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On the existence of weak solution to the coupled fluid-structure interaction problem for non-Newtonian shear-dependent fluid 1/55



Introduction

The motion of several rigid bodies in viscous fluids

Desjardins, Esteban 99, 2000 the existence of local in time
solutions for incompressible newtonian fluids - up to the first
collision in R2 or ”up to the blow up of the velocity gradient in a
certain Sobolev norm ” in the case Ω ⊂ R3

Conca, Starovoitov, Tucsnak 2000

Gunzburger, Lee, Seregin, 2000
the existence results ”up to the first collisions”

San Martin, Starovoitov, Tucsnak, 2002
2D case , possible collisions must be ”smooth” it means with zero
relative velocities
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Starovoitov, 2005

◮ nonuniqueness of a solution to the problem on motion of a
rigid body in a viscous incompressible fluid

◮ If bodies are of the class C 1,1 and velocity field belong to
L∞(0,T ,L2(Ω)) ∩ L1(0,T ,Kp(S ,Ω)) then if p ≥ n + 1 then
there are no collisions
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h R
3
+

◮ Hesla, 2005

◮ Hillairet, 2006
2D - absence of collisions in viscous fluids

◮ Hillairet, Takahashi 2009 extend result of no collision(falling
body in the half space)

◮ Varet, Hillairet 2013 -existence of weak solution with slip
(local)
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Elastic body or boundary

◮ Desjardins, Esteban, Grandmont, Le Tallec (2001)

◮ Boulakia (2007)

◮ Grandmont (2008)

◮ S. Canic, B. Muha 2013

◮ D. Lengeler, M. R̊užička- Koiter Shell

◮ B. da Veiga, 2004

◮ Guidoboni, Guidorzi, Padula,2011

◮ Guidorzi, Padula, Plotnikov, 2008

◮ Surulescu, 2007

◮ Zauskova, Filo,2010

◮ D. Coutand, S. Shkoller - elastic bodies(2007, 2010,..)
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Equations of motion

Two dimensional non-Newtonian flow

ρ∂tv + ρ (v · ∇) v − div [2µ(|e(v)|)e(v)] + ∇π = 0 (1)

div v = 0
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Equations of motion

Two dimensional non-Newtonian flow

ρ∂tv + ρ (v · ∇) v − div [2µ(|e(v)|)e(v)] + ∇π = 0 (1)

div v = 0

the symmetric deformation tensor

e(v) =
1

2
(∇v + ∇vT )
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Equations of motion

Two dimensional non-Newtonian flow

ρ∂tv + ρ (v · ∇) v − div [2µ(|e(v)|)e(v)] + ∇π = 0 (1)

div v = 0

the symmetric deformation tensor

e(v) =
1

2
(∇v + ∇vT )

typical example

µ(|e(v)|) = µ(1 + |e(v)|2)
p−2

2 p > 1, (2)

p > 2
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Assumption on shear - dependent model

Assumptions : A potential U ∈ C 2(R2×2) of shear stress tensor τ :
1 < p <∞, C1, C2 > 0 we have for all η, ξ ∈ R2×2

sym and
i , j , k, l ∈ {1, 2},

∂U(η)

∂ηij

= τij(η) (3)

U(0) =
∂U(0)

∂ηij
= 0 (4)

∂2U(η)

∂ηmn∂ηrs
ξmnξrs ≥ C1 (1 + |η|)p−2|ξ|2 (5)

∣

∣

∣

∣

∂2U(η)

∂ηij∂ηkl

∣

∣

∣

∣

≤ C2(1 + |η|)p−2. (6)
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Description of domain

Ω(η(t)) ≡ {(x1, x2); 0 < x1 < L, 0 < x2 < R0(x1) + η(x1, t)} ,
0 < t < T
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Description of domain

Ω(η(t)) ≡ {(x1, x2); 0 < x1 < L, 0 < x2 < R0(x1) + η(x1, t)} ,
0 < t < T

a reference radius function R0(x1)
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Description of domain

Ω(η(t)) ≡ {(x1, x2); 0 < x1 < L, 0 < x2 < R0(x1) + η(x1, t)} ,
0 < t < T

a reference radius function R0(x1)
η(x1, t) the domain deformation.
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Coupling the fluid and the geometry of the computational

domain

Γ

Γ

wallΓ

sym

outinΓ Ω

Dirichlet boundary condition on the deformable part of the
boundary Γw (t)

v(x1,R0(x1) + η(x1, t), t) =

(

0,
∂η(x1, t)

∂t

)

, (7)

Γw (t) = {(x1, x2); x2 = R0(x1) + η(x1, t), x1 ∈ (0,L)}.
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The generalized string equation

Ẽρ

[

∂2η

∂t2
− a

∂2η

∂x2
1

+ bη + c
∂5η

∂t∂x4
1

− a
∂2R0

∂x2
1

]

= (8)

g
(

−Tref
f − P ref

w I
)

nref · e2 on Γ0
w .
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The generalized string equation

Ẽρ

[

∂2η

∂t2
− a

∂2η

∂x2
1

+ bη + c
∂5η

∂t∂x4
1

− a
∂2R0

∂x2
1

]

= (8)

g
(

−Tref
f − P ref

w I
)

nref · e2 on Γ0
w .

