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Investigate:

{8tu(t,x) + b(t,x) - Vu(t,x) =0,
u(0, x) = a(x),

where b(t,x) : Ry x R? +— R9 and ii(x) : RY — RY are given and
u(t,x) : Ry x R +— R is unknown.
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Investigate:

Oru(t, x) + b(t,x) - Vu(t,x) =0,
u(0, x) = a(x),

where b(t,x) : Ry x R? +— R9 and ii(x) : RY — RY are given and

u(t,x) : Ry x R +— R is unknown.

Problem: What regularity of b guarantees uniqueness of the
solution u € L®°(R, x R9)?
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Investigate:

{8tu(t,x) + b(t,x) - Vu(t,x) =0,
u(0, x) = a(x),

where b(t,x) : Ry x R? +— R9 and ii(x) : RY — RY are given and
u(t,x) : Ry x R +— R is unknown.

Problem: What regularity of b guarantees uniqueness of the
solution u € L®°(R, x R9)?

Remark: Do not be concerned with . Usually &(x) € L>(RY).
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Method of characteristics

Assume: b - smooth, & - smooth.
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Method of characteristics

Assume: b - smooth, & - smooth.

Associated flow: xo — X(t; xg) - diffeomorphism,

{X(t;Xo) = b(t, X(t; x0))

X(O? XO) = Xo onetheRJr
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Method of characteristics

Assume: b - smooth, & - smooth.

Associated flow: xo — X(t; xg) - diffeomorphism,

{X(t;Xo) = b(t, X(t; x0))

X(O? XO) = X0 oneRVteIRJr

Method of characteristics: u(t, X(t; x0)) = d(xo).
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Method of characteristics

Assume: b - smooth, & - smooth.

Associated flow: xo — X(t; xg) - diffeomorphism,

{X(t;Xo) = b(t, X(t; x0))

X(O? XO) = X0 oneRVteIRJr
Method of characteristics: u(t, X(t; x0)) = d(xo).

Uniqueness: If b - Lipschitz then Cauchy-Lipschitz theorem implies
uniqueness to the flow = transport equation.
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Method of characteristics

Assume: b - smooth, & - smooth.

Associated flow: xo — X(t; xg) - diffeomorphism,

{X(t;Xo) = b(t, X(t; x0))

X(O? XO) = X0 oneRVteIRJr
Method of characteristics: u(t, X(t; x0)) = d(xo).

Uniqueness: If b - Lipschitz then Cauchy-Lipschitz theorem implies
uniqueness to the flow = transport equation.
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Irregular transport

Motivation: Shock waves.
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Irregular transport

Motivation: Shock waves.

Weak formulation: Let i € L>((0, T) x RY),
b,divb € L} (0, T; L} (RY)). We say that u € L>°((0, T) x R?) is
a weak solution to transport equation iff the following integral

identity holds

-
/ / u{0rp + b - Dy + @divyb}dtdx = —/ a(x)p(0, x)dx
0 R4 Rd

for each ¢ € C>([0, T]; C§°(R9)) such that ¢|,—7 = 0.
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Irregular transport

Motivation: Shock waves.
Weak formulation: Let i € L>((0, T) x RY),
b,divb € L} (0, T; LL _(R?)). We say that u € L>=((0, T) x R?) is

loc loc
a weak solution to transport equation iff the following integral

identity holds

-
/ / u{0rp + b - Dy + @divyb}dtdx = —/ a(x)p(0, x)dx
0 R4 Rd

for each ¢ € C>([0, T]; C§°(R9)) such that ¢|,—7 = 0.

Question: How can we deal with irregular b?
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Irregular approach

1. Renormalization concept (chain rule)
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Irregular approach

1. Renormalization concept (chain rule)

2. Renormalization = Uniqueness
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Irregular approach

1. Renormalization concept (chain rule)
2. Renormalization = Uniqueness

1. R. J. DiPerna and P.-L. Lions, Ordinary differential equations,
transport theory and Sobolev spaces, Invent. Math. 98 (1989), no.
3, 511-547.
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Irregular approach

1. Renormalization concept (chain rule)
2. Renormalization = Uniqueness

1. R. J. DiPerna and P.-L. Lions, Ordinary differential equations,
transport theory and Sobolev spaces, Invent. Math. 98 (1989), no.
3, 511-547.

2. L. Ambrosio, Transport equation and Cauchy problem for BV
vector fields, Invent. Math. 158 (2004), no. 2, 227-260.
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Irregular approach

1. Renormalization concept (chain rule)
2. Renormalization = Uniqueness

1. R. J. DiPerna and P.-L. Lions, Ordinary differential equations,
transport theory and Sobolev spaces, Invent. Math. 98 (1989), no.
3, 511-547.

