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|—THE SETUP

L NOTATION

Q C R", (preferably n = 3, Q solid body)
f density of the body forces
p external loading

t (time-like) loading parameter

x — x + u(x,t) displacement field
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Q C R", (preferably n = 3, Q solid body)
f density of the body forces

p external loading

t (time-like) loading parameter

x +— x + u(x, t) displacement field

state of the deformed material: u, o
small deformations, balance of forces

—dive=f
Boundary conditions

clamped part: ulp =0, I C 09,
external loading: oc-n=pondQ\T
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Yield condition involves hardening variables &
F(o,£) <0,

F : convex function
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op|—(§+ K

Flo.g)= /701~ €+

isotropic hardening
lop —&pl — K

kinematic hardening
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Yield condition involves hardening variables &
F(c,&) <0, F : convex function
von Mises: op = 0 — %21 (Deviatoric part)

op| —(§{+k isotropic hardening
Flo.g) =4 70l =6+ 0)

lop —&p| — K kinematic hardening

Relation between the stress-rate ¢ and the strain rate €:
involves the compliance tensor A (symmetric rank 4 tensor)
flow rule for &:

involves the hardening tensor H € R™*™

A, H positive definite
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Ll\/lATHEMATICAL FORMULATION AS A VARIATIONAL INEQUALITY
LADMISSIBLE STRESSES AND HARDENING VARIABLES

K(t): set of all pairs (7,7) with
T e (R, n € L2(Q,R™) (1)
7 fulfills the balance of forces in the weak form:

(7. Ve)a = (f,0)a + /pw do forall p € H{(Q).  (BF)
o0

For isotropic hardening: m =1,
neL’(UR), || -n<rk, (YCl)
for kinematic hardening: m = n(n+1)/2

n € L2(Q;RX" |70 — np| < k. (YCK)

sym )
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|—1\/IATHEMATICAL FORMULATION AS A VARIATIONAL INEQUALITY
|—ADMISSIBLE STRESSES AND HARDENING VARIABLES

Given:

f,f € L0, T; L(Q)),

p.p € L=(0, T; L°(09)),
(00,0) € K(0)

fello,T;L?),
pe L0, T; L2(09)),
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Ll\/lATHEMATICAL FORMULATION AS A VARIATIONAL INEQUALITY
LADMISSIBLE STRESSES AND HARDENING VARIABLES

Given:

f.fel>®0,T;L®(Q)), fello,T;L?),
p,p € L0, T; L*(09)), pe X0, T;L%(09)),
(00,0) € K(0)

Find o € L%°(L?), ¢ € L>°(L?) such that

gel}(L?), cel®(L?)

(o(t),&(t)) € K(t), t €0, T]

o(0) = 00, &(0)=0

(Ag,o0 — 1)+ (Hf,f —n)<0 ae. in[0,T]
for all (1,n) € K(t).
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|—I\AATHEI\/{ATICAL FORMULATION AS A VARIATIONAL INEQUALITY
LTHE SAFE LOAD CONDITION

DEFINITION (SAFE LOAD CONDITION)
Exist 6 € L(L?), £ € L=(L?):

& e L®(12), 3 e [M(12), £ e 1=(12)
(6-(0)70) € K(O)a é|t=0 =0

(8(t,.). &(t,.)) € K(2),

and exists 6 > 0:

6p| —€ <k —dor|6p —Ep| < K — 6, respectively




SOME REGULARITY RESULTS FOR PLASTICITY PROBLEMS.
L MATHEMATICAL FORMULATION AS A VARIATIONAL INEQUALITY
LEXISTENCE

Johnson 78: Exists u € L°(HE) with & € L(H}),
and a multiplier A € L>(0, T; L?(Q,R)) (Frehse & Loebach 08)
s.t. for isotropic hardening:
1 .
S(Vi+ Vi) = Ag + Aoplop|™?
0 = HE—A

where A > 0 a.e. and A(Jop| — & — k) =0,

u]
o)
I
i
it
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L MATHEMATICAL FORMULATION AS A VARIATIONAL INEQUALITY
LEXISTENCE