Tf n , the outside pressure Pw - provide the forcing term
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On the existence of weak solution to the coupled fluid-structure interaction problem for non-Newtonian shear-dependent fluid 10/55



The generalized string equation

Ẽρ

[

∂2η

∂t2
− a

∂2η

∂x2
1

+ bη + c
∂5η

∂t∂x4
1

− a
∂2R0

∂x2
1

]

= (8)

g
(

−Tref
f − P ref

w I
)

nref · e2 on Γ0
w .

Tf n , the outside pressure Pw - provide the forcing term

[(Tref
f −P ref

w I)nref ](x ref ) = [(Tf −Pw I)n](x), x ∈ Γw (t), x ref ∈ Γ0
w ,
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The generalized string equation

Ẽρ

[

∂2η

∂t2
− a

∂2η

∂x2
1

+ bη + c
∂5η

∂t∂x4
1

− a
∂2R0

∂x2
1

]

= (8)

g
(

−Tref
f − P ref

w I
)

nref · e2 on Γ0
w .

Tf n , the outside pressure Pw - provide the forcing term

[(Tref
f −P ref

w I)nref ](x ref ) = [(Tf −Pw I)n](x), x ∈ Γw (t), x ref ∈ Γ0
w ,

Tf = −πI + 2µ(|e(v)|)e(v),
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The generalized string equation

Ẽρ

[

∂2η

∂t2
− a

∂2η

∂x2
1

+ bη + c
∂5η

∂t∂x4
1

− a
∂2R0

∂x2
1

]

= (8)

g
(

−Tref
f − P ref

w I
)

nref · e2 on Γ0
w .

Tf n , the outside pressure Pw - provide the forcing term

[(Tref
f −P ref

w I)nref ](x ref ) = [(Tf −Pw I)n](x), x ∈ Γw (t), x ref ∈ Γ0
w ,

Tf = −πI + 2µ(|e(v)|)e(v),

n is the unit outward normal on Γw (t),
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The generalized string equation

Ẽρ

[

∂2η

∂t2
− a

∂2η

∂x2
1

+ bη + c
∂5η

∂t∂x4
1

− a
∂2R0

∂x2
1

]

= (8)

g
(

−Tref
f − P ref

w I
)

nref · e2 on Γ0
w .

Tf n , the outside pressure Pw - provide the forcing term

[(Tref
f −P ref

w I)nref ](x ref ) = [(Tf −Pw I)n](x), x ∈ Γw (t), x ref ∈ Γ0
w ,

Tf = −πI + 2µ(|e(v)|)e(v),

n is the unit outward normal on Γw (t), n|n| = (−∂x1(R0 + η), 1)T

and Γ0
w = Γw (0).
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The generalized string equation

Ẽρ

[

∂2η

∂t2
− a

∂2η

∂x2
1

+ bη + c
∂5η

∂t∂x4
1

− a
∂2R0

∂x2
1

]

= (8)

g
(

−Tref
f − P ref

w I
)

nref · e2 on Γ0
w .

Tf n , the outside pressure Pw - provide the forcing term

[(Tref
f −P ref

w I)nref ](x ref ) = [(Tf −Pw I)n](x), x ∈ Γw (t), x ref ∈ Γ0
w ,

Tf = −πI + 2µ(|e(v)|)e(v),

n is the unit outward normal on Γw (t), n|n| = (−∂x1(R0 + η), 1)T

and Γ0
w = Γw (0). g =

(R0+η)
√

1+(∂x1 (R0+η))2

R0

√
1+(∂x1R0)2
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Boundary and initial conditions for (8)

η(0, t) = η(L, t) = 0 and η(x1, 0) =
∂η

∂t
(x1, 0) = 0,

ηx1(0, t) = ηx1(L, t) = 0, (9)
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Boundary and initial conditions for (8)

η(0, t) = η(L, t) = 0 and η(x1, 0) =
∂η

∂t
(x1, 0) = 0,

ηx1(0, t) = ηx1(L, t) = 0, (9)

constants in (8)

Ẽ = ρw~, a =
|σz |

(

1 +
(

∂R0
∂x1

)2
)2
, b =

E
(R0 + η)R0

, c > 0,
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E - the Young modulus,
~ - the wall thickness,
ρw - the density of the vessel wall tissue,
c = γ/(ρw ~),
γ positive constant.
|σz | = Gκ - the longitudinal stress,
κ = 1 - the Timoshenko’s shear correction factor
G - the shear modulus
G = E/2(1 + σ) with σ = 1/2 for incompressible materials.
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Linearization of (8)

Eρ
[

∂2η
∂t2 − a ∂2η

∂x2
1

+ bη + c ∂5η
∂t∂x4

1
− a ∂2R0

∂x2
1

]

(x1, t) =
[

− Tf n|n| · e2 − Pw

]

(x1,R0(x1) + η(x1, t), t),
(10)

x1 ∈ (0,L).

