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1. Introduction. This paper further elaborates on extending the core problem
concept to total least squares problems with multiple right-hand sides; see [12]. We
will use the same notations as in [12] and very briefly recall some basic facts. Consider
a linear approximation problem

AX ≈ B, or, equivalently, [B|A]
[ −Id

X

]
≈ 0, (1.1)

where A ∈ R
m×n, X ∈ R

n×d, B ∈ R
m×d, and ATB �= 0, without any further

assumption on the positive integers m, n, d. The matrices A, B, [B|A], and X
are called the system matrix, the right-hand side (or the observation) matrix, the
extended (or data) matrix, and the matrix of unknowns, respectively. We will focus
on incompatible problems, i.e., R(B) �⊂ R(A), although, the compatible case is not
strictly excluded. Consider the orthogonal transformations

ÂX̂ ≡ (PTAQ)(QTXR) ≈ (PTBR) ≡ B̂, (1.2)

where P−1 = PT , Q−1 = QT , R−1 = RT ; or, equivalently,

[B̂|Â]
[ −Id

X̂

]
≡
(
PT [B|A]

[
R 0
0 Q

])([
RT 0
0 QT

] [ −Id
X

]
R

)
≈ 0. (1.3)

We call problems (1.1) and (1.2)–(1.3) orthogonally invariant and require thatX solves
(1.1) if and only if X̂ = QTXR solves (1.2)–(1.3). Within this paper we investigate
the most common case of the total least squares problem (TLS)

min
X,E,G

‖[G|E]‖F subject to (A+ E)X = B +G, (1.4)
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where ‖ · ‖F denotes the Frobenius norm.
The first steps in generalizing the core problem concept for d > 1 were done by

Björck in the series of talks [2], [3], [4], and also in the unpublished manuscript [5],
by Sima in [18] and Sima and Van Huffel in [19], and by Plešinger in [17]. Following
these works and the paper [10] classifying situations which can occur when d > 1,
the paper [12] provides a rigorous extension of the core problem concept to TLS with
multiple right-hand sides (1.4). The data reduction used there is based on the singular
value decomposition (SVD) of the matrix A. The present paper investigates the
band generalization of the Golub–Kahan bidiagonalization (or simply band algorithm),
proposed by Björck and proves that the output of this algorithm also provides a core
problem in the sense of [12].

The paper is organized in the following way. Section 2 recalls the background
results. Section 3 describes the band generalization of the Golub–Kahan bidiagonal-
ization. Section 4 introduces generalized Jacobi matrices and analyzes properties of
the band subproblem. Section 5 concludes the paper.

Throughout the text R(M) and N (M) denote the range and null-space of a
matrix M , respectively; I� (or just I) denotes an � × � identity matrix; ek denotes
the kth column of I; 0�,ξ (or just 0) denotes an � × ξ zero matrix; and ‖v‖ denotes
the Euclidean norm of a vector v. The following convention concerning the entries of
matrices will simplify the exposition:

• club (♣) stands for a nonzero entry, ♣ �= 0;
• heart (♥) stands for a general entry which can also be zero;
• empty spaces in matrices always represent zero entries.

Throughout the paper we assume exact arithmetic.

2. The core problem and other background results. In order to make the
text as self-consistent as possible, we briefly recall the known results used below.

2.1. Core problem. The core problem within the problem (1.1) is defined as
follows (see [12, Definition 5.2]):

Definition 2.1 (Core problem). The subproblem A11X1 ≈ B1 is a core problem
within the approximation problem AX ≈ B if [B1|A11] is minimally dimensioned and
A22 maximally dimensioned subject to the orthogonal transformations of the form

PT [B|A]
[
R 0
0 Q

]
= PT [BR|AQ] ≡

[
B1 0 A11 0
0 0 0 A22

]
, (2.1)

where P−1 = PT , Q−1 = QT , R−1 = RT .

Let A11 ∈ R
m×n have k distinct singular values σj with multiplicities rj and the

orthonormal bases of the corresponding left singular vector subspaces Uj ∈ R
m×rj ,

j = 1, . . . , k. Let rk+1 ≡ dim(N (AT11)), with Uk+1 ∈ R
m×rk+1 having the orthonormal

basis vectors of N (AT11) as its columns. Then U ≡ [U1, . . . , Uk, Uk+1] ∈ R
m×m and

UT = U−1. The core problem A11X1 ≈ B1 has the following properties (see [12,
p. 925]):
(CP1) The matrix A11 ∈ R

m×n is of full column rank equal to n ≤ m.
(CP2) The matrix B1 ∈ R

m×d is of full column rank equal to d ≤ m.
(CP3) The matrices Φj ≡ UTj B1 ∈ R

rj×d are of full row rank equal to rj ≤ d, for
j = 1, . . . , k + 1.

These properties guarantee minimality of the core problem; see [12, section 4]. Di-
mensions of any subproblem A11X1 ≈ B1 having the properties (CP1)–(CP3) cannot
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be reduced by any orthogonal transformation of the form (2.1). Moreover

UT [B1|A11] =

⎡
⎢⎢⎢⎣

Φ1 UT1 A11

...
...

Φk UTk A11

Φk+1 0

⎤
⎥⎥⎥⎦
}r1
...
}rk
}rk+1

⎫⎪⎪⎪⎬
⎪⎪⎪⎭
m,

︸ ︷︷ ︸
d

︸ ︷︷ ︸
n

where [U1, . . . , Uk]TA11 is a square nonsingular matrix of the size n×n, n = r1+. . .+rk,
and Φk+1 is of full row rank rk+1 = m−n. Thus (CP1)–(CP3) imply that the extended
matrix [B1|A11] is of full row rank equal to m, max{n, d} ≤ m ≤ n+ d.