2. L. Ambrosio, Transport equation and Cauchy problem for BV
vector fields, Invent. Math. 158 (2004), no. 2, 227-260.

3. P. B. Mucha, Transport equation: extension of classical results
for div b €BMO, J. Differential Equations 249 (2010), no. 8,
1871-1883.
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Renormalization concept (chain rule)

Assume u is a smooth solution to

Oiu+b-Vu=0,
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Renormalization concept (chain rule)

Assume u is a smooth solution to

Oiu+b-Vu=0,
B'(u)oru+ ' (u)b-Vu=0,
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Renormalization concept (chain rule)

Assume u is a smooth solution to
Oiu+b-Vu=0,

B'(u)dru+ ' (u)b-Vu=0,
0tB(u) + b-VB(u) =0.
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Renormalization concept (chain rule)

Assume u is a smooth solution to

8tu + b-Vu= 0,
B'(u)dru+ ' (u)b-Vu=0,
0tB(u) + b-VB(u) =0.

Renormalized solution: We say the solution u is renormalized iff
for every B(y) € CY{(R;R)

O:B(u) + b -VB(u) = 0.
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Renormalization concept (chain rule)

Assume u is a smooth solution to

8tu + b-Vu= 0,
B'(u)dru+ ' (u)b-Vu=0,
0tB(u) + b-VB(u) =0.

Renormalized solution: We say the solution u is renormalized iff
for every B(y) € CY{(R;R)

O:B(u) + b -VB(u) = 0.

Renormalization property of b: We say b has the renormalization
property iff for every 3(y) € C}(R;R), for every solution u

0:B(u) + b VB(u) = 0.
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Renormalization = Uniqueness

Assume: b has the renormalization property.
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Renormalization = Uniqueness

Assume: b has the renormalization property.
Formally:

0:u? + div(bu?) = u?divbh,
u?(0,-) =0,
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Renormalization = Uniqueness

Assume: b has the renormalization property.
Formally:

0:u? + div(bu?) = u?divbh,
u?(0,-) =0,

Energy estimates:

8t/ u2dX:/ vAdivh dx < .. .7
Rd R
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Renormalization = Uniqueness

Assume: b has the renormalization property.
Formally:

0:u? + div(bu?) = u?divbh,
u?(0,-) =0,

Energy estimates:

8t/ u2dX:/ vAdivh dx < .. .7
Rd R

u?> = 0 = Uniqueness
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1. When does b have the renormalization property?
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1. When does b have the renormalization property?

DiPerna & Lions Ambrosio Mucha
be Wi divbe [T [ be BV, dvb< L9 | be WL divh e [T
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1. When does b have the renormalization property?

DiPerna & Lions Ambrosio Mucha
be Wi divbe [T [ be BV, dvb< L9 | be WL divh e [T

2. What assumptions on b guarantee uniqueness?
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1. When does b have the renormalization property?

DiPerna & Lions Ambrosio Mucha
be Wi divbe [T [ be BV, dvb< L9 | be WL divh e [T

2. What assumptions on b guarantee uniqueness?

DiPerna & Lions Ambrosio Mucha
divb € L*° divb € L*° divb € BMO
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1. When does b have the renormalization property?

DiPerna & Lions Ambrosio Mucha
be Wi divbe [T [ be BV, dvb< L9 | be WL divh e [T

2. What assumptions on b guarantee uniqueness?

DiPerna & Lions Ambrosio Mucha
divb € L*° divb € L*° divb € BMO

3. P.S., A remark on transport equation with b € BV and
divb € BMO Coll. Math. (accepted)
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Renormalization generalization W' = BV

Theorem (Ambrosio): Let b € L} (0, T; BVjoc(RY)), divh < L9,

loc
Then b has the renormalization property.
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Renormalization generalization W' = BV

Theorem (Ambrosio): Let b € L} (0, T; BVjoc(RY)), divh < L9,

loc
Then b has the renormalization property.

Sketch of the proof: Mollify transport equation to obtain

Otte +b-Vu. =R,
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Renormalization generalization W' = BV

Theorem (Ambrosio): Let b € L} (0, T; BVjoc(RY)), divh < L9,

loc
Then b has the renormalization property.

Sketch of the proof: Mollify transport equation to obtain

8tu6 +b- VUE = R€7
atﬁ(ue) +b- vﬁ(ue) = B/(ue)R 5
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Renormalization generalization W' = BV

Theorem (Ambrosio): Let b € L} (0, T; BVjoc(RY)), divh < L9,

loc
Then b has the renormalization property.

