NOTES ON THE TRACE PROBLEM FOR SEPARATELY
CONVEX FUNCTIONS

ONDREJ KURKA AND DUSAN POKORNY

ABSTRACT. We discuss the following question: For a function f of two or more
variables which is convex in the directions of coordinate axes, how can its trace
g(z) = f(z,z,...,z) look like? In the two-dimensional case, we provide some
necessary and sufficient conditions, as well as some examples illustrating that
our approach does not seem to be appropriate for finding a characterization
in full generality. For a concave function g, however, a characterization in the
two-dimensional case is established.

1. INTRODUCTION

We say that a real function f : R — R is separately convez if it is convex on every
line parallel to a coordinate axis. The notion of separate convexity is investigated
due to its relationship with the concept of rank-one convexity (a function f on the
matrix space R?*? is said to be rank-one convex if it is convex on every line with
a rank-one direction). In order to understand rank-one convexity, one can restrict
attention to particular subspaces of R?*¢ (e.g. the diagonal or the symmetric
matrices). For example, this approach has been employed by S. Conti, D. Faraco,
F. Maggi and S. Miiller [2, 3] in the study of the (still open) question whether the
Hessian of a rank-one convex function is a bounded measure. When the rank-one
convexity is considered on the subspace of diagonal matrices, the separate convexity
naturally appears.

The study of separately convex functions in the theory of non-linear elasticity
goes back to L. Tartar [11] (see also [7, 8, 9]). In the two-dimensional case, the
notion of separate convexity coincides with the notion of bi-convexity used in op-
timization (see e.g. [6]), when considered in R x R. For aspects of the separate
convexity in the theory of martingales, see [1], and for recent applications in the
studies of removable sets for convex functions, see [10].

A real function g on R is said to be the trace of f on the diagonal if g(t) =
ft,t,... t) for every t. In [11], L. Tartar asks for the precise class of functions g
which can be the trace of a separately convex function on R2. The same problem
is posed in [7, Question 11]. He remarks that every C? function (or even every
function semi-convex in the classical sense) can be a trace, at least locally, and
also mentions some unpublished observations by V. Sverdk and D. Preiss. In [2],
S. Conti, D. Faraco and F. Maggi construct a function which can be a trace but

2010 Mathematics Subject Classification. 26B25.

Key words and phrases. separately convex function, trace problem.

The authors are junior researchers in the University Centre for Mathematical Modelling, Ap-
plied Analysis and Computational Mathematics (MathMAC). The first-named author is a member
of the Necas Center for Mathematical Modeling.

1



2 ONDREJ KURKA AND DUSAN POKORNY

its second derivative is not a bounded measure. They also mention another unpub-
lished result by B. Kirchheim and A. Lorent, namely that every C*® function can
be a trace and that not every C! function is a trace.

In fact, it turned out during the preparation of this manuscript that many of
the included results were obtained but unpublished more than 10 years ago by
B. Kirchheim, A. Lorent and L. Székelyhidi.

In the present paper, we prove some partial results on this topic, mostly in the
dimension 2, but also some observations in the general dimension. The only case in
which we were able to obtain a full characterization is the case of concave functions.
We proved the following results.

Theorem 1.1. Let g : R — R be a concave function. Then the following assertions
are equivalent:

(i) There exists a separately convex function f : R? — R such that f(u,u) = g(u)
for each u € R.

(ii) The function

R /1 gle+t) +g(z—t) = 29()
0 t2

is locally bounded from below.

The argument is based on a general extension result (see Theorem 7.2) which
provides us moreover with a sufficient condition in the framework of semi-convex
functions (with a general modulus).

Theorem 1.2. Let a function g : R — R be semi-conver with a modulus w such

that .
/ @ dt < oo.
O t

Then there exists a separately convex function f : R? — R such that f(u,u) = g(u)
for each u € R.

These results are special cases of Corollaries 7.3 and 7.4.

In fact, the implication (i) = (ii) holds without the assumption for g to be
concave, as follows from Proposition 4.1 and Remark 4.3. A stronger necessary
condition is formulated in Theorem 4.2. However, the implication (i) = (i) does
not hold in general and also the property of being a trace cannot be characterized
solely in the terms of semi-convexity (cf. Example 9.3 and Example 9.1).