2.2. Golub–Kahan bidiagonalization. Consider first d = 1, i.e., the single
right-hand side problem Ax ≈ b. Using the initial vectors q0 = 0 and p1 = b/γ1, where
γ1 = ‖b‖, the Golub–Kahan iterative bidiagonalization1 computes for j = 1, 2, . . .

qjαj = AT pj − qj−1γj , (2.2)
pj+1γj+1 = Aqj − pjαj , (2.3)

such that ‖qj‖ = ‖pj+1‖ = 1, and αj > 0, γj+1 > 0. The matrices

Pj ≡ [p1, . . . , pj] ∈ R
m×j, Qj ≡ [q1, . . . , qj ] ∈ R

n×j ,

have orthonormal columns, PTj Pj = QTj Qj = Ij ; see [9]. The iterative process (2.2)–
(2.3) terminates when the right-hand side of one of the equations becomes zero, i.e.,
either qjαj = 0 (in the incompatible case) or pj+1γj+1 = 0 (in the compatible case)
for some j. Consider that Ax ≈ b is incompatible, b �∈ R(A), and let qn+1αn+1 = 0.
Then, denoting P cp

1 ≡ Pn+1 and Qcp
1 ≡ Qn,

(P cp
1 )T [b|AQcp

1 ] =

⎡
⎢⎢⎢⎢⎣

γ1 α1

γ2
. . .
. . . αn

γn+1

⎤
⎥⎥⎥⎥⎦ = [b1|A11] ∈ R

(n+1)×(n+1) (2.4)

represents the core problem within [b|A], and

PT [b|A]
[

1 0
0 Q

]
=
[
b1 A11 0
0 0 A22

]
, P ≡ [P cp

1 , P cp
2 ], Q ≡ [Qcp

1 , Q
cp
2 ],

where P cp
2 , Qcp

2 are chosen such that P−1 = PT , Q−1 = QT ; see [15]. A generalization
of the Golub–Kahan bidiagonalization for the problems with multiple right-hand sides
is given in section 3 below.

2.3. Right-hand side preprocessing. In order to get an equivalent problem
with the full column rank right-hand sides matrix, we preprocess B in an analogous
way as in [12, section 3.1]. Let d ≡ rank(B) ≤ min{m, d}, B ∈ R

m×d. Consider any
decomposition of B in the form

B = [C, 0]RT , C ∈ R
m×d, R ∈ R

d×d, (2.5)

1This algorithm is for its close connection to the Lanczos algorithm also called Golub–Kahan–
Lanczos bidiagonalization; see, e.g., [1], [3], [4].
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where C is of full column rank, and R is square orthogonal, i.e. R−1 = RT . Multipli-
cation of (1.1) from the right by R gives

A(XR) ≈ BR, where XR ≡ [Y, Y ′] ∈ R
n×d, Y ∈ R

n×d (2.6)

(if d = d, then it can be considered R = Id, B = C, X = Y ). The original problem
(1.1) is in this way split into two subproblems,

AY ≈ C and AY ′ ≈ 0, (2.7)

where the second problem is homogeneous. Following the arguments in [15], we con-
sider the meaningful solution Y ′ ≡ 0. In this way, the approximation problem (1.1)
reduces to AY ≈ C in (2.7). The full column rank matrix C ∈ R

m×d is called the
preprocessed right-hand side.

Remark 2.2. The LQ decomposition of B gives an example of (2.5); see [12,
remark 3.1]. Then the full column rank matrix C is in a lower triangular column
echelon form and it is called the LQ-preprocessed right-hand side. Alternatively, one
can use the SVD of B (see [12, section 3.1]) in the form

B = S[Θ, 0]RT , S ∈ R
m×d, Θ ∈ R

d×d, R ∈ R
d×d, (2.8)

where S has mutually orthonormal columns and the square nonsingular Θ contains
the singular values of B on the diagonal. Then C ≡ SΘ has (nonzero) mutually
orthogonal columns and it is called the SVD-preprocessed right-hand side.

3. Band generalization of the Golub–Kahan bidiagonalization. Consider
the problem AY ≈ C, where C ∈ R

m×d is of full column rank obtained above. As an
extension of (2.4), we want to reduce [C|A] to the upper triangular band matrix with
(at most) d+ 1 nonzero diagonals (all entries above the dth superdiagonal are zero).

3.1. Basic structure of the band algorithm. First, the right-hand side C is
transformed to the upper triangular form. Consider the QR decomposition

C = P(0)F, F =
[
F1

0

]
, F1 =

⎡
⎢⎢⎢⎢⎣

γ1,1 β1,2 · · · β1,d

γ2,2
. . .

...
. . . βd−1,d

γd,d

⎤
⎥⎥⎥⎥⎦ , (3.1)

where P(0) ∈ R
m×m, P−1

(0) = PT(0), and F1 is the upper triangular square matrix with a
positive diagonal, γj,j > 0, j = 1, . . . , d. If C is the SVD-preprocessed right-hand side,
then F1 = Θ is diagonal containing the singular values of the original right-hand side
B, and the first d columns of P(0) are the columns of S; see (2.8). It should be noted
that the matrix P(0) as well as the matrices P(k) below, which are all ∈ R

m×m, are
distinct from the matrices Pj ∈ R

m×j used above in description of the Golub–Kahan
iterative bidiagonalization. Denote L(0) ≡ PT(0)A, then

PT(0)[C|A] = [F |L(0)]. (3.2)

It remains to transform L(0) to a lower triangular band matrix with (at most) d + 1
nonzero diagonals (all entries below the dth subdiagonal are zero). This can be done,
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e.g., by multiplications of L(0) with suitable Householder matrices HQ,j , HP,j , j =
1, 2, . . . from the right and left, respectively. Let for k = 1, 2, . . .