E = Ẽ
√

1 + (∂x1R0)2.

We assume that E is bounded.
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Initial and boundary conditions( for 1)
inflow part of the boundary Γin

v2(0, x2, t) = 0, (11)
(

2µ(|e(v)|)∂v1

∂x1
− π + Pin −

ρ

2
|v1|2

)

(0, x2, t) = 0 (12)

for any 0 < x2 < R0(0), 0 < t < T and for a given function
Pin = Pin(x2, t).
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Initial and boundary conditions( for 1)
inflow part of the boundary Γin

v2(0, x2, t) = 0, (11)
(

2µ(|e(v)|)∂v1

∂x1
− π + Pin −

ρ

2
|v1|2

)

(0, x2, t) = 0 (12)

for any 0 < x2 < R0(0), 0 < t < T and for a given function
Pin = Pin(x2, t).

outflow part of the boundary Γout

v2(L, x2, t) = 0 , (13)
(

2µ(|e(v)|)∂v1

∂x1
− π + Pout −

ρ

2
|v1|2

)

(L, x2, t) = 0 (14)

for any 0 < x2 < R0(L), 0 < t < T and for a given function
Pout = Pout(x2, t).
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Γc , the flow symmetry condition

v2(x1, 0, t) = 0 , µ(|e(v)|)∂v1

∂x2
(x1, 0, t) = 0 (15)

for any 0 < x1 < L, 0 < t < T .
The initial conditions

v(x1, x2, 0) = 0 for any 0 < x1 < L, 0 < x2 < R0(x1). (16)
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Weak formulation

Definition 1.1 [Weak formulation] We say that (v, η) is a weak
solution of (1)–(16) on [0,T ) if the following conditions hold

- v ∈ Lp(0,T ;W 1,p(Ω(η(t)))) ∩ L∞(0,T ;L2(Ω(η(t)))),

- η ∈ W 1,∞(0,T ;L2(0,L)) ∩ H1(0,T ;H2
0 (0,L)),

- div v = 0 a.e. on Ω(η(t)),

- v
∣

∣

Γw (t)
= (0, ηt) for a.e. x ∈ Γw (t), t ∈ (0,T ),

v2

∣

∣

Γin∪Γout∪Γc
= 0,
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∫ T

0

∫

Ω(η(t))







−ρv · ∂ϕ
∂t

+ 2µ(|e(v)|)e(v)e(ϕ) + ρ
2

∑

i ,j=1

vi
∂vj

∂xi

ϕj







+

∫ T

0

∫ R0(L)

0

(

Pout −
ρ

2
|v1|2

)

ϕ1(L, x2, t) dx2 dt (17)

−
∫ T

0

∫ R0(0)

0

(

Pin −
ρ

2
|v1|2

)

ϕ1(0, x2, t) dx2 dt

+

∫ T

0

∫ L

0
Pwϕ2(x1,R0(x1) + η(x1, t), t) − a

∂2R0

∂x2
1

ξ dx1 dt

+

∫ T

0

∫ L

0
−∂η
∂t

∂ξ

∂t
+ c

∂3η

∂x2
1∂t

∂2ξ

∂x2
1

+ a
∂η

∂x1

∂ξ

∂x1
+ bη ξ dx1 dt = 0
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for every test functions

ϕ(x1, x2, t) ∈ H1(0,T ;W 1,p(Ω(η(t)))) such that (18)

divϕ = 0 a.e on Ω(η(t)),

ϕ2

∣

∣

Γw (t)
∈ H1(0,T ;H2

0 (Γw (t))), ϕ2

∣

∣

Γin∪Γout∪Γc
= ϕ1

∣

∣

Γw (t)
= 0 and

ξ(x1, t) = Eρ ϕ2(x1,R0(x1) + η(x1, t), t).
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Main result: existence of a weak solution

Theorem (Main result: existence of a weak solution)