Johnson 78: Exists u € L°(HE) with & € L(H}),
and a multiplier A € L>(0, T; L?(Q,R)) (Frehse & Loebach 08)
s.t. for kinematic hardening:
1, _. . .o
5(Vi+ Vi) = As+Xop —&p)lop — €pl
0 = H{— Moo — &p)lop — ol

where A > 0 a.e. and A(Jop — &ép| — k) =0,
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L MATHEMATICAL FORMULATION AS A VARIATIONAL INEQUALITY
|—EXISTENCE

%(vwvu) = A5+ Aop — £p)lop — &b

0 = HE— Moo —&p)lop — bl

DA



R
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L MATHEMATICAL FORMULATION AS A VARIATIONAL INEQUALITY
LEXISTENCE

1,_ . . S
S(Vi+ Vi) = As+Aop —&p)lop — &pl
0 = HE—Aop — &p)lop — épl-
strain=elastic strain 4 plastic strain

£ = A%F(a,g), where €, = 0, if F < 0,

. .0
HE = —Aa—gF(U,ﬁ)
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LREGITL:’\RITY RESULTS
LK]\'()\\'N RESULTS: DISPLACEMENT, STRESSES AND STRAINS

Johnson 78 Vi€ L=(L?)
Seregin 94 0,6 € L°(HL,)

V(e) € L°(C[.)  isotropic hard.
Alber & Nessenenko '09 0,§ € LO"(H% %) kinematic hard
Knees 08 o, € L°(H2%)  kinematic hard
Frehse & Lobach '09 0,§ € L°(H Hz=? ) kinem. & isotr. hard
Lobach '09 0,§ € L°°(H% ) kinem. & isot. hard
Frehse & Lobach '11 Vi, é,& € [®(L2F2°)  kinem. & isotr. hard
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|_I{EGULARITY RESULTS

|—I{EGULARITY FOR THE VELOCITIES

Aiw(t,x) =

w(t + h,x) — w(t,x),
Afw(t,x) =w

(t,x + sei) — w(t,x)
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LREGULARITY RESULTS

LREGULARITY FOR THE VELOCITIES

AiW(t,X) = W(t+ h,X) - W(t,X),
Afw(t, x) = w(t, x + se;) — w(t, x)

THEOREM (Regularity in time, FREHSE & Sp. 2012)
h

h T—
w2 [ [ [ [1aier+1acr] < c
0 O

Q
uniformly for 0 < h < hg.

= for kinematic hardening:

h h

T—
h—2 / //|A§vu|2gc
0 0 Q

[m]

=
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|_I{EGULARITY RESULTS

LREGULARITY FOR THE VELOCITIES

Aw(t,x) = w(t+ h,x)— w(t,x),

Afw(t, x) = w(t, x + se;) — w(t, x)
h h

]
0 Q

A3+ |a3P) <
uniformly for 0 < h < hg.

N
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LREGULARITY FOR THE VELOCITIES

Aiw(t,x) = w(t+ h,x) — w(t,x),
Afw(t,x) = w(t,x + sej) — w(t, x).

h T—
iy
(U]

uniformly for 0 < h < hg.

1At + |83€P] <

S

Comment: Even prolongation in time: o : [T, T] — RZT
periodic,
= imm
o= Z cm(x) exp(—== T t) =
m=—o00

Z 15/|c,,, )?dy < Cs  forall § > 0.

m=—0o0
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|_I{EGULARITY RESULTS
LREGULARITY FOR THE VELOCITIES
:

THEOREM (Local regularity in space)

T—h
sup h! / /\A?c‘rFHA?éPsc, i=1,
0<h<hg
0 Q

..,n

for any domain Qq such that Qo C Q and hy < dist(9S2, 9).