The paper is structured as follows. After introducing notation and basic facts,
we start with some simple results in general dimension. In Section 2, we discuss the
relationship between local and global extendibility, showing that they are essentially
the same. Section 3 contains a modest necessary condition for a function to be the
trace of a separately convex function on R

A major part of the paper, however, is devoted to the two-dimensional case. In
Section 4, we begin by studying of necessary conditions, namely Proposition 4.1,
Theorem 4.2 and Remark 4.4. Basic tools for our constructions are provided in
Section 5. We formulate two extension Lemmata 5.3 and 5.5, the first of which was
inspired by the necessary conditions from the previous section. In fact, both of them
turned out to be consequences of a general extension result (see Lemma 5.1). Sec-
tion 6 contains a technical envelope-like lemma allowing us to apply our extension
lemmata to more general functions.
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FIGURE 1. A picture of a trace without one-sided derivative at
some point (Example 9.1).

Finally, the main results, Theorems 1.1 and 1.2, are proven in Section 7, both
of them derived from a general extension theorem (see Theorem 7.2). In Section 8,
we present a method that allows us to find a separately convex extension for a very
specific but in some sense broad class of traces which do not satisfy the assumptions
of Theorem 7.2.

We conclude the paper with four examples illustrating the limitations of our
methods. These are included in Section 9. In particular, we observe that there is
a trace of a separately convex function which does not have a one-sided derivative
at some point. Note that both main results above provide a separately convex
extension only for functions with one-sided derivatives.

The authors are grateful to Bernd Kirchheim for fruitful discussions on the topic,
especially on the background of studies of separately convex functions. The authors
also thank to Ludék Zajicek for valuable discussions on semi-convex functions.

NOTATION AND BASIC FACTS

In many places, we use the fact that every separately convex function on R? is
necessarily locally Lipschitz. In particular, its trace is also locally Lipschitz.

Let M be a convex set and let f be a real function defined on a super set of M.
We say that the function f is semi-convexr with modulus w on M if

flaz+ (1 —a)y) <af(x) + (1 —a)f(y) + ol —a)llz — yllw(llz—yl)

for every xz,y € M and every a € (0,1). A function semi-convex with a linear
modulus will be called just semi-convex. Semi-concave functions are then defined
in a similar manner.

For a real function f on R, we define its second order central difference at a point
z by w(w,t) == f(x+1t) + f(z —t) — 2f(2). Its modification w}(z,t) is defined for
t > 0 so that w}(z, ) is the greatest non-increasing minorant of wy(x, ) on [0, 00).

The following observation about traces of separately convex functions appeared
in [10].

Lemma 1.3. Let f : R2 — R be a separately convex function. Define g : R — R
by g(t) = f(t,t). Then

mmﬁg@+ﬂ+ﬂx—ﬂ—%@)
t—0+ t

>0

for every x.
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We will also use the following more or less standard notation. For a function
f defined on (a subset of) R? the symbol D} f(z) means the upper one-sided
derivative in a direction v € S~ of f at a point .

2. COINCIDENCE OF LOCAL AND GLOBAL EXTENDIBILITY

Lemma 2.1. Let d > 2. Then, for every G € C*(R), there is a separately convex
function F : RY — R such that F(t,t,...,t) = G(t) for each t € R.

Proof. We will see later how to find an extension Fy for d = 2 (Lemma 5.5). For a
general d, it is sufficient to consider the function F(x1,xa, ..., zq4) = Fo(z1,22). O

Proposition 2.2. Let d > 2 and let g : R — R be a locally Lipschitz function.
Assume that, for every bounded interval [a,b], there is a separately convex function
Jlap) R? — R such that Jap (U, u, ..., u) = g(u) for each u € [a,b]. Then there is
a separately conver function f : R? — R such that f(u,u,...,u) = g(u) for each
u € R.

We prove a claim first.
Claim 2.3. For every bounded interval [a,b], there is a separately convex func-
tion fi; 4 R? — R such that Sy, .. su) = g(u) for each u € [a,b] and
Sl (W, u) < g(u) for each u € R\ [a, b].
Proof. Let G : R — R be a C2-function such that
Gu)<0,ueR, G(u)=0, ué€la,b,
G(u) < g(u) = flamp41) (s, .., u), w € R\ [a — 1,0+ 1],
and let F': RY = R be an extension given by Lemma 2.1. Then the function
fay) = flamrpr) + F

works. (|
Proof of Proposition 2.2. Let G : R — R be a C?-function such that

G(u)<0,ueR, Gu) =0, [u=1, G0)<-1,
and let F : R? — R be an extension given by Lemma 2.1. We choose an ¢ € (0, 1)
so that