Let p ≥ 2. Assume that the boundary data fulfill
Pin ∈ Lp′

(0,T ;L2(0,R0(0))), Pout ∈ Lp′

(0,T ;L2(0,R0(L))),
Pw ∈ Lp′

(0,T ;L2(0,L)), 1
p

+ 1
p′ = 1. Furthermore, assume that the

properties (3)–(6) for the viscous stress tensor hold. Then there
exists a weak solution (v, η) of the problem (1)-(16) such that
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On the existence of weak solution to the coupled fluid-structure interaction problem for non-Newtonian shear-dependent fluid 19/55



◮ v ∈ Lp(0,T ;W 1,p(Ω(η(t)))) ∩ L∞(0,T ;L2(Ω(η(t)))),

η ∈ W 1,∞(0,T ;L2(0,L)) ∩ H1(0,T ;H2
0 (0,L)),

◮ v
∣

∣

Γw (t)
= (0, ηt) for a.e. x ∈ Γw (t), t ∈ (0,T ),

v2

∣

∣

Γin∪Γout∪Γc
= 0,

◮ v satisfies the condition div v = 0 a.e on Ω(η(t)) and (17)
holds.
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◮ approximation of the solenoidal spaces on a moving domain by
the artificial compressibility approach: ε - approximation (26)

◮ splitting of the boundary conditions (7)–(8) by introducing
the semi-pervious boundary: κ - approximation (23), (24)

◮ assuming a given, sufficiently smooth free boundary
deformation δ(x1, t) and actual radius h(t) := R0 + δ(t) we
transform the weak formulation on a time dependent domain
Ω(h(t)) := Ω(δ(t)) to a fixed reference domain
D = (0,L) × (0, 1): h - approximation

◮ limiting process for ε→ 0, κ→ ∞ respectively.

◮ fixed point procedure for the domain deformation η(x1, t).
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Formulation of the (κ, ε, h) - problem

We approximate the deformable boundary Γw by a given function
h = R0 + δ, δ ∈ H1(0,T ;H2

0 (0,L)) ∩ W 1,∞(0,T ;L2(0,L)),
R0(x1) ∈ C 2[0,L] satisfying for all x1 ∈ [0,L]

0 < α ≤ h(x1, t) ≤ α−1,

∣

∣

∣

∣

∂h(x1, t)

∂x1

∣

∣

∣

∣

+

∫ T

0

∣

∣

∣

∣

∂h(x1, t)

∂t

∣

∣

∣

∣

2

dt ≤ K

h(0, t) = R0(0), h(L, t) = R0(L).
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On the existence of weak solution to the coupled fluid-structure interaction problem for non-Newtonian shear-dependent fluid 22/55



We look for a solution (v, π, η) of the following problem

ρ
∂v

∂t
+ ρ(v · ∇)v = div[2µ(|e(v)|)e(v)]−∇π in Ω(h(t)), (20)

and for all x1 ∈ (0,L), see (10), 0 < t < T

− Eρ

[

∂2η

∂t2
− a

∂2η

∂x2
1

+ bη + c
∂5η

∂t∂x4
1

− a
∂2R0

∂x2
1

]

(x1, t) = (21)

[

µ(|e(v)|)
{

−
(

∂v2

∂x1
+
∂v1

∂x2

)

∂h

∂x1
+ 2

∂v2

∂x2

}

− π + Pw

]

(x̄ , t),

v(x̄ , t) =

(

0,
∂η

∂t
(x1, t)

)

, (22)

x̄ = (x1, h(x1, t)).
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The boundary condition (7)-(8), cf. (21)-(22), is

splitted in the following way:

[

µ(|e(v)|)
{

−
(

∂v2

∂x1
+
∂v1

∂x2

)

∂h

∂x1
+ 2

∂v2

∂x2

}

− π + Pw

]

(x̄ , t) (23)

−ρ
2
v2

(

v2(x̄ , t) −
∂h

∂t
(x1, t)

)

= ρκ
[∂η

∂t
(x1, t) − v2(x̄ , t)

]

and

− E

[

∂2η

∂t2
− a

∂2η

∂x2
1

+ bη+c
∂5η

∂t∂x4
1

− a
∂2R0

∂x2
1

]

(x1, t) (24)

= κ
[∂η

∂t
(x1, t) − v2(x̄ , t)

]

(25)

with κ≫ 1.
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Artificial compressibility

ε

(

∂πε

∂t
− ∆πε

)

+ div vε = 0 in Ω(h(t)), t́ ∈ (0,T ), (26)

∂πε

∂n
= 0, on ∂Ω(h(t)), t ∈ (0,T ), πε(0) = 0 in Ω(h(0)), ε > 0.
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we will reformulate it to a fixed rectangular domain. Set

u(y1, y2, t)
def
= v(y1, h(y1, t)y2, t)

q(y1, y2, t)
def
= ρ−1π(y1, h(y1, t)y2, t) (27)