N
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|—1\/IAIN INGREDIENTS OF THE PROOF
LTHE PENALTY PROBLEM
:

Penalty potential

(0,6) = i[F("’ o

O'D|JD|_1
lFl: .
VG, 5
1 g
ilFle ool

isotr. h.

kinem. h
-1

N
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L THE PENALTY PROBLEM
:

Penalty potential

Gul(0.€) = i[F("’ o2

oplop|™ .
;_];,[F]-f— ( 1 ) isotr. h. |8§Gu| _ |8O—GM|

op— 1 _
,%[F]+|UZ_§Z| (_1> kinem. h.  0¢G, = —0,G,

VG,
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LMAIN INGREDIENTS OF THE PROOF
L THE PENALTY PROBLEM

Find 0,,,&, € L®(L?) with d,,,&, € L®(L?),
(7€)l e=0 = (00, 0)

(1€)
o2

(04, Vo)a = (f,¢)a + /pgo do for all ¢ € HY(Q). (Bof)
0= (Ao, +0,Gu,7)a

(P1)
for all symmetric 7 € {Vy : ¢ € HE}
0= HE, + 9:G,

(P2)
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LMAIN INGREDIENTS OF THE PROOF
L THE PENALTY PROBLEM

Find 0,,,&, € L®(L?) with d,,,&, € L®(L?),

(04 &u)lt=0 = (00, 0) (1C)

(04, Vo)a = (f,¢)a + /pgo do forall g € HX(Q).  (Bof)
o9

0= (Ao, +0,Gu,7)a (P1)

for all symmetric 7 € {Vy : ¢ € HE}
0 = Hé, + 0¢ G, (P2)

Well known: Problem has a unique solution, along with a sequence
of handy priori estimates independent on .
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LMAIN INGREDIENTS OF THE PROOF
L BASIC IDEAS FOR THE TIME REGULARITY

For the time regularity

0= (A6, + 95Gu, T)a
0 = HE, + 0:G,

h ho

» test (P1) with [ A$é,ds and (P2) with [ A€, ds
0 0

> use the elementary relation

1 1
AT AT = EAAﬁT D AT+ EAi(AT T,
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|—1\/IAIN INGREDIENTS OF THE PROOF

|—BASIC IDEAS FOR THE TIME REGULARITY

Arrive at

to—h h

/

[(ania, B0 + (HAK,. A
t1 0

_ /h /h / DA, 6,) + A3(HE, - E,)
t1 0 Q

to—h h

+ term with G, — 2 / /(V!:IM,Aio.'u)Q
ti 0
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LMAIN INGREDIENTS OF THE PROOF
L BASIC IDEAS FOR THE TIME REGULARITY

In the limit u — 0, t; - 0t, — T:
h T—h s _—
> {--~}2C0f Of S{IAiaﬂl + | A&,

> {o ) < CUlo o uzy + 1€ulloo(i2) )1
» limsup {...} <0 (use the convexity of the the penalty
potential and the following convergence result

T
//Gu(au,fu)—)o as 1t — 0,
0 Q

» {...} < Ch? (use the safe load and bounds for IV ull oo (12))
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LMAIN INGREDIENTS OF THE PROOF
L LOCAL REGULARITY IN SPACE

Local regularity in space

Test (P1), (P2) with

CAESE! — )6, = 6,u(t + 5,x + hej) — 6,(t,x), ... &,

(: Localization function

In principle the arguments are similar, but in detail even more
tricky as for the time direction.

u]
o)
I
i
it
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L LOCAL REGULARITY IN SPACE

Local regularity in space

Test (P1), (P2) with

CYEFEl — 1), = 6,(t + 5,x + he;) — 6,(t,x), ... &,

(: Localization function

In principle the arguments are similar, but in detail even more
tricky as for the time direction.

In case you wonder:

(EZE! — 1o = |(EZE! — E/ + E' — )6 |?

v

1
S — |AEPS?

i.e. for the space regularity one has to use the estimates in time
also.



R
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LMAIN INGREDIENTS OF THE PROOF
L LOCAL REGULARITY IN SPACE

Estimates up to the boundary:

» W.I. o. g.: Boundary flat,

v

tangential derivatives like in the interior case

> use integrated embedding theorems

v

. still work in progress!

Thank you!
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