P(k) = P(0)HP,1HP,2 . . . HP,k ∈ R
m×m, Q(k) = HQ,1HQ,2 . . . HQ,k ∈ R

n×n (3.3)

be orthogonal matrices yielding a transformation

PT(k)[C|AQ(k)] = [F |PT(k)AQ(k)] (3.4)

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

γ1,1 β1,2 · · · β1,d α1,d+1

γ2,2
. . .

... β2,d+1

. . .
. . . βd−1,d

...
. . . αk,d+k

γd,d βd,d+1 βk+1,d+k ♥ · · · ♥
γd+1,d+1

. . .
...

...
...

. . . βk+d−1,d+k ♥ · · · ♥
γd+k,d+k ♥ · · · ♥

♥ · · · ♥
...

...
♥ · · · ♥

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (3.5)

with αj,d+j > 0, γd+j,d+j > 0, for j = 1, . . . , k. (3.6)

Denote

L(j) ≡ PT(j)AQ(j) = HT
P,jL(j−1)HQ,j , (3.7)

and L(j−) ≡ PT(j−1)AQ(j) = L(j−1)HQ,j , j = 1, . . . , k. (3.8)

The entry αj,d+j represents the norm of the trailing subrow (of length n − j + 1) of
the jth row of L(j−1), and analogously the entry γd+j,d+j represents the norm of the
trailing subcolumn (of length m− j − d + 1) of the jth column of L(j−). If the first
row of L(0) is zero (i.e., α1,d+1 = 0), or if the trailing subcolumn of L(1−) of length
m− d is zero (i.e., γd+1,d+1 = 0), or if the problem does not have enough rows (i.e.,
γd+1,d+1 does not exist), then the transformation (3.4) to the form (3.5) with the
condition (3.6) does not exist. In such case we formally put k = 0 and Q(0) ≡ In.
This particular case is discussed later in section 3.2. In the rest of this paragraph we
for simplicity consider αj,d+j > 0, γd+j,d+j > 0, j = 1, . . . , k. Denote p1, . . . , pd+k
the first d+ k columns of P(k) and q1, . . . , qk the first k columns of Q(k). Using (3.7)
rewritten as

AQ(k) = P(k)L(k) and ATP(k) = Q(k)L
T
(k), (3.9)

we can write for Aqj and AT pj

Aqj = [pj , pj+1, . . . , pj+d−1, pj+d][αj,d+j , βj+1,d+j , . . . , βj+d−1,d+j , γd+j,d+j ]
T, (3.10)

AT pj = [qj−d, qj−d+1, . . . , qj−1, qj ][γj,j , βj,j+1, . . . , βj,j+d−1, αj,d+j ]
T . (3.11)

Using the initial vectors p1, . . . , pd given by (3.1) and q1−d = . . . = q0 ≡ 0, the
columns of the (d+ k)× k leading principal block of L(k), and the columns q1, . . . , qk,
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and pd+1, . . . , pd+k are iteratively generated by

qjαj,d+j ≡ AT pj − qj−dγj,j −
(∑d−1

i=1
qj−d+iβj,j+i

)
, (3.12)

βj+i,d+j ≡ pTj+iAqj , for i = 1, . . . , d− 1, (3.13)

pd+jγd+j,d+j ≡ Aqj − pjαj,d+j −
(∑d−1

i=1
pj+iβj+i,d+j

)
, (3.14)

where ‖qj‖ = ‖pj+d‖ = 1, αj,d+j > 0, γd+j,d+j > 0, for j = 1, 2, . . . , k. The β entries
represent orthogonalization coefficients.

3.2. Deflation in the band algorithm. Now we focus on the case when the
right-hand side of (3.12) or (3.14) becomes zero (including the case k = 0). Let �
be the first index for which either q�α�,d+� = 0 (yielding formally α�,d+� = 0), or
pd+�γd+�,d+� = 0 (yielding formally γd+�,d+� = 0), 1 ≤ � ≤ min{n + 1,m − d + 1}.
The cases � = n+ 1 and � = m− d+ 1 represent reaching the number of columns and
rows of the system matrix, respectively.

3.2.1. Upper deflation. Let for � < n + 1 we get q�α�,d+� = 0. Recall that
α�,d+� is the norm of a trailing subrow of the �th row of L(�−1) = PT(�−1)AQ(�−1) to
the right of β�,d+�−1, therefore

PT(�−1)[C|AQ(�−1)] = [F |L(�−1)] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

. . .

. . . α�−1,d+�−1. . . β�,d+�−1 0 · · · 0
β�+1,d+�−1 ♥ · · · ♥

...
...

...

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
. (3.15)

In this case the Householder matrix HQ,� is constructed to transform the first row
below the �th row having a nonzero trailing subrow (say, the ξth row) while producing
αξ,d+� > 0.

This upper deflation can be easily described using (3.12)–(3.14). Consider that
the (� + 1)th row of [F |L(�−1)] has the nonzero trailing subrow. The formula for
computing α�+1,d+� > 0 and q� is then given by equating the (�+1)th (instead of the
�th) columns of ATP(�) = Q(�)L

T
(�); see also (3.9) and (3.11). Formulas (3.12)–(3.14)

are then for j = �, �+ 1, . . ., modified to

qjαj+1,d+j ≡ AT pj+1 − qj−d+1γj,j −
(∑d−1

i=2
qj−d+iβj+1,j+i

)
, (3.16)

βj+i,d+j ≡ pTj+iAqj , for i = 2, . . . , d− 1, (3.17)

pd+jγd+j,d+j ≡ Aqj − pj+1αj+1,d+j −
(∑d−1

i=2
pj+iβj+i,d+j

)
. (3.18)

The number of summands and computed coefficients β is reduced by one for all j ≥ �.
Each upper deflation changes the pattern of nonzero entries in the band matrix by
reducing the effective bandwidth from the top by one.
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3.2.2. Lower deflation. Let for � < m− d+ 1 we get pd+�γd+�,d+� = 0. Recall
that γd+�,d+� is the norm of a trailing subcolumn of the �th column of L(�−) =
PT(�−1)AQ(�) below β�+d−1,d+�, therefore

PT(�−1)[C|AQ(�)] = [F |L(�−)] =

⎡
⎢⎢⎢⎢⎢⎢⎣

. . . . . .
...