σ(y1, t)
def
=

∂η

∂t
(y1, t)

for y ∈ D = {(y1, y2); 0 < y1 < L, 0 < y2 < 1}, 0 < t < T .
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Definition of the following spaces

V ≡
{

w ∈ W 1,p(D) : w1 = 0 on Sw and

w2 = 0 on Sin ∪ Sout ∪ Sc ,

(28)

Sw = {(y1, 1) : 0 < y1 < L}, Sin = {(0, y2) : 0 < y2 < 1}, (29)
Sout = {(L, y2) : 0 < y2 < 1}, Sc = {(y1, 0) : 0 < y1 < L}.
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divhu
def
=

∂u1

∂y1
− y2

h

∂h

∂y1

∂u1

∂y2
+

1

h

∂u2

∂y2
,

a1(q, φ) =

∫

D

{[

h

(

∂q

∂y1
− y2

h

∂h

∂y1

∂q

∂y2

)]

∂φ

∂y1
(30)

+

[

1

h

∂q

∂y2
− y2

∂h

∂y1

(

∂q

∂y1
− y2

h

∂h

∂y1

∂q

∂y2

)]

∂φ

∂y2

}

dy ,
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viscous term

((u,ψ)) =

∫

D

hτij((u))ij (ψ)dy , (31)

τij((u)) = 2ρ−1µ(|(u)|)ij (u), ij(u) =
1

2
(∂̂i (uj ) + ∂̂j (ui)),

∂̂1 =

(

∂

∂y1
− y2

h

∂h

∂y1

∂

∂y2

)

, ∂̂2 =
1

h

∂

∂y2
,

convective term

b(u, ,ψ) =

∫

D

(

hu1

(

∂

∂y1
− y2

h

∂h

∂y1

∂

∂y2

)

+ u2
∂

∂y2

)

· ψ +
h

2
· ψ divhu dy

−1

2

∫ 1

0
R0u1z1ψ1 (L, y2) dy2 +

1

2

∫ 1

0
R0u1z1ψ1 (0, y2) dy2

−1

2

∫ L

0
u2z2ψ2 (y1, 1) dy1.
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On the existence of weak solution to the coupled fluid-structure interaction problem for non-Newtonian shear-dependent fluid 29/55



Definition 2.1

[Weak solution of (κ, ε, k) - approximate problem]
Let u ∈ Lp(0,T ;V) ∩ L∞(0,T ;L2(D)),
q ∈ L2(0,T ;H1(D)) ∩ L∞(0,T ;L2(D)) and
σ ∈ L∞(0,T ;L2(0,L)) ∩ L2(0,T ;H2

0 (0,L)). A triple w = (u, q, σ)
is called a weak solution of the regularized problem (1)–(16) if the
following equation holds

−
∫ T

0

〈

∂(hu)

∂t
,ψ

〉

dt = (33)

∫ T

0

∫

D

(

−∂h

∂t

∂(y2u)

∂y2
· ψ + b(u,u,ψ) − h q divhψ

)

dy + ((u,ψ))dt

+

∫ T

0

∫ 1

0
h(L, t)qoutψ1 (L, y2, t) − h(0, t)qinψ1 (0, y2, t) dy2dt
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+

∫ T

0

∫ L

0

(

qw +
1

2
u2
∂h

∂t
+ κ (u2 − σ)

)

ψ2 (y1, 1, t) dy1dt

+ε

∫ T

0

〈

∂(hq)

∂t
, φ

〉

dt (34)

+

∫ T

0

∫

D

(

−ε∂h

∂t

∂(y2q)

∂y2
φ+ εa1(q, φ) + h divhu φ

)

dy dt

+
ε

2

∫ T

0

∫ L

0

∂h

∂t
(y1, t)qφ(y1, 1, t) dy1dt+
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+

∫ T

0

∫ L

0

(

∂σ

∂t
ξ + c

∂2σ

∂y2
1

∂2ξ

∂y2
1

+ a
∂

∂y1

∫ t

0
σ(y1, s)ds

∂ξ

∂y1

+ b

∫ t

0
σ(y1, s)ds ξ − a

∂2R0

∂y2
1

ξ +
κ

E
(σ − u2) ξ

)

(y1, t) dy1dt

for every
(ψ, φ, ξ) ∈ H1

0 (0,T ;V) × L2(0,T ;H1(D)) × L2(0,T ;H2
0 (0,L)).
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Existence of stationary solution

Approximate time derivatives first order backward finite
differences

∂(hu)

∂t
≈ hiui − hi−1ui−1

∆t
,
∂(hq)

∂t
≈ hiqi − hi−1qi−1

∆t
,
∂σ

∂t
≈ σi − σi−1

∆t
,

◮ Existence of stationary problem

◮ Existence of unsteady problem
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Problem with ε = 0, κ = ∞

