
Homogenization of a non-Newtonian flow
through a porous medium

Martin Kalousek

May 3, 2014



Homogenization in general

I equation with rapidly oscillating variables

− div A
(x

ε
, u(x),∇u(x)

)
= g(x) in Ω

A periodic in first varible

I equations on a domain with a shrinking microstructure

− div(A(x , u(x),∇u(x)) = g(x) in Ωε

W
¶

¶

The aim is to establish equation without the dependence on the
microstructure whose solution is a good approximation of the
solution of initial problem.



Nondimensional form of stationary Stokes system

− 1

Re
div (η(Du)Du) + Eu∇p =

1

Fr
f in Ω

div u = 0 in Ω

u = 0 on ∂Ω

macroscopic characteristics of the porous media Ω:
Re Reynolds number
Eu Euler number
Fr Froude number



Generalization of the power law

η(Du) = ϕ′(|Du|)
|Du|

ϕ : [0,∞)→ [0,∞) is N-function if ∃ϕ′ such that

1. ϕ′ is (right)continuous, non-decreasing,

2. ϕ′(0) = 0,

3. ϕ′(t) > 0 for t > 0.

∆2-condition ∃c>0 ∀t > 0 : ϕ(2t) ≤ cϕ(t)
examples:
ϕ(t) = tp

p p>0, ϕ(t) = t2

log(t+e) , ϕ(t) = (t + 1) log(t + 1)− t



Sobolev-Orlicz spaces

Let Ω ⊂ Rd be open.
Orlicz space

Lϕ(Ω) = {u ∈ L1
loc(Ω),

∫
Ω
ϕ(|u|) <∞}

‖u‖ϕ = inf

{
λ > 0;

∫
Ω
ϕ

(
|u|
λ

)
≤ 1

}
Sobolev-Orlicz space

W 1,ϕ(Ω) = {u ∈ Lϕ(Ω): ∇u ∈ Lϕ(Ω)}
‖u‖1,ϕ = ‖u‖ϕ + ‖∇u‖ϕ

W 1,ϕ
0(,div)(Ω) = C∞0(,div)(Ω)

‖·‖1,ϕ



System of interest

ε ratio of the microscopic length and the characteristic length of
the porous medium

Re ∼ ε−γ ,Eu ∼ εδ,Fr ∼ ε−β

−εγ div

(
ϕ′(|Duε|)

Duε
|Duε|

)
+ εδ∇pε = εβf in Ωε

without loss of generality β = 0, δ = 0

−εγ div

(
ϕ′(|Duε|)

Duε
|Duε|

)
+∇pε = f in Ωε

div uε = 0 in Ωε (GSε)

uε = 0 on ∂Ωε



The resulting system

Theorem
Let γ=1. The functions u0, p0 satisfy for almost all x ∈ Ω

− divy

(
ϕ′(|Dyu0(x , y)|) Dyu0(x , y)

|Dyu0(x , y)|

)
+∇yπ(x , y)

= f(x)−∇xp0(x) in Y

divy u0 = 0 in Y

π Y − periodic.



Known results

Tartar ’80 derivation of Darcy law via homogenization
of Stokes problem

Nguetseng ’89 introduction and using of 2-s convergence

Allaire ’92 obstacle size involves the form of the ho-
mogenized system

Bourgeat, Mikelić ’96 homogenization of stationary p-NS

Nnang, Tachago ’13 2-s convergence in Orlicz setting



Geometry of a porous medium

Y = (0, 1)d , d = 2, 3
YS solid part of Y
YF fluid part of Y
B( 1

20 ) ⊂ YS ⊂ B( 1
4 )

B J 1

20
NYS

B J 1

4
N

YF

a periodic repetition
Y ε
k = ε(Y + k), k ∈ Zd (Y scaled to

ε-length)
ES = ∪k∈Zd Y ε

S

Ωε = Ω \ ES fluid part of a porous
medium Ω ∈ C 0,1(Rd)



Korn’s type inequalitites

Lemma (Korn I)

∃c1, c2 > 0 ∀v ∈W 1,ϕ
0 (Ω):∫

Ω
ϕ(|∇v|) ≤ c1

∫
Ω
ϕ(|Dv|)

‖∇v‖ϕ,Ω ≤ c2‖Dv‖ϕ,Ω

Lemma (Korn II)

∃c1, c2, c3, c4 > 0 ∀v ∈W 1,ϕ
0 (Ωε) :∫

Ωε

ϕ(|v|) ≤ c1

∫
Ω
ϕ(ε|∇v|) ≤ c2

∫
Ω
ϕ(ε|Dv|)

