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BMO Estimates for p-Parabolic Systems




We consider local solution of

Aru — div(|Vu|P2Vu) = —div(g)

Aim: Transfer properties from g to |Vu|p_2Vu. l.e. find spaces X
IIVulP~2Vulx < cllgllx+o-t.

g € LP'(I x B) implies [Vu|P~?Vu € LP'(I x B).

| is a time interval, B is a ball in space.
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We consider local solution of
Aru — div(|Vu|P2Vu) = —div(g)

Aim: Transfer properties from g to |[Vu|P">Vu. l.e. find spaces X
IIVulP?Vullx < cllgllx+-o.t.
Theorem

g € LP'(I x B) implies [VulP™>Vu € LP'(I x B).

I is a time interval, B is a ball in space.



Let u solve —Au = —divg.

Then g — Vu is singular integral operator.
|Vullx < cliglx+ox.

for X=1L91<g<xand X=C*0<a<l.
g € L>® #= Vu € L*. However

g € BMO implies Vu € BMO

g € BMO(Q) if [lg]|gpmo(q) = supsca f 5 lg — (g)8] < oo



Let u solve —Au = —divg.

Then g — Vu is singular integral operator.
IVullx < cllgllx+.o..

for X=1L91<g<xand X=C*0<a<l.
g € L™ #= Vu € L*°. However

Theorem
g € BMO implies Vu € BMO J

g € BMO(Q) if |Igllgmo(q) = suPsca f 5 l& — (8)8] < 0.



For u € WLHP with

—div(|VulP2Vu) = —div(g)
we have:
Theorem (Non-linear Calderén-Zygmund theory)
If g € X, then |VulP*Vu e X.
Case: X = L® with s > p’ [lwaniec '83, 92].

Case: X = BMO, VMO, C%® [DiBenedetto, Manfredi '96 for p > 2;
Diening, Kaplicky, Schwarzacher '12 for all 1 < p < o0o].




Maximal regularity for

dch — div(|[VhP2Vh) = 0.

Theorem (DiBenedetto, Friedmann '85)
Let h be p-caloric, then h € Cpy'.

Observe, h is p-CaloricZ = ah p-Caloric:

Assume |V h| = X\ = 9;h(t,x) — AP"2Ah(t,x) = 0.

Take 7 = \P~2t = 9, h(r,x) — Ah(r,x) = 0.

Definition: Q(t,x) := (t,t — A>7Pr?) x B,(x) is called (sub)-intrinsic, if

7[ VHP(<) = AP.

Q@ (£,)



Maximal regularity for

dch — div(|[VhP2Vh) = 0.

Theorem (DiBenedetto, Friedmann '85)
Let h be p-caloric, then h € C,};‘ﬁ‘.

Observe, h is p-CaloricZ = ah p-Caloric: No scaling!

Assume |V h| = A = 9;h(t,x) — \P"2Ah(t,x) = 0.

Take 7 = AP~2t = 0, h(7,x) — Ah(,x) = 0.

Definition: Q@)(t,x) := (t,t — A>7Pr?) x B,(x) is called (sub)-intrinsic, if

f VAP(<) = AP,

QA (tx)



d¢h — div(|[Vh[P2Vh) =0
Q) = (t,t — A\27Pr?) x B,(x) is called (sub)-intrinsic, if
Fop IVHP(<) = 2.

Theorem (DiBenedetto, Friedmann '85, Acerbi, Mingione '07)

If p> 2%, and Q) sub intrinsic, then
SUPy ze @), |Vh(y) — Vh(z)| < creA.

If Q;\ is . then
SUPy zc @, |IVh(y) — Vh(2)|P < cr® '/‘Q,* [Vh—(Vh)exl?.



MU & Quantitative estimates for p-Caloric Functions

deh — div(|VhP2Vh) =0
Q) := (t,t — A>7Pr?) x B,(x) is called (sub)-intrinsic, if
Fop IVHP(<) = 2.

Theorem (DiBenedetto, Friedmann '85, Acerbi, Mingione '07)

If p> n2—:2’ and Qr)‘ sub intrinsic, then

SUPy zc@>, IVA(Y) = VA(2)] < er®.

Theorem (Schwarzacher '13)

If @ is intrinsic, then
SUPy ze @3, | V(Y) = VA(Z)]P < cr® Fou [Vh = (V) gp|”.
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deu — div(|VulP2Vu) = —div(g)
What spaces hold [||Vul|P">Vu|y < c|lg|lx+1.0.t.?
20 < p< oo

n+2

1. Result X = C&y, 8 small, [Misawa '02].

2. Result X = L9 for p’ < g < oo, [Acerbi, Mingione '07].
What happens in between?



T Intrinsic Cylinders

p=>2
Q) = (t,t — A>7Pr?) x B,(x) is called (sub)-intrinsic, if
Fop IVUP(<) = .

Lemma

Let QR be intrinsic.

For every r € (0, R]. There exist Q) sub-intrinsic, s. t.

Qr);rl C Qg” forrn < n.

For every r € (0, R] there exist p € [r,R], s.t Q,i"’ is intrinsic and

Ar < (;)ﬁAp.
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From now on p > 2. The transfered p-Laplace theory gives
Theorem (Schwarzacher '13)

Let g € L°(21/, BMO(2B)), then

sup
Q) CIxB, subintr.

Not too nice.

][ |Vu— <VU>Q,>\’p < C”g”FL)w(2I,BMO(2B)) + l.o.t.
Q}

Use the weak time derivative to estimate

7[ ’U - '_'rlB,(U) ‘2

{t}xB,

2

p—1
. CHgH/LX(ZI.B\[()(ZB)) +lo.t.

for all r, t. I_Ilgr(u) is the best linear approximation of u on B,.

=] F = = DA



From now on p > 2. The transfered p-Laplace theory gives
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LMU Closing the Gap

From now on p > 2. The transfered p-Laplace theory gives

Theorem (Schwarzacher '13)
Let g € L>°(2/,BMO(2B)), then

sup ][ IVu—(Vu)gal? < C||g||i°°(2l,BMO(2B)) + l.o.t.
Q) CIx B, subintr. o

Not too nice. Use the weak time derivative to estimate

u— N, (u)° xS
][ ‘7‘ < cllglf= @i pmosy + 10t
{t}xBr

for all r, t. I'IlBr(u) is the best linear approximation of u on B,.

Sebastian Schwarzacher BMO Estimates for p-Parabolic Systems 9/10



Main result

y

g

LMU
:

_ ] f—Ng (f
Analysis provides supg q JEB, ( I

o <= f € CY{Q) the

Holder-Zygmund space .

Theorem
Let g € L°(21,BMO(2B)), then

1

lull oo 1,018y = C||g||§(2/,BM0(2B)) +lo.t.

Definition f € C*(Q) if supy 12610 lf(X+2h)—2‘;(|x+h)+f(x)| < 0.

cY(B)c WHBMOB)ccl(B)c (] whi(B
1<g<o©

Theorem

g € L°(I, CF1(B)) implies Vu € CEo(l x B).
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