...
γd+�−1,d+�−1 β�+d−1,d+� ♥ · · ·

0 ♥ · · ·
...

...
0 ♥ · · ·

⎤
⎥⎥⎥⎥⎥⎥⎦
. (3.19)

Then we take HP,� = Im. The matrix L(�−) in (3.19) is multiplied by HQ,�+1 from
the right, giving α�+1,d+�+1, and the algorithm proceeds with transformation of the
(�+ 1)th column (provided its trailing subcolumn is nonzero). For capturing this
lower deflation analogously as above, it is convenient to consider a row-oriented for-
mulation of (3.12)–(3.14). Each lower deflation modifies the pattern of nonzero entries
in the band matrix by reducing the effective bandwidth from the bottom by one.

3.2.3. Band subproblem. Since the matrix [F |L(k)] has (d+ 1) nonzero diag-
onals (see (3.5)), after d deflations the effective bandwidth is reduced to one. Denote
P ∈ R

m×m, Q ∈ R
n×n the products of the resulting Householder matrices (see (3.3))

and denote L ≡ PTAQ. Then

PT [C|AQ] = [F |L] ≡
[
B1 A11 0
0 0 A22

]
(3.20)

and the problem is decomposed in the desired subproblems, see, e.g., the following
illustration⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

γ1,1 β1,2 β1,3 α1,4

γ2,2 β2,3 β2,4 α2,5

γ3,3 β3,4 β3,5 α3,6

γ4,4 β4,5 β4,6 α4,7

0 γ5,6 β5,7 α5,8

γ6,7 β6,8 0
γ7,8 α7,9

γ8,9 α8,10

0 ♥ · · · ♥
...

...
♥ · · · ♥

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

upper deflation
�
�

�
�

�

lower deflations
�
�

�
�

�
�

�
�

�
��

���

Let A11 ∈ R
m×n, B1 ∈ R

m×d, and denote P cp
1 ≡ [p1, . . . , pm] ∈ R

m×m, Qcp
1 ≡

[q1, . . . , qn] ∈ R
n×n. In the rest of this paper we show that the band subproblem

(P cp
1 )T [C|AQcp

1 ] = [B1|A11] ∈ R
m×(n+d) (3.21)

represents the core problem, by proving that it satisfies the properties (CP1)–(CP3);
see section 2.1.

An implementation of the band algorithm with inputs A and B, and outputs
A11, B1, P

cp
1 , Qcp

1 , and R (see (2.5)) can be found in Appendix A. For alternative
implementations see [18, Algorithm 2.4, p. 38] or [17, Algorithm 5.1, p. 74].
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4. Core problem in the band form. The equations (3.20)–(3.21) immediately
give

ATP cp
1 = Q

[
AT11
0

]
, and [C|AQcp

1 ] = P

[
B1 A11

0 0

]
,

which represent QR decompositions of matrices ATP cp
1 and [C|AQcp

1 ], respectively.
The matrix A11 is in the lower triangular column echelon form with nonzero columns,
thus it is of full column rank n giving the property (CP1). The right-hand side B1 is
in the upper triangular form with nonzero entries on the diagonal (see (3.1)), thus it
is of full column rank d giving the property (CP2). Further [B1|A11] is in the upper
triangular row echelon form with nonzero rows, thus it is of full row rank m giving
the inequality

max{n, d} ≤ m ≤ n+ d. (4.1)

Note that for d = 1 the matrix B1 becomes a vector b1, the band algorithm
becomes the standard Golub–Kahan bidiagonalization of A, the matrices [b1|A11], A11

become bidiagonal with [b1|A11]T [b1|A11], A11A
T
11, and AT11A11, representing Jacobi

matrices (symmetric tridiagonal matrices with positive subdiagonal entries). This
relationship has been used in [13] and [11]. Jacobi matrices represent thoroughly
studied objects with the origin in the first half of the 19th century; see the historical
note 3.4.3 in [14, section 3.4, pp. 108–136]; see also [16, Chapter 7, pp. 119–150], [20,
section 5, §36–§48, pp. 299–316], and [7, Chapter 1.3, pp. 10–20].

In the following we introduce generalized Jacobi matrices, discuss their spectral
properties, and show their relationship to the band subproblem with d > 1. In partic-
ular, we investigate bases of eigenspaces of generalized Jacobi matrices in section 4.1,
and we show that A11A

T
11 represents generalized Jacobi matrix in section 4.2. As a

consequence, the bases of the left singular vector subspaces of A11 have the properties
guaranteeing that the band subproblem [B1|A11] satisfies also the property (CP3).
Other generalizations of Jacobi matrices can be found, e.g., in [6, Chapter 3].

4.1. Generalized Jacobi matrices. Let T ∈ R
n×n be a symmetric matrix

with entries tk,j . In analogy to the notation in, e.g., [8, section 4.1], we consider for
k = 1, . . . , n

f(k) = min{j : tk,j �= 0}, and h(k) = k − f(k). (4.2)

The number f(k) is the column index of the first nonzero entry in the kth row of
T (provided it exists), and h(k) is the distance between this and the diagonal entry.
Consider the following matrices.