First a priori estimate

max
0≤t≤T

∫

D

h(t)
(

|uκ|2 + ε|qκ|2
)

(t)dy +
E

2

∫ L

0
|σκ(t)|2dy1 (35)

+

∫ T

0

∫

D

δ|∇uκ|p +
2αε

2 + K 2
|∇qκ|2dy + E

∫ L

0
c

∣

∣

∣

∣

∂2σκ

∂y2
1

∣

∣

∣

∣

2

dy1 dt

+

∫ L

0

aE

2

∣

∣

∣

∣

∫ t

0

∂σκ(s)

∂y1
ds

∣

∣

∣

∣

2

+
bE

2

∣

∣

∣

∣

∫ t

0
σκ(s)s

∣

∣

∣

∣

2

dy1

+

∫ T

0

∫ L

0
2κ |σκ − u2κ|2 dy1 dt ≤ M̃

∫ T

0
‖q∂D‖p′

L2(∂D)
+ c1

∥

∥

∥

∥

∂2R0

∂y2
1

∥

∥

∥

∥

2

L2(0

where c1 = c1(p,E , a, c), M̃ = M̃(p,K , α)
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Limiting process κ = ε
−1 → ∞

◮ the weak convergence of

(uκ,
√
εqκ, σκ) ⇀ (u, q̃, σ) (36)

in Lp(0,T ;V) × L2(0,T ;H1(D)) × L2(0,T ;H2(0,L))

◮

divhu = 0 a.e. on (0,T ) × D.

◮ divhψ = 0 a.e. on D

◮ to obtain the strong convergence (uκ, σκ) → (u, σ) use the
equicontinuity in time

∫ T−τ
0

∫

D
|(huκ)(t + τ) − (huκ)(t)|2 dy dt

+
∫ T−τ
0 ε|(hqκ)(t + τ) − (hqκ)(t)|2 dy dt

+
∫ T−τ
0

∫ L

0 |(hσκ)(t + τ) − (hσκ)(t)|2dy1 dt ≤ C (K , α)τ,
(37)
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let us consider test functions ψ ∈ Lp(0,T ;X ),ψ(T ) = 0

X = {ψ(t) ∈ Vdiv ; ψ2(t)
∣

∣

Sw
∈ H2

0 (0,L), }, (38)

Vdiv := {f ∈ V, divhf = 0 a.e. on D}, cf. (28)
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◮ With this choice of test functions the boundary terms with κ
are canceled.

◮ κ→ ∞ in Def. 2
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∫ T

0

∫

D

{

hu · ∂ψ
∂t

+
∂h

∂t

∂(y2u)

∂y2
·ψ

}

dy = (39)

∫ T

0

{

((u,ψ))h + bh(u,u,ψ)

+

∫ 1

0
h(L)qout(y2, t)ψ1 (L, y2, t) − h(0)qin(y2, t)ψ1 (0, y2, t)

+

∫ L

0

(

qw +
1

2

∂h

∂t
u2

)

ψ2 (y1, 1, t) dy1

+

∫ L

0
−σ∂ξ

∂t
+ c

∂2σ

∂y2
1

∂2ξ

∂y2
1

+ a
∂

∂y1

∫ t

0
σ(y1, s)ds

∂ξ

∂y1

− a
∂2R0

∂y2
1

ξ + b

∫ t

0
σ(y1, s)ds ξ(y1, t) dy1

}

dt
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Theorem (Existence of weak solution for ε = 0, κ = ∞)

Assume that h ∈ H1(0,T ;H2
0 (0,L)) ∩ W 1,∞(0,T ;L2(0,L))

satisfies (19). Let the boundary data fulfill
qin, qout ∈ Lp′

(0,T ;L2(0, 1)), qw ∈ Lp′

(0,T ;L2(0,L)).
Furthermore, assume that the properties (3)–(6) for the viscous
stress tensor hold. Then there exists a weak solution (v, η) of the
problem (1)–(16), such that
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i) (u, η) ∈ [Lp(0,T ;V)×H1(0,T ;H2
0 (0,L))]∩[L∞(0,T ;L2(D))×

W1,∞(0,T ;L2(0,L))], where u is defined in (27),

ii) the time derivative ∂̄t(hu) ∈ Lp′

(0,T ;X ∗) for p > 2 and
∂̄t(hu) ∈ Lp′

(0,T ;X ∗) ⊕ L4/3((0,T ) × D) for p = 2,

∫ T

0

∫

D

{

hu · ∂ψ
∂t

+
∂h

∂t

∂(y2u)

∂y2
·ψ

}

dy dt = −
∫ T

0

〈

∂̄t(hu),ψ
〉

dt,

where ∂̄t(hu) = ∂(hu)
∂t

− 1
h

∂h
∂t

∂(y2hu)
∂y2

= h∂y
t u and

ψ ∈ M∩ H1
0 (0,T ;X ),

M = {ω ∈ Lp(0,T ;X ) for p > 2; (40)