F(z) < -1, z€[—¢¢)
For £k =0,1,2,..., there is a sufficiently large aj > 0 such that the function
* * 1
f(k)(;[;) = max {f[2k72k+1]($), f[72k+1772k](x)} + akF(2—k:v)
fulfils
f®(z) <0, xe[-2%, 2%
It follows that every = € R? satisfies f(*)(z) < 0 for all but finitely many k’s. Thus,
f=sup ({f[*_l)l]} U {f(k) 1 k=0,1,2,... })
is a well-defined separately convex function. At the same time,
f[tl,l](uv cee ,’U,) < g(u)v AS Rv f{tl,l](uv s 7u) = g(u)v u € [_15 1]5

FO ) < glu), weR, FB(u,...u) = glu), u e [2F, 241 U[-2k+1, 9],
Consequently, we have f(u,...,u) = g(u) for each u € R. O
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3. NECESSARY CONDITION IN GENERAL DIMENSION

Unlike to the two-dimensional case, we were able to obtain only a very weak
necessary condition for a function to be the trace of a separately convex function
of three or more variables. The procedure we will use in Section 4 can be applied
also in dimension three, at least for a concave g, but the resulting condition is not
a very interesting one, because it is satisfied by every concave function.

Proposition 3.1. Let d > 1. Suppose that f : R* — R is a separately convex
function. Then

Dy f(x) > =D, f(x)
for every direction v € S*! and x € R?,

Proof. The proposition will be proven by induction on d. For d = 1 it is sufficient
to use the fact that the corresponding inequality holds for every convex function.
(Although it is not needed here, we also note that the validity for d = 2 follows
from Lemma 1.3.) Now, assume that the proposition is valid up to d — 1 for some
d > 2. We will prove the validity for d.

Aiming for a contradiction suppose that

Dy f(z) < =D, f()

for a separately convex function f : R? — R, € R? and a direction v € S%~1.
Since f is separately convex and by the induction procedure, we can suppose that v
is not in the linear hull of any d — 1 coordinate directions. This means that we can
assume v = ﬁ(l, 1,...,1). We can also suppose that z = (0,0,...,0), f(z) =0
and

(1) D} f(w) =~z < o= = =D*. [ (o).

Moreover, there is no loss in generality in assuming that

(2) f(ta) =tf(a)

for every a € R? and ¢ > 0. Indeed, if f satisfies (1), so does the function

1
x — limsup - f(rzx),

r—04+ T
which additionally satisfies (2).
For t € [-1,1] put
up = (—t,—t,...,1), x=(-t,—t,...,—t) and y = (-t,—t,...,1).
Due to the separate convexity, (1) and (2), we have
[ue — e 1+t 1—1¢
> —_— - = -
flug) = fy) + R (fQye) = flae)) = —=F(ye) = —=flae)
141 1-1¢ 14¢ 1-t¢
= Tf(yl) - Tf(xl) = Tf(yl) T
for ¢ > 0, which gives us (letting t — 0+)
J(y) +1
3) Flug) > T L

By separate convexity we have for 0 <r < s <t <1

()5 G = (- 2) 5 o)+ () .
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FIGURE 2. (a) Values of the functions «;, 5;, ¢
illustration concerning of inequalities in (4) and (

Using (2) we obtain
(1) fr) < (1=2) S+ (5= %) £ (),

t s
r(t—r) r(t —s)
?f(us) f(ue) + " f(ur),
(= 7)f (us) <(s =) f (u) + (¢ = ) f (ur) .
This implies that f is convex on the line connecting u; and up. Similar way we
obtain that f is convex on the line connecting u_; and ug. On the other hand

flur) + flu—r)  flur) =1 < fly) +1 < f(uop)

2 2 2

which tells us that f restricted to R¥~! x {1} is a separately convex function on (a

copy of) R?~! such that D} f(0) < —DT,, f(0) with w = \/%(1, 1,...,1) € 542,

But this is not possible due to the induction procedure, a contradiction. (I

r(s—r)

IN

4. NECESSARY CONDITIONS IN TWO DIMENSIONS

The purpose of this section is to find criteria on a function g to be the trace on
the diagonal of a separately convex function f of two variables. We start with some
investigation of the behaviour of f on the diagonals z = y and = = —y.

Consider f a separately convex function on R2. Define functions «;, 3, i = 1,2
on [0,00) by (cf. Figure 2(a))

ay(t) = f(t, 1), aa(t) := f(=t,—t), Br(t) := f(t, —1t) and Ba(t) := f(—t,1).