Definition 4.1 (ρ-wedge-shaped matrix). Let T ∈ R
n×n be a symmetric matrix,

and ρ, 1 ≤ ρ < n, an integer. If h(k) for k = ρ+1, . . . , n is positive and nonincreasing,
then we call T a ρ-wedge-shaped matrix.
For clarity we give some examples of 3-wedge-shaped matrices:
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

♥ ♥ ♥ ♣
♥ ♥ ♥ ♥ ♣
♥ ♥ ♥ ♥ ♥ ♣
♣ ♥ ♥ ♥ ♥ ♥ ♣
♣ ♥ ♥ ♥ ♥ ♥
♣ ♥ ♥ ♥ ♥
♣ ♥ ♥ ♥

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

♥ ♥ ♥ ♣
♥ ♥ ♥ ♥
♥ ♥ ♥ ♥ ♣
♣ ♥ ♥ ♥ ♥ ♣

♣ ♥ ♥ ♥
♣ ♥ ♥ ♣

♣ ♥

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

♥ ♥ ♥
♥ ♥ ♥
♥ ♥ ♥ ♣

♣ ♥ ♣
♣ ♥ ♣
♣ ♥ ♣
♣ ♥

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
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Recall that clubs (♣) stand for nonzero entries, and hearts (♥) stand for general
entries which can also be zero. Since 1-wedge-shaped matrices are symmetric tridiag-
onal with nonzero subdiagonal entries, the wedge-shaped matrices can be seen as a
generalization of Jacobi matrices.

Jacobi matrices have simple eigenvalues; see, e.g., [16, Lemma 7.7.1]. In the text
below it is shown that multiplicities of eigenvalues of a ρ-wedge-shaped matrix are
bounded by ρ. The following example of a 2-wedge-shaped matrix

⎡
⎢⎢⎢⎢⎢⎣

0 0 1
0 0 0 .. .

1 0 0 . . . 1
. . . . . . . . . 0

1 0 0

⎤
⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎣

0 1
1 0 1

1 0 1
1 0

⎤
⎥⎥⎦⊗ I2 ∈ R

8×8

with eigenvalues

λ1,2 = −
√

5 + 1
2

, λ3,4 = −
√

5− 1
2

, λ5,6 =
√

5− 1
2

, λ7,8 =
√

5 + 1
2

illustrates that the bound is sharp, in the sense that the multiple eigenvalues with
the multiplicity ρ can be present. This also shows that the strict interlacing prop-
erty of eigenvalues of Jacobi matrices (see, e.g., [16, section 7.10]) does not hold for
wedge-shaped matrices. Eigenvectors of Jacobi matrices have nonzero first and last
entries; see, e.g., [16, Theorem 7.9.3]. The following theorem shows how to general-
ize the property of the nonzero first element to leading subvectors of eigenvectors of
wedge-shaped matrices. This immediately gives the bound for the multiplicities of
the individual eigenvalues. Subsequently we show how to generalize the property of
the nonzero last element to eigenvectors of wedge-shaped matrices.

Theorem 4.2. Let T ∈ R
n×n be a ρ-wedge-shaped matrix, 1 ≤ ρ < n. Let λ ∈ R,

v = [ν1, . . . , νn]T ∈ R
n be an eigenpair of T , i.e., Tv = λv, v �= 0. Then the leading

subvector [ν1, . . . , νρ]T ∈ R
ρ of v is nonzero.

Proof. Because h(k), k = ρ + 1, . . . , n is nonincreasing, the first nonzero entry
tk,f(k) in the kth row is also the last nonzero entry in the (f(k))th column of T . Using
the symmetry of T , tf(k),k is the last nonzero entry in the (f(k))th row. Thus the
(f(k))th row of Tv = λv can for k = ρ+ 1, . . . , n be written as

(∑k−1

�=1
tf(k),� ν�

)
+ tf(k),k νk = λ νf(k). (4.3)

Let, by contradiction, ν1 = . . . = νρ = 0. Then (4.3) is for k = ρ+ 1 reduced to

tf(ρ+1),ρ+1 νρ+1 = λ νf(ρ+1).

Because h(ρ+ 1) is positive, f(ρ+ 1) < ρ+ 1, and νf(ρ+1) = 0. Since tf(ρ+1),ρ+1 �= 0,
then νρ+1 = 0. Repeating the argument gives for k = ρ+2, . . . , n, νρ+2 = . . . = νn = 0,
which contradicts v �= 0.

This theorem has the following corollary.

Corollary 4.3. Let T ∈ R
n×n be a ρ-wedge-shaped matrix, 1 ≤ ρ < n. Let

λ ∈ R be an eigenvalue of T with the multiplicity r. Let v� = [ν1,�, . . . , νn,�]T ∈ R
n,



10 I. HNĚTYNKOVÁ, M. PLEŠINGER, Z. STRAKOŠ

� = 1, . . . , r, be an arbitrary basis of the corresponding eigenspace, i.e., TV = λV ,
where V ≡ [v1, . . . , vr] ∈ R

n×r. Then the leading ρ× r block of V ,

Ω ≡

⎡
⎢⎣
ν1,1 · · · ν1,r
...

. . .
...

νρ,1 · · · νρ,r

⎤
⎥⎦ ∈ R

ρ×r, (4.4)

is of full column rank r.

Proof. Since V w = [ω1, . . . , ωn]T represents for any w �= 0 ∈ R
r an eigenvector

of T , by theorem 4.2, Ωw = [ω1, . . . , ωρ]T is nonzero, which gives the assertion.

If r > ρ, then there exists a nontrivial linear combination of the columns of V which
gives a vector with the first ρ entries zero, i.e., Ω ∈ R

ρ×r can obviously not have full
column rank. This gives the bound for the multiplicities of individual eigenvalues:

Corollary 4.4. An eigenvalue of a ρ-wedge-shaped matrix T ∈ R
n×n, 1 ≤ ρ <

n, has multiplicity at most ρ.

The following theorem generalizes the property of the last nonzero element of
eigenvectors of Jacobi matrices to eigenvectors of wedge-shaped matrices. The proof
is analogous to the proof of theorem 4.2.

