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Formulation of the problem
o
Equations

Incompressible generalized Stokes equations with perfect
slip boundary conditions

We investigate properties of the weak solution u: Q — R"” and
7 : 2 — R solving:

—divS(Du) + Vr =divF in Q, (1)
divu =0 in Q, (2)
u-v=0, [S(Du)v]-7=0o0ndQ, (3)

where u is velocity, Du symmetric part of velocity gradient, div F density
of volume forces, 7 kinematic pressure and Cauchy stress tensor 7 has
the form 7 = —7Z + S.



Formulation of the problem
@O
Assumptions

N-functions

Definition

A real function ® : R™ — R is called N-function if there exists the
derivative ®’ which is right continuous for s > 0, positive for s > 0,
non-decreasing and satisfies ®'(0) = 0 and /ims_, o ®’'(s) = occ.

By (¢')7!:RT — R* we denote the function
(®')71(s) == sup{t € RT : /() < s}.

The complementary function of ® (which is again an N-function) is
defined as

®*(s) == /Os(cb’)_l(t)dt.

Definition

N-function ® is said to satisfy the A,—condition, denoted ® € A,, if
there exists a positive constant C, such that ®(2s) < C®(s) for s > 0.
By A,(®) we denote the smallest such constant C.
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Assumptions

Assumptions

We can construct @ : [0,00) — [0,00) to S, i.e.

Ajj nxn
Sij(A) = 9;%(|A]) = ¢'(|A|)|7f| VA € Ry

We suppose that ¢ € C11(0, 00) N C{0, 0) is N-function, ® € A,
®* € Ay and 9/(s) ~ s®”(s) holds for all s > 0, i.e. there exist
constants C, ¢ > 0 such that, for s >0

CP'(s) < s9"(s) < cd'(s).

Some results will be valid for almost monotone ®’(s), i.e. either
®"(s) < CP”(t) VO < s < t (almost increasing) or
d”(s) > CP”(t) V0 < s < t (almost decreasing).

Define V(A) = /' (JANA[ 4. It holds [V(A)[* ~ &(|A]).
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Examples

We can consider models with a great deal of disparity, for example
power-law models

o |Dul| .
S(Du) = po(1 + |Dul?) "= Du, &(|Du|) = uo/ (1+5%)°7 sds,
0

| Du|
S(0u) = o(1-+ |0ul) 2Du, S(1Dul) = po [ (145 Zsds,
0

po € R, p € (1,00). Also the singular case
[Dul
p(Du) = p1o|DulP~2Du,  &(|Du|) = Mo/ sP7lds
0

is included.
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Main result

Theorem

Let Q C R" be a C*>' domain, Qg = QN Q. Let Assumption 1 be fulfilled
and u be a weak solution to (1)—(3). Then the following implication holds

O*(|F]) € L%(Q280) = &(|Dul) € LI(Q14);

provided q € (1,00) for n=2 and q € (1, fz) resp. q € (1, =2 <+ 6)
for n > 2 and some 6 > 0 in case ®" is almost monotone.

Moreover, it holds

I

(| Duf)7 dx < ¢ (]{2 ¢*(\F|)‘7dx+][

Qg0

+e <]{ZQ ¢(Du|)dx>q. (4)

®(ul)" ax)

1
5@
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Main result
o

Remarks

@ Our goal is the regularity up to the boundary for perfect slip
boundary conditions, since the interior regularity was proven in

L. Diening, P. Kaplicky:

L9 theory for a generalized Stokes system, Manuscripta Mathematica

o Key parts of the proof: comparison with the homogeneous system,
flattening boundary, extension solution beyond flat boundary.

@ Structure of the proof: similar as in the paper by L. Diening and
P. Kaplicky. It is based on the approach published in

L. A. Caffarelli, I. Peral:

On WP estimates of elliptic equation in divergence form,
Comm. Pure and Appl. Math.




Calderén-Zygmund theory

Lemma

Let1<p<qg<s<oo, felV/P((4Q)"), g € LYP((4Q)") and

w e LP((4Q)1)", where (4Q)T =4Q NRY. Let Qx be dyadic cubes
obtained from Q with predecessor Qx. If 3¢ € (0,60) VQx C Q

Jw, € LP((4Qx)™)" with following properties:

1 1
s b
][ |wa|® dx < ][ |waPdx |
(2Qk)+ 2 (4Qe)*

Wade C Wde+C dX,
= g
(4Qu)+ (4Qk)+

(4Q0)*
][ |w — w,|P dx 5][ |w|P dx+C |f|dx,

(4Qu)* (4Qu)* (4Qx)*
then w € L9(Q)". Furthermore,

N IN

IN

q

][|W|qu§c ][ |f|%dx+][ g|? dx + ][ |w|P dx
Q (4Q)+ (4Q)+ (4t
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Approximative system on a flat boundary

Consider the homogeneous system

—divS(Dv) +Vp=0  in (2Q)%,
divv =0 in (2Q)*, (5)
v.r=0, [S(Dv)v]-7=0 on 2q)+-

Theorem

Let v € WL®((2Q)*)" be a local weak solution to (5). Then there exists
a constant C independent of v and R such that

1

2

s <, o)

for q € {2 2n } provided n > 2 and q € [2,00) for n = 2. In case ®" is

7 n—2

almost monotone, n > 2, we can even allow g = -2

n—r

for some r > 2.




Approximative system on a flat boundary

Proof of the theorem 1/2

At first we extend the solution from (2Q)" t0 2Q. Fora=1,...,n—1
define ¥ as follows

o o _J va(X' xn) for x, > 0,
Va(X ?Xn) - { Va(X/; —Xn) for Xp < 0,

Un(X'y xn) = Va(X'; Xn) for x, > 0,
T =X, —x,)  for x, < 0.