Pick p,q,r,s > 0, p > g and r > s. Using the separate convexity of f we can obtain
(see Figure 2(b))

Jp8) 20 (=0:8) + ) (f(a,) = £(59))

g+s+p—q p—q
= f(—q,8) — —J(8,58
P f(=q,s) q+sf( )

LR TR el Y
—q+8f( q,5) q+sf(,)

(4)
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and similarly

p+r r—s
5 —p,7) 2 -p,s) —
) Flepr) = 2t p(p) - 2

Putting these two together we then obtain

p+r (s+p P—q r—s

(6) f(_pvr) 2p+$ (q+5f(_q78)_mf(878)) _p—i-sf(_p’ _p)
_ptT o _ptr p—q, =S
=+s f(=q,s) pts aTs f(s,s) p+sf( p,—D)

This can be rewritten to the more symmetric form

f=p.r) _ f(=q.9) pP—q r—s

D o 2T T Growrs T T oEeen [P
In the special case of p = and ¢ = s we then obtain

f(_TaT) f(—S,S) r—s T—S
(8) r > S - S(T‘+S) 'f(sas)_m'f(_’ra_r)'
Due to the symmetry this implies also

flr,—r) _ f(s,—s) r—s r—s
9) ; 2 . —S(r+s)'f(—Sv—S)—m'f(T,T)
The last two formulas can be rewritten as
(10) 627@ B st(s) > _S(TT:LSS) Caa(s) — ﬁ as(r)
and
(11) B1ﬁr) B 518(8) Z_S(TT:LSS) -ag(s)—ﬁ-m(ﬂ-
Moreover, formulas (10) and (11) imply
" )5, _toe (26, o0)

r s — r+s s r ’

where we denoted o« = a1 + ap and 8 = 31 + B2. It turns out that it is sometimes
useful to work with functions () := @ and 0(t) := @ If we rewrite (12) using
~v and ¢ we obtain

) 5() = 8(s) () +(s)

r—s - r4+s

Suppose that §'(r) exists (which is the case for almost every r, since § is locally
Lipschitz on (0, 00)), then

s—r— r—=s T os—r— r+s r

(14) §(r) = Tim 0(r) =6(s) o o 2 +(s) _ ()

Using the local Lipschitzness of § we thus obtain

t

(15) 5(a) — 8(b) = /6’(t) dt > —/W) dt
b b
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for @ > b > 0. This in particular means that

a

(16) §(a) — lim inf 6(b) > —hminf/M dt.
b—0+ b—0+ t
b

Assume from now on that f(0,0) = 0, then, using Lemma 1.3, we obtain that
lim infp_,04 6(b) > 0. This gives us

t t
(17) Bla) _ §(a) > —liminf/ ) g - —limjnf/ a(t) dt,
a b—0+4 t b—0+ t2
b b
which can be rewritten to the form
- i a(t)
> = .
(18) B(a) > alirgégf/ 3 dt

b

This gives us

Proposition 4.1. Let g be a locally Lipschitz function on R. Suppose that there is
a separately convex function h on R? such that g(t) = h(t,t) for everyt € R. Then

19 h(z +u,z —u) + h(r —u,z+u) — 2h(z,z) > —u - liminf wg(x’t)dt
(19) , , | |
v—0+ t2

for every x,u € Ryu > 0. In particular, for every bounded interval I C R, there is
a constant C(g, 1) such that

1
— lim inf 5
b—0+ b t

ol 4y < (g, 1)

for every x € I.

Proof. The first part of the proposition follows directly from (18) applied on the
separately convex function f defined as f(y,z) = h(z 4+ y,z + 2) — h(x, x). Indeed,
in this case the left hand side in (19) is equal to

hz+u,z —u) + h(z —u,z +u) — 2h(x,2) = f(u,—u) + f(—u,u) = B(u),

whereas the argument of the integral inside the “liminf” on the right hand side is
equal to

wy(z,t) glx+1)+g(x—1t) —2¢g(x)

t2 t2
W +tx+t)+h(x—txz—1t) - 2h(z,2)
= =
_f(tut) + f(_t7 _t) _ @
B t2 2

The second part of the proposition follows immediately from (19) and from the
local Lipschitzness of h. O



NOTES ON THE TRACE PROBLEM 9

Now, return to formula (12) and consider the special case of a(s) = «(r) which
gives us

R
(20) :_E,a(s):_<@_&):_/$dt.

S

Pick some 0 < $1 < 711 < 82 < ro < --- < 8 < 1 < w with a(s;) = a(r;),
t=1,...,k and consider the function & on [0, c0) defined as

G(t) = {a(si) if ¢ € [s;,m4],

a(t)  otherwise.