Theorem 4.5. Let T ∈ R
n×n be a ρ-wedge-shaped matrix, 1 ≤ ρ < n. Let λ ∈ R,

v = [ν1, . . . , νn]T ∈ R
n be an eigenpair of T , i.e., Tv = λv, v �= 0. Denote

{s1, . . . , sρ} ≡ {1, . . . , n} \ {f(k) : k = ρ+ 1, . . . , n},
s1 > s2 > . . . > sρ ,

where f(k) is given by (4.2). Then the subvector [νs1 , . . . , νsρ ]T ∈ R
ρ of v is nonzero.

Proof. Since tk,f(k) is the first nonzero entry in the kth row of T , the kth row of
Tv = λv can for k = ρ+ 1, . . . , n be written as

tk,f(k) νf(k) +
(∑n

�=f(k)+1
tk,� ν�

)
= λ νk. (4.5)

Let, by contradiction, νs1 = . . . = νsρ = 0. Because h(n) is positive, f(n) < n, and
ν� = 0 for all � > f(n), in particular, νn ≡ νsρ = 0. Thus (4.5) is for k = n reduced
to

tn,f(n) νf(n) = 0,

and tn,f(n) �= 0 gives νf(n) = 0. Repeating the argument for k = n− 1, n− 2, . . . up
to ρ+ 1 gives νf(n−1) = νf(n−2) = . . . = νf(ρ+1) = 0, which contradicts v �= 0.

Note that s1, . . . , sρ represent the row (and column) indices where the effective band-
width of T is reduced by one, and sρ = n. Both nonzero subvectors of length ρ de-
scribed by theorems 4.2 and 4.5 can be observed from the pattern of a wedge-shaped
matrix. As an illustration, eigenvectors of the following 3-wedge-shaped matrix of the
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size 9 have nonzero subvectors [ν1, ν2, ν3]T and [ν3, ν6, ν9]T :⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ν1
ν2
ν3
ν4
ν5
ν6
ν7
ν8
ν9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

←→
←→
←→

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

♥ ♥ ♥ ♣
♥ ♥ ♥ ♥ ♣
♥ ♥ ♥ ♥ ♥
♣ ♥ ♥ ♥ ♥ ♣
♣ ♥ ♥ ♥ ♥ ♣

♣ ♥ ♥ ♥
♣ ♥ ♥ ♣

♣ ♥ ♣
♣ ♥

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

←→

←→

←→

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ν1
ν2
ν3
ν4
ν5
ν6
ν7
ν8
ν9

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

4.2. Singular values and vectors of the band subproblem. We first show
the link of the band subproblem to the wedge-shaped matrices. For a positive definite
matrix M = ZTZ with its (upper triangular) Cholesky factor Z it is well known that

env(M) = env(ZT + Z), where env(T ) = {tk,j : f(k) ≤ j < k} (4.6)

denotes the so-called envelope of a symmetric matrix T , and f(k) is given by (4.2);
see, e.g., [8, section 4.2]. Analogously, using the structure of the band subprob-
lem (3.20)–(3.21), it is reasonable to expect that the symmetric positive semidefi-
nite matrices A11A

T
11 and [B1|A11]T [B1|A11] inherit the band structure and represent

wedge-shaped matrices. However, their full row rank upper triangular factors AT11
and [B1|A11], respectively, do not represent the Cholesky factors, in general. Thus
the above mentioned result cannot be used directly; see also an example in Figure 4.1.
Therefore we state and prove the following lemma.

Lemma 4.6. Let A11X1 ≈ B1, A11 ∈ R
m×n, B1 ∈ R

m×d be the band subproblem
(3.20)–(3.21). If m > d, then the matrix

A11A
T
11 ∈ R

m×m,

is d-wedge-shaped. Since d+ n > d, then the matrix

[B1|A11]T [B1|A11] ∈ R
(d+n)×(d+n),

is also d-wedge-shaped.
Proof. Denote aTk ≡ eTkA11 the kth row of A11, thus aTk aj represents the (k, j)th

entry of A11A
T
11. We look for the first nonzero entry in the kth row of A11A

T
11,

k = d + 1, . . . ,m. Denote ϕ(j) ∈ {1, . . . ,m} the row index of the first nonzero entry
in the jth column of A11, i.e.,

aTϕ(j) = [♥, . . . ,♥︸ ︷︷ ︸
j−1

, αϕ(j),d+j , 0, . . . , 0︸ ︷︷ ︸
n−j

], j = 1, . . . , n. (4.7)

Denote ψ(k) ∈ {1, . . . , n} the column index of the first nonzero entry in the kth row
of A11, i.e.,

aTk = [0, . . . , 0︸ ︷︷ ︸
ψ(k)−1

, γk,d+ψ(k),♥, . . . ,♥︸ ︷︷ ︸
n−ψ(k)

], k = d+ 1, . . . ,m. (4.8)

For j = ψ(k) the entries αϕ(j),d+j and γk,d+ψ(k) belong to the same column, i.e.,

aTk aϕ(ψ(k)) = γk,d+ψ(k) αϕ(ψ(k)),d+ψ(k) > 0. (4.9)
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♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♣

♣ ♥♥ ♥♥ ♥♥ ♥♥
♣ ♥♥ ♥♥ ♥♥ ♣

♣ ♥♥ ♥♥ ♣
♣ ♥♥ ♣

♣ ♥♥ ♣
♣ ♥♥ ♣

♣ ♥♥
♣ ♣

♣

[B1|A11]

��

�	

m = 21
n = 16
d = 8
3 lower deflations (in cols. 1, 8, and 10 of A11)
5 upper deflations (in rows 10, 11, 13, 19, and 21)

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥ ♣

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♥♥
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥ ♣

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♥♥
♣ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥ ♣

♣ ♥♥ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♥♥
♣ ♥♥ ♥♥ ♥♥ ♣ ♥♥ ♣

♣ ♥♥ ♥♥ ♣ ♥♥ ♣
♣ ♥♥ ♣ ♥♥ ♣

♣ ♥♥ ♣ ♥♥
♣ ♥♥ ♣ ♣

♣ ♣

[B1|A11]T [B1|A11]