Sketch of the proof: Mollify transport equation to obtain

8tu6 +b- VUE = R€7
atﬁ(ue) +b- vﬁ(ue) = B/(ue)R 5

where

R.(t,x) = /Rd u(x—ez) (b(t’x —<2) = b(t.x) | vn(z)> dz—(udivb)srf,

€

7° - standard family of mollifiers
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Difference quotients decomposition

For B € BV(RY) we have DB = D?B + D*B and D?B = VBL?.
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Difference quotients decomposition

For B € BV(RY) we have DB = D?B + D*B and D?B = VBL?.

Decomposition Lemma Let B € BV,.(RY, R™) and z € RY.
Then there exists a decomposition

B(x + €z) — B(x)

€

= B;(x) + B2*(x),
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Difference quotients decomposition

For B € BV(RY) we have DB = D?B + D*B and D?B = VBL?.

Decomposition Lemma Let B € BV,.(RY, R™) and z € RY.
Then there exists a decomposition

B(x + €z) — B(x)

€

= B;(x) + B2*(x),

and the following holds:

Bl<¢(x) — VB(x) - z strongly in L} _(R?,R™).

e—0
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Difference quotients decomposition

For B € BV(RY) we have DB = D?B + D*B and D?B = VBL?.

Decomposition Lemma Let B € BV,.(RY, R™) and z € RY.
Then there exists a decomposition

B(x + €z) — B(x)

€

= B;(x) + B2*(x),
and the following holds:

Bl<¢(x) — VB(x) - z strongly in L} _(R?,R™).

e—0

Additionally we have

Iimsup/ |B2<(x)|dx < |D°B - z|(K)
K

e—0

for each compact K C RY.
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R¢ decomposition

R(t,x)=... b(t’x_eze)_b(t’x)
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R¢ decomposition

R(t,x)=... b(t’x_eze)_b(t’x)

Decomposition Lemma gives

R(t,x) = ... (BY(x) + B2(x))...,
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R¢ decomposition

R(t,x)=... b(t’x_eze)_b(t’x)

Decomposition Lemma gives

R.(t,x) = ...(BY(x) + B>(x))...,
R.=R! + R?,
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R¢ decomposition

R(t,x)=... b(t’x_eze)_b(t’x)

Decomposition Lemma gives
R.(t,x) = ...(BY(x) + B>(x))...,
R.= R} + R?,
R} =0 in LY(0, T;LY(RY))
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R¢ decomposition

R(t,x)=... b(t’x_eze)_b(t’x)

Decomposition Lemma gives

Re(t,x) =...(BY(x) + B*(x))...,
R.=R! + R?,
R} =0 in LY(0, T;LY(RY))

Using the identity D°b(t,-) = M(t,x)|D*b(t,-)| (where

M(t,x) : | x RY — R x R? is the Radon-Nikodym derivative of
Dsb(t,-) with respect to |D°b(t,-)|).
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R¢ decomposition

R(tx) =, Dbx=e)=btx)

€

Decomposition Lemma gives

Re(t,x) =...(BY(x) + B*(x))...,
R.=R! + R?,
R} =0 in LY(0, T;LY(RY))

Using the identity D°b(t,-) = M(t,x)|D*b(t,-)| (where

M(t,x) : | x RY — R x R? is the Radon-Nikodym derivative of
Dsb(t,-) with respect to |D°b(t,-)|). Estimate

limsup._,o [} [, IR?(x)|dxdt
< lulleee Jga [V(2) - M(t,x) - z|dz [ D*b|(] x K).
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Defect measure

atﬁ(ue) +b- vﬁ(ue) = ﬁ/(ue)Rea
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Defect measure

atﬁ(ue) +b- vﬁ(ue) = ﬁ/(ue)Rea
Otf(u) + b DyfB(u) = o,

where o is the defect measure.
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Defect measure

atﬁ(ue) +b- vﬁ(ue) = ﬁ/(ue)Rea
Otf(u) + b DyfB(u) = o,

where o is the defect measure.
o] < 18" oo || ]| oo /Rd |Vn(z) - M(t,x) - z|dz | D*b|

in the sense of measures on | x RY.
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Defect measure

atﬁ(ue) +b- vﬁ(ue) = ﬁ/(ue)Rea
Otf(u) + b DyfB(u) = o,

where o is the defect measure.
ol <18 el [ 99(2) - M(e.) - 21dz [D°B
in the sense of measures on | x RY.
|| < 118 l| o= || ull s A(M, )| D* b,

where
ANM,n) = / |Vn(z) - M- z|dz.
Rd
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Alberti lemma

o[ < 18I lull e ACM, )| D* b
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Alberti lemma

o[ < 18I lull e ACM, )| D* b

Lemma (Alberti): For
K= {176 C(B1(0)) :m >0 even and 77:1},
B1(0)

and any matrix M € R x R9 the following holds

inf A(M.n) = [trM|.
n'g,c( ;1) = [trM]|
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Alberti lemma

o] < 11B'l| < | ull oo A(M, 1) [ D* b
Lemma (Alberti): For

K= {176 C(B1(0)) :m >0 even and 77:1},
Bi1(0)

and any matrix M € R x R9 the following holds

inf A(M.n) = [trM|.
n'g,c( ;1) = [trM]|

Since o = f(t,x)|D*b|, hence
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Alberti lemma

o] < 11B'l| < | ull oo A(M, 1) [ D* b
Lemma (Alberti): For

K= {176 C(B1(0)) :m >0 even and 77:1},
Bi1(0)

and any matrix M € R x R9 the following holds
inf A(M,n) = [trM]|.
Jnf A(M,n) = |trM|
Since o = f(t,x)|D*b|, hence