‖v‖ϕ,Ωε ≤ c3ε‖∇v‖ϕ,Ωε ≤ c4ε‖Dv‖ϕ,Ωε



Two-scale convergence I

Definition
A sequence {vεk} ⊂ Lϕ(Ω) is said to converge weakly two-scale in

Lϕ(Ω) to v ∈ Lϕ(Ω× Y ) (vεk
2−s−−⇀ v) if for any

σ ∈ Lϕ
∗

(Ω; Cper (Y ))

lim
εk→0

∫
Ω

vεk (x)σ

(
x ,

x

εk

)
dx =

∫
Ω

∫
Y

v(x , y)σ(x , y)dydx .

Theorem
From any bounded sequence in Lϕ(Ω) one can extract a
subsequence which converges weakly two-scale in Lϕ(Ω).



Two-scale convergence II

Lemma
Let {vεk}, {εk∇vεk} be bounded in Lϕ(Ω)⇒∃v ∈Lϕ(Ω; W 1,ϕ

per (Y )),

{vεkl } : vεkl
2−s−−⇀ v , εkl∇xvεkl

2−s−−⇀ ∇yv.

Lemma
Let w ∈ C∞C (Ω; C∞per (Y )). Then

lim
εk→0

∫
Ω

Φ

(
εk∇xw

(
x ,

x

εk

))
dx =

∫
Ω

∫
Y

Φ(∇yw(x , y))dydx .

Lemma
Let Φ ∈ C 1(Rd×d) be convex, 0≤Φ(ξ)≤ϕ(|ξ|). Let ξεk

2−s−−⇀ ξ.
Then

lim inf
εk→0

∫
Ω

Φ(ξεk )dx ≥
∫

Ω

∫
Y

Φ(ξ(x , y))dydx .



Weak solution

Let f ∈ Lϕ
∗
(Ω). uε ∈W 1,ϕ

0,div(Ω) is a weak solution of (GSε) if

∀v ∈W 1,ϕ
0,div(Ωε)

εγ
∫

Ωε

ϕ′(|Duε|)
Duε
|Duε|

Dv =

∫
Ωε

fv

∃c1, c2>0 ∀ε :

∫
Ωε

ϕ(|Duε|) ≤ c1

∫
Ωε

ϕ∗(|ε1−γf|)∫
Ωε

ϕ∗
(
ϕ′(|Duε|)

)
≤ c2

∫
Ωε

ϕ∗(|ε1−γf|)



Extensions I

I uε = 0 on ∂Ωε ⇒ uε extended by zero in Ω \ Ωε is bounded
uniformly with respect to ε in W 1,ϕ

0,div(Ω)

I Extension of pε is not obvious. We want this extension to be
bounded in Lϕ

∗
(Ω)!

Extension solved by L. Tartar who introduced and applied the
restriction operator.
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Restriction operator

Lemma
There exists a restriction operator Rε : W 1,ϕ

0 (Ω)→W 1,ϕ
0 (Ωε) with

properties:

Rε is linear

Rε(w)=w for w∈W 1,ϕ
0 (Ωε) extended by 0 on Ω \ Ωε

div w =0 in Ω⇒ div Rε(w)=0 in Ωε

‖Rε(w)‖ϕ;Ωε ≤ c (‖w‖ϕ;Ω + ε‖∇w‖ϕ;Ω)

‖∇Rε(w)‖ϕ;Ωε ≤ c

(
1

ε
‖w‖ϕ;Ω + ‖∇w‖ϕ;Ω

)



Extensions II

pressure reconstruction

〈∇pε, v〉(W 1,ϕ
0 (Ωε))∗,W 1,ϕ

0 (Ωε)
=εγ

∫
Ωε

ϕ′(|Duε|)
Duε
|Duε|

Dv+

∫
Ωε

fv.

define Gε ∈ (W 1,ϕ
0 (Ω))∗

〈Gε, v〉(W 1,ϕ
0 (Ω))∗,W 1,ϕ

0 (Ω)
=〈∇pε,Rεv〉(W 1,ϕ

0 (Ωε))∗,W 1,ϕ
0 (Ωε)

.

div v = 0 in Ω⇒ div Rεv = 0 in Ωε ⇒ 〈Gε, v〉 = 0
⇒ Gε = ∇pε, pε ∈ Lϕ

∗
(Ω)