Lemma

v € WL®(2Q)" is a local weak solution to (5) extended to 2Q.

][ IVV(DP)[? dx < RC2(][2Q|V(DV)|2dX)' (6)

For almost monotone ®" the estimate (6) can be improved to

Livvionpax< & (f von - vomeetax). @)




Approximative system on a flat boundary

Proof of the lemma

@ By reflection we have the interior problem, which is proven in [DK].
e We focus only to generalization from n = 3 to arbitrary n € N\ {1}.

e We can't test the weak formulation (5) by ¢ = curl[¢?(curl(V — q))],
since curl : (Vl, Vo, V3) — ((92V3 — (93V2,83V1 — 81V3781V2 — 82v1).

® We test by ¢ = (x d[¢? x d(V — q)b])ﬁ.
(b converts the vector field (¥ — q) into a 1-form (7 — q)°. The
exterior derivative d computes something like a curl but expressed as
a 2-form d(¥ — q)°. The Hodge map « turns this 2-form into a
(n — 2)-form. After multiplication by £2 and application of the
derivative d we obtain (n — 1)—form and Hodge star x create
1—form, which is by f converted to the vector.

@ In components:
o =0 (— CR@) +260E-0:(7 — )y + (7 — 9] ) e,



Approximative system on a flat boundary

Proof of the theorem 2/2

@ Follows from the lemma by application of Sobolev-Poincaré
inequality (resp. Sobolev-Poincaré inequality and reverse Holder
inequality).

e v —vand Q— QF, resp. 2Q — (2Q)™.



Approximative system on a flat boundary

Lemma

let1<p<qg<s<oo, feliP((4Q)"), g € LI/P((4Q)") and

w e LP((4Q)1)", where (4Q)T =4Q NRY. Let Qx be dyadic cubes
obtained from Q with predecessor Q. If Je € (0,60) VQx C Q

Aw, € LP((4Qk)™)" with following properties:

1

1 1
s b
][ |wa|® dx < ][ |wa|Pdx |
(2Qk)* 2 (4Qu)*

IN

][~ [walPdx < ][N |w|P dx + C][N lg| dx,

(4Qx)* (4Q)* (4Qu)*

][ lw—w,|Pdx < 5][ |w|Pdx + C |f| dx,
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then w € L9(Q)". Furthermore,

q

][|W|qu§c ][ |f|%dx+][ g|? dx + ][ |w|P dx
Q (4Q)+ (4Q)+ (4t




Flattening the boundary

Flattening the boundary

o Hr: QT — Qr:=Hr(QT)C Q.
@ It holds that Hg(0) = xp and VHg(0) = /.
o VHg(x) — VHg(0) = Rw, VHgz'(x) — VHz'(0) = Rw.
o For f: Qr — R we state f : Q1 — R defined as
f(x) = f(Hr(x)) = f(y).

2D, f = (Vi FViHRY) + (VaFViHRY) | = 2(Dof + Z),
1 _ B _ _
Ze = 5 (VF(VaHg" = 1)+ (Vg = T(V.F)T)
R

= 3 (fow + (Vx7w)T) ,
div, f = Tr(ViFVHR") =dive f + Tr(ViF(VHgt = 1))
= div, f + RTr(V,fw).



Flattening the boundary

Transformation of the weak formulation

We can transform the weak formulation

S(Du):Dgody—/ ﬂdiV(pdy:/ F:Dpdy, (8)
QR QR QR

which holds for all ¢ € WH®(Q)", ¢ -v =0 on 9Q and ¢ =0 on
0Qg \ 0 into

S(Du+ Zz) : (DY + Zy + ') (1 + Rw”) dx
Qt

— / 7(dive) + RTr(wVe) + Tr(w's)) (1 + Rw”) dx
Q+

= / F: (V¢ + RoVY + W) (1 + RW”)dx, (9)
Q+

which holds for all p € W1®(Q%), 1 - e, =0 on g+ and 1) = 0 on
QT \lNg+.



Flattening the boundary

Decomposition of T

Since divu # 0 in Q" and T e, # 0 on g+, we define a function U, as
a solution to

divi, = —RTr(Vow)in QF,

Up-e, = R(wh)-e,onlg+.
The boundary condition (10) comes from the fact that we want
Ty-e,=U-e = (I—(VHR))T-e,+(VHR) T e, = R(wT)- e, on Mg+,
To obtain estimates of u, in terms of T we use
Lemma (Bogovskir)

A ({9%,0}) < o0, g € L®(QT), he WL¥(QT)

divz=g inQ, (10)
z-v=h-v onlg+, (11)

/+ o(|Vz])dx < C </Q <1>(|g)olx+/Q+ <I>(|Vh)dx> 12

y




Proof
Flattening the boundary

@ Define iy =1 — 0.
e u;-e,=0o0nTlg+ anddivuy =0in Q.
@ Construct v in QT such that
v=T; on 0Q" \ Fo+,
v-e, =0, [S(Dv)e,] - ea= 0 on g+,

o Test weak formulation of (5) and (9) by ¢ = T; — v and obtain:



Flattening the boundary

Lemma

/+ |V(Dv)|? dx < c/Q+ |V(DT)? dx + CR“/ ¢ ([7]) dx,

+

for some a > 1 and 6 € (0,1). Furthermore, for all § there exists a
positive constant Cs independent of v, U and QT such that

/ |V(DT) — V(Dv)|?dx < C(;/ &*(|F|) dx
QF QF

+(0 + CR*) /

|V(DT)[? dx + c/w ¢ (|a]) dx.

+




Flattening the boundary

The End

Thank you for your attention.
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