��

�	

Fig. 4.1. Top: A band problem Z ≡ [B1|A11] with d = 8. Bottom: One can see that the positive
semidefinite matrix M ≡ [B1|A11]T [B1|A11] is a 8-wedge-shaped matrix. Since the upper triangular
matrix Z in the top does not represent the Cholesky factor of the matrix M in the bottom, then
env(M) �= env(ZT + Z); see, e.g., the encircled nonzero entry in the top part and the encircled zero
entry in the bottom part.
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Using the lower echelon form of A11, all rows above aTϕ(ψ(k)) ((4.7) with j = ψ(k))
are structurally orthogonal to aTk (4.8), thus all entries to the left of aTk aϕ(ψ(k)) (4.9)
are zero. Consequently, aTk aϕ(ψ(k)) (4.9) is the first nonzero entry in the kth row of
A11A

T
11, k = d+ 1, . . . ,m. Thus

f(k) = ϕ(ψ(k)),

see (4.2). The matrix A11 has the band form with the α entries located on the top
and the γ entries on the bottom of the band; see section 3.2.3 above. The row aTϕ(ψ(k))

((4.7) with j = ψ(k)) is always placed above the row (4.8). Thus (4.9) is on the left
of the diagonal entry aTk ak in the kth row of A11A

T
11, i.e., ϕ(ψ(k)) < k and

h(k) = k − ϕ(ψ(k))

is positive for k = d + 1, . . . ,m. Because both ϕ(j) and ψ(k) are increasing, the
composed function ϕ(ψ(k)) is also increasing, and h(k) is nonincreasing for k = d+ 1,
. . . ,m. Consequently, A11A

T
11 is a d-wedge-shaped-matrix.

The proof for [B1|A11]T [B1|A11] is analogous: Replace A11 by [B1|A11]T and
exchange the roles of the α and γ entries.
Recall that m ≥ max{n, d}; see (4.1). If m = d, then A11A

T
11 has no particular

structure. Note that d + n = d (i.e., A11 has no columns) occurs in the excluded
case ATB = 0 (after the QR decomposition (3.1)–(3.2), the band algorithm starts
with d upper deflations). The matrix AT11A11 ∈ R

n×n is the trailing principal block
of the d-wedge-shaped matrix [B1|A11]T [B1|A11]. If n > d, then AT11A11 represents a
d-wedge-shaped matrix; see also Figure 4.1. If n ≤ d, then AT11A11 has no particular
structure.

Now we are ready to formulate the properties of the band subproblem (3.20)–
(3.21).

Corollary 4.7. Let A11X1 ≈ B1, A11 ∈ R
m×n, B1 ∈ R

m×d be the band
subproblem (3.20)–(3.21), i.e., [B1|A11] and A11 are the upper and lower triangular
band matrices, respectively, with (at most) d+ 1 nonzero diagonals. Then:

(a) The singular values of [B1|A11] and A11 have multiplicities at most d.
(b) Let v1, . . . , vr be an orthonormal basis of the right singular vector subspace of

[B1|A11] corresponding to a singular value with the multiplicity r (or of the
null-space N ([B1|A11]) with the dimension r). Then the leading d × r block
of [v1, . . . , vr] ∈ R

(n+d)×r is of full column rank r.
(c) Let u1, . . . , ur be an orthonormal basis of the left singular vector subspace

of A11 corresponding to a singular value with the multiplicity r (or of the
null-space N (AT11) with the dimension r). Then the matrix

Φ ≡ [u1, . . . , ur]TB1 ∈ R
r×d

is of full row rank r, i.e., the band subproblem A11X1 ≈ B1 satisfies the
condition (CP3); see section 2.1.

Proof. Assertion (a) follows directly from lemma 4.6 and corollary 4.4, except for
the case of A11 with m = d. Since A11 ∈ R

m×n is of full column rank, m ≥ n, the
assertion becomes in this case trivial. Assertion (b) follows directly from lemma 4.6
and corollary 4.3. Assertion (c): The leading block Ω ∈ R

d×r of [u1, . . . , ur] ∈ R
m×r,

is of full column rank r by corollary 4.3 (the case m = d excluded in lemma 4.6
becomes again trivial) and B1 = [FT1 , 0]T , where F1 ∈ R

d×d is nonsingular; see (3.1).
Thus Φ is of full row rank r.
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5. Concluding remarks. We have proved that the band algorithm computes
the problemA11X1 ≈ B1 satisfying conditions (CP1)–(CP3) formulated in section 2.1.
We state this result as the following theorem.

Theorem 5.1. The band subproblem A11X1 ≈ B1 (3.20)–(3.21) obtained as the
output of the band algorithm described in section 3 applied on the problem AX ≈ B
represents a core problem within AX ≈ B in the sense of definition 2.1. It can
therefore be called the core problem in the band form.

Assertions (a) and (b) of corollary 4.7 give some additional properties of core problems.
For d = 1, these properties reduce to the well known facts that singular values of
[b1|A11] are simple and the right singular vectors have nonzero first components,
guaranteeing existence of the unique TLS solution of the core problem. The properties
from corollary 4.7 might be helpful in analysis of solvability of core problems for d > 1.
This issue is, however, still under investigation.

