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System of equations

We consider the system of nonlinear parabolic equations
u; — div (|Vu[P~2Vu) = B(-, u, Vu),

for a vector u = (ul,...u™) of functionsu: Ry x Q — R and p > 2
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System of equations

We consider the system of nonlinear parabolic equations
u; — div (|[Vu|P72Vu) = B( -, u, Vu),

for a vector u = (u*,...u™) of functionsu: Ry x Q — R and p > 2

Growth condition

We assume that the functions B: Q x R™ x R™*" — R satisfy following
growth condition

IB(x,u, Vu)| < A[VulP.
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Example (p-harmonic flow)
The p-harmonic heat flow with values in a Riemannian manifold A/

u; — div (|Vu[P~2Vu) = |Vu|P2A(u)(Vu, Vu),

where A(u)(x) is the second fundamental form of the manifold at u(x) for

any x € Q.

Example (N = S9)
u; — div (|[VulP72Vu) = |VulPu
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Case p=2

Eells, Sampson ('64) m=2, curv N <0
Struwe ('85, '88); Struwe, Chen ('89) weak solutions, A/ — arbitrary
Coron, Ghidaglia ('89) blow-up for N' = S"
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Case p=2

Eells, Sampson ('64) m=2, curv N <0
Struwe ('85, '88); Struwe, Chen ('89) weak solutions, A/ — arbitrary
Coron, Ghidaglia ('89) blow-up for N' = S"

Case p > 2

Hungerblihler ('96) A — homogeneous space

Hungerbiihler ('97) conformal case p = m

Misawa ('98) curv N <0

Misawa ('02) partial regularity under small image condition
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Proposition (L9 estimates)
Assume

o uc LP((0, T], W2P(Q)) is a weak solution;

° p<q< oo

o |[u|io((0,1],BMO(Q)) < € for a constant e = (2, n, p, q,\)
Then Vu € L] ((0, T] x Q).

loc
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Proposition (L9 estimates)
Assume

o uc LP((0, T], W2P(Q)) is a weak solution;

e p<g< oo

o |[u|io((0,1],BMO(Q)) < € for a constant e = (2, n, p, q,\)
Then Vu € L] ((0, T] x Q).

loc

Proposition (L* estimates)

Assume
e uc LP((0, T], W?P()) is a weak solution;
° Yy > P-FT’" 5

Then

1
_prn
IVl (g §C(1+/ |VU|2190>190 :
R/2 Qr

whenever the right hand side is finite.

Kazaniecki, tasica, M. (UW) Conditional regularity for p-parabolic systems May 2, 2014

5/15



Corollary
Assume

e uc LP((0, T], W2P(Q));

® |[ul| e ((0,1],BMO(Q)) < € for a constant e = (2, n, p, \);
Thenu € CL%((0, T] x Q)

loc

see DiBenedetto’'s book.
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—div (|[Vu|P~2Vu) = B(-,u, Vu)

Theorem (T.Riviére, P.Strzelecki)

Let

e uc W2P(Q,R") N BMO(,R") be a weak solution of the above
equation;

1/p
° max{HuHBMO(BR), (RprR |Vu|P dx> } < &1 for a constant

g1 = E]_(ITI, n, p7/\)r.
Then |Vul| € L>°(Bg/s) and

C A 1/p
essmax |Vu| < (m,n,p,)(Rp][ |Vul? dx) .
BR/4 R BR
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Theorem
Let

o Q Cc R™, N be a d-dimensional compact Riemannian manifold
isometrically embedded in R";

e2<p< i
o uc W2P(Q,N) be a p-harmonic map;

Then u is locally Lipschitzon V C Q, V =1IntV s.t. H"72P(Q\ V) = 0.
(If p>n/2, then V =1.)
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Theorem
Let

e Q Cc R™, N be a d-dimensional compact Riemannian manifold
isometrically embedded in R";

°2<p<y;
o uc W2P(Q,N) be a p-harmonic map;

Then u is locally Lipschitzon V C Q, V =IntV s.t. H"2P(Q\ V) = 0.
(If p> n/2, then V =Q.)

