L. Tartar who introduced and applied the
restriction operator.



Restriction operator

Lemma
There exists a restriction operator R. : Wy (Q) — Wy ¥ () with
properties:

R. is linear

R-(w)=w for we W, #(Q.) extended by 0 on Q\ Q.
divw=0 in Q = div R.(w)=0 in Q.

[R:(W)llgia. < c([lwllpn + el VWiipa)

1
IR0, < ¢ (ZIwloa + [Twlaa)



Extensions I

pressure reconstruction

‘ | +/ fv.

—7
(VP V) e 0.y w20 =€ /Q (
define G. € (W,*(Q))*

(CerVhwge @y wg (@) = (VP ReV) ooy w0y

divv=0in Q=divRv=0in Q. = (G.,v) =0
= G. = Vp;, p- € LY (Q)



Pressure estimates

(VP V) w9 wg (@)
< 2¢7[|¢'(| Duc])ll+ . || DRev|
< (et +1)(lIv|

2.0 FIfllo .| Revll 0.
pate|Vvleq)

= HVEH(WOL“P(Q))* <cify>1

Hquo*,Q < CquH(WOW’(Q))*

= [IPellro < ¢



Weak convergencies

Korn |

[Ducllp0 < c == [[Vu.[l,0 < ¢

Korn 1|

= 3“07{u€k}
IDucllp0 < ¢ === e Hucfpa < ¢

-1 2—s
> £ U — Ug
2—s
» Viu. — Vyug
2—s
» Dyu. — Dyug

||VEH(W01"P(Q))* <c

} :>EhM7{ﬁa}

IP=llor < c

> VP, — Vpo in (W #(Q))*
> P, — po in LY (Q)



Strong convergence of the pressure |

Proposition
Let X be a reflexive Banach space. Let {f,} C X* be such that
fo 2220 F in X* and for any {wn} C X such that w, 270w the

following convergence holds true

(Foy W) 2225 (Fw).

Then £, Z=°% f in X*.



Strong convergence of the pressure |l

Need
<Vp€k’ W€k> <Vp07 >

for any w,, 220 win W, # ()
| (VP we,) = (Vpo, w) | <[(VPz,, we, —w) [+] (VP2 — Vo, w) |
— L, L,

ey < clwe, —wllp0 + exl|V(we, —w)llp0

ex—0
k

ex—0

L, 2250, 1, 250
> Vps, — Vpo in (W, #(Q))*

> P, — po in LY (Q)



Sketch of the proof |



Sketch of the proof Il

[ [ otip,weenn = [ o10,utx )
// (x,¥) = to(x,)) //Poxy)dlvx (x,¥)

A>0, wel?(Q), ze G (Y),divyz=0inY

Minty's trick with W = ug + Awz

Dyu
</ 90/(\Dyuo)!)yODyz—/ (f — Vpo) z, w> —0
Y By ol Y L™ (@), L7(2)

j.e. fora.e. xe N

D,u
/so’(lDyuo)l)yODyz—/ (f —Vpo)z=0
Y |Dyuo| Y



Natural questions

Q1 What can we expect in the stationary Navier-Stokes case?
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Natural questions

Q1 What can we expect in the stationary Navier-Stokes case?
Q2 How to proceed in the evolutionary case?
Q3 How to treat the case v # 17



Thank you for attention!