Acknowledgments. The authors wish to thank Diana M. Sima for valuable
discussions about the TLS problems and Miroslav Tůma for his help and discussions
about envelopes of band matrices.
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Appendix A. Implementation of the band algorithm.
Algorithm 1 implements the band algorithm. Assuming exact arithmetic, it re-

turns for general input data A, B the matrices A11, B1 of the core problem in the
band form, and the corresponding transformation matrices P cp

1 , Qcp
1 (see (3.21)), and

R (see (2.5)). For alternative implementations see [18, Algorithm 2.4, p. 38] or [17,
Algorithm 5.1, p. 74]. In the algorithm pk, qj denote the kth and jth column of P and
Q, and Pk ≡ [p1, . . . , pk] ∈ R

m×k, Qj ≡ [q1, . . . , qj ] ∈ R
n×j (Q0 represents a matrix

with no columns); Lk,j ≡ PTk AQj denotes the k × j leading principal block of L, in
particular Lm,n = A11 (see (3.21)), and lk,j ≡ eTkLej is the (k, j)th entry of L. The
variables cU and cL are counters of the upper and lower deflations, respectively. The
algorithm stops when cU + cL = d = rank(B); see the line 7. The indices j and k
denote the number of columns and rows, respectively, of the currently computed part
of the matrix L. If j or k becomes equal to n or m, respectively, then the algorithm
stays in the loop of lines {7–13, 36–39, 7, etc.} or {7–26, 32–35, 38–39, 7, etc.}. The
value of cU respectively cL increases until cU + cL = d. The following schema illus-
trates (on the example given below (3.20)) how the algorithm assembles the matrix
A11; the arrows represent updates in the lines 24 or 31:

Ld,0 =

⎡
⎣
⎤
⎦ 24−→

⎡
⎣ α1,4

β2,4

β3,4

⎤
⎦ 31−→

⎡
⎢⎢⎣
α1,4

β2,4

β3,4

γ4,4

⎤
⎥⎥⎦ 24−→

⎡
⎢⎢⎣
α1,4 0
β2,4 α2,5

β3,4 β3,5

γ4,4 β4,5

⎤
⎥⎥⎦ 24−→

⎡
⎢⎢⎣
α1,4 0 0
β2,4 α2,5 0
β3,4 β3,5 α3,6

γ4,4 β4,5 β4,6

⎤
⎥⎥⎦

31−→

⎡
⎢⎢⎢⎢⎣

α1,4 0 0
β2,4 α2,5 0
β3,4 β3,5 α3,6

γ4,4 β4,5 β4,6

0 0 γ5,6

⎤
⎥⎥⎥⎥⎦

24−→

⎡
⎢⎢⎢⎢⎣

α1,4 0 0 0
β2,4 α2,5 0 0
β3,4 β3,5 α3,6 0
γ4,4 β4,5 β4,6 α4,7

0 0 γ5,6 β5,7

⎤
⎥⎥⎥⎥⎦

31−→ . . .
24−→

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

α1,4 0 0 0 0 0 0
β2,4 α2,5 0 0 0 0 0
β3,4 β3,5 α3,6 0 0 0 0
γ4,4 β4,5 β4,6 α4,7 0 0 0
0 0 γ5,6 β5,7 α5,8 0 0
0 0 0 γ6,7 β6,8 0 0
0 0 0 0 γ7,8 α7,9 0
0 0 0 0 0 γ8,9 α8,10

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= Lm,n = A11.

The sums in (3.12), (3.14), or in (3.16), (3.18), are implemented in the lines 11 and 25,
respectively. This implementation does not reflect, for simplicity, the structure of zero
entries in the band matrix; i.e., as an example, the sum in the line 11 computes the
full matrix-vector product of the matrix [q1, . . . , qj−1] with the last column of LTk,j−1.
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Algorithm 1 (Band generalization of the Golub–Kahan bidiagonalization).

1: input A ∈ R
m×n, B ∈ R

m×d {ATB �= 0, rank(B) = d}
2: compute B = [C, 0]RT {RHS preprocessing, C ∈ R

m×d, RT = R−1}
3: compute C = PdF1 {QR decomposition in the economic form}
4: initialize Q0 ← [ ], Ld,0 ← [ ] {data arrays/matrices}
5: initialize cU ← 0, cL ← 0 {deflation counters}
6: initialize j ← 1, k ← d {control variables/indices}
7: while cU + cL < d do
8: if j = 1, then {compute an auxiliary vector}
9: auxq ← AT pj+cU = AT p1

10: else
11: auxq ← AT pj+cU −

∑j−1
i=1 qilj+cU ,i

12: end
13: if auxq �= 0, then
14: αj+cU ,d+j

← ‖auxq‖ {compute α coefficient}
15: qj ← auxq/αj+cU ,d+j

{compute q vector}
16: Qj ← [Qj−1, qj ] {update of Q matrix}
17: beta← [ ]
18: if cU + cL < d− 2, then
19: for i = j + 1 + cU , . . . , j + d− 1− cL do
20: βi,d+j ← pTi Aqj {compute β coefficients}
21: beta← [beta, βi,d+j ]
22: end
23: end
24: Lk,j ← [Lk,j−1, [01,j−1+cU , αj+cU ,d+j

, beta ]T ] {update of L (add a col.)}
25: auxp ← Aqj −

∑k
i=1 pili,j {compute an auxiliary vector}

26: if auxp �= 0, then
27: k ← k + 1
28: γk,d+j ← ‖auxp‖ {compute γ coefficient}
29: pk ← auxp/γk,d+j {compute p vector}
30: Pk ← [Pk−1, pk] {update of P matrix}
31: Lk,j ← [LTk−1,j , [01,j−1, γk,d+j ]

T ]T {update of L matrix (add a row)}
32: else
33: cL ← cL + 1 {lower deflation}
34: end
35: j ← j + 1
36: else
37: cU ← cU + 1 {upper deflation}
38: end
39: end
40: m← k, n← j − 1, B1 ← [FT1 , 0d,m−d]

T , A11 ← Lm,n, P
cp
1 ← Pm, Qcp

1 ← Qn

41: output A11 ∈ R
m×n, B1 ∈ R

m×d, P cp
1 ∈ R

m×m, Qcp
1 ∈ R

n×n, R ∈ R
d×d
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