ω ∈ Lp(0,T ;X ) ∩ L4((0,T ) × D) for p = 2}.

iii) v satisfies the condition div v = 0 a.e on Ω(h(t)),
v2(x1, h(x1, t), t) = ∂tη(x1, t) for a.e. x1 ∈ (0,L), t ∈ (0,T )
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and the following integral identity holds

∫ T

0

∫

Ω(h(t))

{

− ρv · ∂ϕ
∂t

+ 2µ(|e(v)|)e(v)e(ϕ) + ρ
2

∑

i ,j=1

vi
∂vj

∂xi

ϕj

}

dx dt
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+

∫ T

0

∫ R0(L)

0

(

Pout −
ρ

2
|v1|2

)

ϕ1(L, x2, t) dx2 dt

−
∫ T

0

∫ R0(0)

0

(

Pin −
ρ

2
|v1|2

)

ϕ1(0, x2, t) dx2 dt

+

∫ T

0

∫ L

0

(

Pw − ρ

2
v2

(

v2 −
∂h

∂t

))

ϕ2(x1, h(x1, t), t) dx1 dt

+

∫ T

0

∫ L

0
−∂η
∂t

∂ξ

∂t
+ c

∂3η

∂x2
1∂t

∂2ξ

∂x2
1

+ a
∂η

∂x1

∂ξ

∂x1
dx1 dt

+

∫ T

0

∫ L

0
−a

∂2R0

∂x2
1

ξ + bη ξ dx1 dt = 0
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for every test functions

ϕ(x1, x2, t) = ψ

(

x1,
x2

h(x1, t)
, t

)

such that

ψ ∈ H1
0 (0,T ;V), ψ2

∣

∣

Sw
∈ H1

0 (0,T ;H2
0 (0,L)),

divϕ = 0 a.e. on Ω(h(t)),

and ξ(x1, t) = Eρϕ2(x1, h(x1, t), t).
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Note that the structure equation is fulfilled in a slightly modified
sense,

Eρ

[

∂2η

∂t2
− a

∂2η

∂x2
1

+ bη + c
∂5η

∂t∂x4
1

− a
∂2R0

∂x2
1

]

(x1, t) =

[

−(Tf + Pw I)n|n| · e2 +
ρ

2
∂tη(∂tη − ∂th)

]

(x1, h(x1, t), t)

a.e. on (0,T ) × (0,L), compare (10).
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Fixed point iterations

We have proved the existence of weak solution of the original
problem in a domain given by a known deformation function δ, i.e.
h = R0 + δ, δ ∈ H1(0,T ;H2

0 (0,L)) ∩ W 1,∞(0,T ;L2(0,L)),
R0(x1) ∈ C 2[0,L].

Aim: Proof of the existence of the weak solution of (17), which
implies, that the domain deforms according to the function
η(x1, t), i.e. h = R0 + η.
This will be realized with the use of the Schauder fixed point
theorem.
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◮ The compactness argument based on the equicontinuity in
time we obtain that bounded sequence sequence (v(k), η(k))
defined on Ω(δ(k)) for some sequence δ(k) → δ converges to
the limit (v, η) defined on Ω(δ).

◮ The Schauder fixed point argument implies, that the weak
solution η is associated with the time dependent domain Ω(η).

◮ Finally we obtain the main result: existence of weak solution
for a fully coupled fluid structure interaction problem (1)–(16).
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Y = H1(0,T ;L2(0,L)). For each test function
ψ ∈ Lp(0,T ;X ), ψ(T ) = 0, recalling (38), and for any
h = R0 + δ ∈ Y we construct solutions {u, η}∞k=1 of the following
problem defined on the reference domain D, σ = ∂tη
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−
∫ T

0

〈

∂̄t(hu),ψ
〉

dt (41)

=

∫ T

0

{

((u,ψ))h + bh(u,u,ψ)

+

∫ 1

0
h(L)qout(y2, t)ψ1 (L, y2, t)dy2

−
∫ 1

0
−h(0)qin(y2, t)ψ1 (0, y2, t) dy2

+

∫ L

0

(

qw +
1

2

∂h

∂t
σ
)

ψ2 (y1, 1, t) dy1

+ 〈∂tσ, ξ〉 +

∫ L

0
c
∂2σ

∂y2
1

∂2ξ

∂y2
1

+ a
∂

∂y1

∫ t

0
σ(y1, s)ds

∂ξ

∂y1

− a
∂2R0

∂y2
1

ξ + b

∫ t

0
σ(y1, s)ds ξ(y1, t) dy1

}

dt .
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F : Bα,K → Y ;

F(δ) = η, δ = h − R0,where

Bα,K =
{

(δ ∈ Y ; ‖δ‖Y ≤ Cα,K , 0 < α ≤ R0(y1) + δ(y1, t) ≤ α−1,

∣

∣

∣

∂δ(y1, t)

∂y1

∣

∣

∣
≤ K , δ(y1, 0) = 0, ∀y1 ∈ [0,L], ∀t ∈ [0,T ],

∫ T

0

∣

∣

∣

∣

∂δy1, t)

∂t

∣

∣

∣

∣

2

dt ≤ K , ∀y1 ∈ [0,L]
}

,
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◮ F(Bα,K ) ⊂ Bα,K .