Pressure estimates

〈∇pε, v〉(W 1,ϕ
0 (Ω))∗,W 1,ϕ

0 (Ω)

≤ 2εγ‖ϕ′(|Duε|)‖ϕ∗,Ωε‖DRεv‖ϕ,Ωε +‖f‖ϕ∗,Ωε‖Rεv‖ϕ,Ωε

≤ c(εγ−1 + 1) (‖v‖ϕ,Ω+ε‖∇v‖ϕ,Ω)

⇒ ‖∇pε‖(W 1,ϕ
0 (Ω))∗ ≤ c if γ ≥ 1

‖q‖ϕ∗,Ω ≤ c‖∇q‖
(W 1,ϕ

0 (Ω))∗

⇒ ‖pε‖ϕ∗,Ω ≤ c



Weak convergencies

‖Duε‖ϕ,Ω ≤ c
Korn I
===⇒ ‖∇uε‖ϕ,Ω ≤ c

‖Duε‖ϕ,Ω ≤ c
Korn II
====⇒ ε−1‖uε‖ϕ,Ω ≤ c

⇒ ∃u0, {uεk}

I ε−1uε
2−s−−⇀ u0

I ∇xuε
2−s−−⇀ ∇yu0

I Dxuε
2−s−−⇀ Dyu0

‖∇pε‖(W 1,ϕ
0 (Ω))∗ ≤ c

‖pε‖ϕ∗,Ω ≤ c

}
⇒ ∃p0, {pεk}

I ∇pεk ⇀ ∇p0 in (W 1,ϕ
0 (Ω))∗

I pεk ⇀ p0 in Lϕ
∗
(Ω)



Strong convergence of the pressure I

Proposition

Let X be a reflexive Banach space. Let {fn} ⊂ X ∗ be such that
fn

n→∞−−−⇀ f in X ∗ and for any {wn} ⊂ X such that wn
n→∞−−−⇀ w the

following convergence holds true

〈fn,wn〉
n→∞−−−→ 〈f ,w〉 .

Then fn
n→∞−−−→ f in X ∗.



Strong convergence of the pressure II

Need
〈∇pεk ,wεk 〉

εk→0−−−→ 〈∇p0,w〉

for any wεk
εk→0−−−⇀ w in W 1,ϕ

0 (Ω)

| 〈∇pεk ,wεk 〉 − 〈∇p0,w〉 |≤| 〈∇pεk ,wεk −w〉 |+| 〈∇pεk −∇p0,w〉 |
=: Iεk +IIεk

Iεk ≤ c‖wεk −w‖ϕ,Ω + εk‖∇(wεk −w)‖ϕ,Ω

Iεk
εk→0−−−→ 0, IIεk

εk→0−−−→ 0

I ∇pεk → ∇p0 in (W 1,ϕ
0 (Ω))∗

I pεk → p0 in Lϕ
∗
(Ω)



Sketch of the proof I

vεk :=ε−1
k uεk

Ψεk (x) :=Ψ
(

x , x
εk

)
∫

Ω
ϕ(|εkDΨεk )|)−

∫
Ω
ϕ(|εkDvεk |)

≥
∫

Ω
ϕ′(|εkDvεk |)

Dvεk
|Dvεk |

εkD(Ψεk − vεk )

=

∫
Ω

f(Ψεk − vεk )+

∫
Ω

pεk div(Ψεk − vεk )



Sketch of the proof II

∫
Ω

∫
Y
ϕ(|DyΨ(x , y))|)−

∫
Ω
ϕ(|Dyu0(x , y)|)

≥
∫

Ω

∫
Y

f(Ψ(x , y)− u0(x , y))+

∫
Ω

∫
Y

p0(x , y) divx Ψ(x , y)

λ > 0, w ∈ Lϕ(Ω), z ∈ C 1
per (Y ), divy z = 0 in Y

Minty’s trick with Ψ = u0 + λwz〈∫
Y
ϕ′(|Dyu0)|) Dyu0

|Dyu0|
Dyz−

∫
Y

(f −∇p0) z ,w

〉
Lϕ∗ (Ω),Lϕ(Ω)

=0

i.e. for a.e. x ∈ Ω∫
Y
ϕ′(|Dyu0)|) Dyu0

|Dyu0|
Dyz−

∫
Y

(f −∇p0) z =0



Natural questions

Q1 What can we expect in the stationary Navier-Stokes case?

Q2 How to proceed in the evolutionary case?
Q3 How to treat the case γ 6= 1?
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Thank you for attention!