£ (t,)] < |8l oo lul[ o= |trM] - [D*b] — a.e.
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Alberti lemma

o[ < 18I lull e ACM, )| D* b

Lemma (Alberti): For
K= {176 C(B1(0)) :m >0 even and 77:1},
B1(0)

and any matrix M € R x R9 the following holds

inf A(M.n) = [trM|.
n'g,c( ;1) = [trM]|

Since o = f(t,x)|D*b|, hence

£ (t.)] < |8 ][oe [[ull o= [trM] | Db — a.e.
lo| < |D* - b.
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Alberti lemma

o[ < 18I lull e ACM, )| D* b

Lemma (Alberti): For
K= {176 C(B1(0)) :m >0 even and 77:1},
Bi1(0)
and any matrix M € R x R9 the following holds
inf A(M,n) = [trM]|.
Jnf A(M,n) = |trM|

Since o = f(t,x)|D*b|, hence

£ (t.)] < |8 ][oe [[ull o= [trM] | Db — a.e.
lo| < |D* - b.

But divh < L.
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Energy estimates

We had:

at/ uPdx :/ vAdivh dx < ...7
Rd Rd
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Energy estimates

We had:
at/ vPdx = / vAdivh dx < ...7
Rd Rd

Since divb € BMO(RR)
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Energy estimates

We had:
at/ vPdx = / vAdivh dx < ...7
Rd Rd

Since divb € BMO(RY) apply

Theorem (Mucha): Let f € BMO(RY), the support of f be
bounded in RY and g € L}(RY) N L®(RY), then

’ / fgdx
Rd

where Cp depends on the diameter of support of f.

< Gollfll smoreyllgll 2 (re) [| Inllg |2 (rey[+In(e+ gl oo (rr)) | »
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Steps of the proof

Steps of the proof of the logarithmic theorem: dual space to
HY(TY) is BMO(T¥), hence

‘ / fgdx
Td

< [Ifllamocrey g N3 (rey-
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Steps of the proof

Steps of the proof of the logarithmic theorem: dual space to
HY(TY) is BMO(T¥), hence

‘ / fgdx
Td

Riesz operators:

< [Ifllamocrey g N3 (rey-

d

g3 crey = lgllirey + D I Rgll1¢re),
k=1

where Ry are the Riesz operators.

Pawet Subko University of Warsaw, Institute of Applied Mathemz A Remark on Transport Equation with b € BV and divxb € B



Steps of the proof

Steps of the proof of the logarithmic theorem: dual space to
HY(TY) is BMO(T¥), hence

‘ / fgdx
Td

Riesz operators:

< [Ifllamocrey g N3 (rey-

d

g3 crey = lgllirey + D I Rgll1¢re),
k=1

where Ry are the Riesz operators.
Zygmund'’s result:

IRehllry < €+ C [ [n* o
T

where In* a = max{In a,0}.
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Main Theorem: Let
T >0, be Y0, T; BVioe(RY)), i € L2®(RY),

b
1+ |x|
0), for a fixed R >0,

divb € L1(0, T; BMO(RY)), e LY(0, T; LY(RY)),

supp divyb(t, ) C Bg(

where Bg(0) is the ball centered at the origin with radius R. Then
there exists a unique, weak solution to transport equation.
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Main Theorem: Let
T >0, be Y0, T; BVioe(RY)), i € L2®(RY),

b
1+ |x|
0), for a fixed R >0,

divb € L1(0, T; BMO(RY)), e LY(0, T; LY(RY)),

supp divyb(t, ) C Bg(

where Bg(0) is the ball centered at the origin with radius R. Then
there exists a unique, weak solution to transport equation.

© Renormalization technique
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Main Theorem: Let
T >0, be Y0, T; BVioe(RY)), i € L2®(RY),

b
1+ |x|
0), for a fixed R >0,

divb € L1(0, T; BMO(RY)), e LY(0, T; LY(RY)),

supp divyb(t, ) C Bg(

where Bg(0) is the ball centered at the origin with radius R. Then
there exists a unique, weak solution to transport equation.

© Renormalization technique
@ BV quotients
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