◮ F(δ) = η is relatively compact in Y . on the equicontinuity in
time

◮ F is continuous with respect to the strong topology in Y . We
have to prove that for any convergent subsequences
δk ∈ (Bα,K ), δ(k) → δ in Y

F(δ(k)) = η(k) → F(δ) = η.
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Limiting proces

we can construct sufficiently smooth test functions
ψ̃(y , t) = ϕ̃(x , t), which are independent on k and divergence free
in Ω(h) (i.e. divhψ̃ = 0). They are also well defined on infinitely
many approximate domains Ω(h) and dense in the space of
admissible test functions Lp(0,T ;X ), cf. (38). Such a test
functions ϕ̃ can be constructed on (0,T ) × BM as algebraic sum,
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ϕ̃ = ϕ0 +ϕ1,

ϕ0 is a smooth function with compact support in Ω(h),

divϕ0 = 0 on Ω(h) and ϕ0 is extended by 0 to (0,T ) × BM .

ξ ∈ H1(0,T ;H2
0 (0,L)) we define ϕ1

def
= (0, ξ(x1)/E ) on BM\Bα,

Bα = (0,L) × (0, α) ∈ R2, the constant E comes from (18)
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divϕ1 = 0 on BM\Bα

ϕ1 such that
∫

∂Bα

ϕ1 · n =
∫ α
0 ϕ

1
1(L, x2, t)−ϕ1

1(0, x2, t)dx1 +
∫ L

0
ξ
E

(x1, t)dx2 = 0
can be extended into Bα by a divergence-free extension,

ψ̃(y , t) = ψ̃(x1,
x2

h(k)(x1,t)
, t) = ϕ̃(x , t), x ∈ Ω(h(k)), y ∈ D,

the set of admissible test functions ψ(k) by transformation of ϕ̃
from Ω(h(k)) into D

test functions ψ = ψ̃, which are independent on k and smooth
enough.

ψ(k) : D → R2; divh(k)ψ
(k) = 0, Eψ

(k)
2 (y1, 1, t) = ξ(y1, t), and

ψ(k) → ψ̃,

ê(ψ(k)) → ê(ψ̃)

}

uniformly on (0,T ) × D. (42)
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Summary:

For all p ≥ 2 there exists at least one weak solution to the original
fluid-structure interaction problem (1) – (16) such that

i) v ∈ Lp(0,T ;W 1,p(Ω(η(t)))) ∩ L∞(0,T ;L2(Ω(η(t)))),
η ∈ W 1,∞(0,T ;L2(0,L)) ∩ H1(0,T ;H2

0 (0,L)),

ii) div v = 0 a.e. on Ω(η(t)),

iii) v
∣

∣

Γw (t)
= (0, ηt) for a.e. x ∈ Γw (t), t ∈ (0,T ),

v2

∣

∣

Γin∪Γout∪Γc
= 0,
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and the following integral identity holds

∫ T

0

∫

Ω(η(t))







−ρv · ∂ϕ
∂t

+ 2µ(|e(v)|)e(v)e(ϕ) + ρ

2
∑

i ,j=1

vi

∂vj

∂xi
ϕj







dx

+

∫ T

0

∫ R0(L)

0

(

Pout −
ρ

2
|v1|2

)

ϕ1(L, x2, t) dx2 dt

−
∫ T

0

∫ R0(0)

0

(

Pin −
ρ

2
|v1|2

)

ϕ1(0, x2, t) dx2 dt (43)

+

∫ T

0

∫ L

0
Pwϕ2(x1,R0(x1) + η(x1, t), t) dx1 dt

+

∫ T

0

∫ L

0
−∂η
∂t

∂ξ

∂t
+ c

∂3η

∂x2
1∂t

∂2ξ

∂x2
1

+ a
∂η

∂x1

∂ξ

∂x1
dx1 dt

+

∫ T

0

∫ L

0
−a

∂2R0

∂x2
1

ξ + bη ξ dx1 dt = 0

for every test functions ϕ with the property (18).
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On the existence of weak solution to the coupled fluid-structure interaction problem for non-Newtonian shear-dependent fluid 55/55