Kazaniecki, tasica, M. (UW) Conditional regularity for p-parabolic systems May 2, 2014 8/15



Main tool: interpolation inequality
Let ¢ € Cg°(R"), ¢ >0, s > 2, u€ W2 N BMO. Then

[ v Avu e < Palmo] [ 05Tl 2Rl ox

VR / w5|vu|de}.
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Main tool: interpolation inequality
Let ¢ € C°(R"), v >0,s>2,ue V\/licl N BMO. Then

/¢s+2‘vu‘s+2 dx < CS2HUH2BMO{/¢s+2yvu’s—2’v2u’2 dx

VR / z,zf|vu|de}.

Parabolic case

.
/o /HWHWU\SH < CSz”“H%OO(BMO)

T T
{ J A i R A e ¢5|Vu|5}
0 RN 0 Rn

For u € L>([0, T], W2X(R")) N L°([0, T], BMO(R")).

loc

v
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Sketch of the proof: Caccioppoli inequality

u; — div (|[VulP72Vu) = B(-, u, Vu)

o Differentiate both sides with respect to x;;
o Test with pj; = C2|Vu|20‘u;j, fora>0,¢ e CX((0,T) xQ), ¢ >0.

We obtain for w = |Vul?
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Sketch of the proof: Caccioppoli inequality

—div (]Vul[P™2Vu) = B(-,u, Vu)

o Differentiate both sides with respect to x;;
e Test with ¢; = (?|Vu[>**ul, for « >0, ¢ € C((0, T) x Q), ¢ > 0.

We obtain for w = |Vul?

-
« p—2+0[ 2, b+a—2 2
esssup/C(t7~)2w +1+7/ /C w? |Vw|
2a+2 e, Ja

7/ /C2W§+ail|vzu|2§ ( = 2_+12a >/ /'VCFWW
a+1/ /CCwa+1+C1 P+a)/ /cjw5+a+1
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Sketch of the proof: Caccioppoli inequality

—div (]Vul[P™2Vu) = B(-,u, Vu)

o Differentiate both sides with respect to x;;
e Test with ¢; = (?|Vu[>**ul, for « >0, ¢ € C((0, T) x Q), ¢ > 0.

We obtain for w = |Vul?

-
« p—2+0[ 2, b+a—2 2
esssup/C(t7~)2w +1+7/ /C w? |Vw|
2a+2 e, Ja

*5/ /Czwg“"llwulzg ( 2p 2_+12a )/ /quwﬁa
aJrl/ /CCWQH-i—Clp—&—a / /ng+(r+1
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Sketch of the proof: smallness condition

To estimate the nasty term we assume

1 1
C1Go(p +20)*||ull o (Bri0) = 570<3

And by interpolation inequality

{(p+0) / / bttt < (—6) IV 61B 1) / / yrraay o
+ <1 _5>/ /C2w5+a_1|v2u2,
2 0 Q

where (2 = ¢)PT22%2 is 3 proper choice of a cut-off function.
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Sketch of the proof: Parabolic embedding

3o

T
/ / R Gar)) <C(m)esssup </ w(t, - )a+1>
0 : te[0,T]

([ et [ fower)
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Sketch of the proof: Parabolic embedding

3o

-
/ / W p20 4 2 (1) < C(m)esssup </ w(t,-)aH)
0 r te[0,T]

() e [0 wt)

Apply
@ Caccioppoli inequality
o Nasty term estimate
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Sketch of the proof: Parabolic embedding

T pH2a 2 1 1 %
/ / w2 tm(atl) <C(m)esssup / W(t;')a+>
0 r tE[O,T] B,
T T
(/ ‘prt‘za|2+l’_2/ /IWI”?M>
0o JB 0 JB

Apply
@ Caccioppoli inequality
o Nasty term estimate

Finally
L 2042
<// wpzzo‘+3v(("+1)) "< C(m,n, R, p)(1 + a)? (//szza + <//wp+220) ZMP)
Qry2 Qr Qr
[
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Sketch of the proof: L[> estimates

By
@ parabolic embedding
@ Caccioppoli inequality
We obtain

1+2
// w2 E e+ +l) < cgr(i+2/m) <1+// Wp+2c;u+2) m
Qy+1

v

I
// wl < cgvm (1 + // wﬁ”>
Qu+1 v

Thus

Notation
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Sketch of the proof: L[> estimates

Which is precisely
b1 < CY(1+ 1Y)

< (1447

Vul|, =sup /M < CB1+ 1§
IVl oo (g ) sup (1+1h)

OJ
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Thank you for your attention!
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