By (20) and (15) we obtain that

) Bl _ [l g 30,

T S; t2 t2
Si+1 Si41 N
B(si+1) _ B(ri) > / @ dt — — / @ dt
Si4+1 T t2 t2
and
) pon) o)y [0,
w % 12 12
Tk Tk

Putting these inequalities together we then obtain

@ Bu) _plen), _ [0,

w S1
s1

The formula (21) leads to the following

Theorem 4.2. Let g be a locally Lipschitz function on R. Suppose that there is a
separately convex function h on R? such that g(t) = h(t,t) for every t € R. Then
for every bounded interval I C R, there is a constant C*(g,I) such that

1
wy (1) .
[ e
0
for every x € 1.

Proof. Fix a bounded interval I = [a,b], pick € I and let p € [0, 1] be the last
point of a global minimum of w,(z,-) on [0, 1].

Let I, = [an,bn], n € A be the (at most) countable system of non-degenerate
maximal intervals in [0, p] with the property that the function w} (z,t) (as a function
of t) is constant on every I,. Then wy(x,a,) = wy(z,b,) and wy(z,t) > wi(z,1)
for ¢t € I, for every n € A. We will consider only the (most difficult) case, when
liminf, . a, = 0, the other cases can be resolved similarly. So suppose that there

are ni,ng,... such that ¢; ;== a,, 0.
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Define real functions s, on [0,p], n € N by

) we(z,ar) if tely and k<mn,
Kn(t) i=
wg(z,t)  otherwise.

Then K, \ wy(z,-) as n — co. Define

5(t) = h(x +t,x—t)+h(z—t,x +1t) — 2h(z)
= " .

Then using (21) together with Lebesgue’s Monotone Convergence Theorem we ob-
tain that

(22)  d(p) = 6(ci) > —Sgp/ﬁn(t) dt = —/ lim “;5“ dt = —/L(x’t) dt.

t2 n—00 12
Ci Ci Ci

Since the value w;(a:, t) is always non-positive we obtain similarly as in the case of
formula (18) that

Pwy(w,t P wi(z,t
2v2L > 5(p) > — lim inf Mdtz—/ “p@ ) g
0

i—oo  J.. 2 12
i

where L is the Lipschitz constant of h on [a — 1,b+ 1]2.
It remains to estimate the integral from p to 1. Let K be the Lipschitz constant
of gon [a—1,b+1]. Then wy(z,p) > —2p- K and hence

1 1
wy(z,t) 1 1
—/ o= dt§2p-K/t—2dt:2p-K L) =2K0-p) < 2K
p

p

so we are done since K depends only on I and g. O

Remark 4.3. From Theorem 4.2 one can easily see that under the assumptions of
Proposition 4.1 the integral
1
t
/ wg (I’ ) dt
t2
0

Remark 4.4. If we decided to push this direction of finding necessary conditions
for a real function to be the trace of a separately convex function to its limits, we
might formulate it as follows:

Let g be a locally Lipschitz function on R. Suppose that there is a separately
convex function h on R? such that g(t) = h(t,t) for every t € R. Then for every
bounded interval I C R, there is a constant C(g,I) such that

exists.

m—1

— Pi+1 _ _
(23) ; (Pi + rig1)(Pit1 + Tig1) (9(x+7i1) = 9())

- (pi +T;i:1;z;3+ i) 9@ —pi) —g(2))| <Clg.])

for every x € I, m € N and every pair of decreasing sequences {p;}7, and {r;}7*,
from (0,1]. Indeed, it is sufficient (for a fixed x) to consider formula (7) for f
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defined by f(u,v) := h(u + x,v + x) — h(xz,x) with the choice p = p;, ¢ = pit1,
r =1, § = riy1 which gives us

f(=pi,mi) _ f(=pit1,Tiv1) > _ Pi — Pit1 (i, rien)
Di+ 15 Dit1 + Tit1 (pi + rit1)(Pi1 +7iv1)
T — Tit1
- - - : f(_plu _pz)

(pi + riga)(pi +73)
Now, it remains to take a sum over ¢ to obtain

Di — Di+1
(Pi + Tip1) (i1 + Tig1

-1
f(_plvrl) f(_p’mvr’m) > _1nz
P1 + 71 Pm +rm

) : f(ri+1,7“i+1)
i=1

n Ti — Titl
(pi +rig1)(pi +1i

) : f(_pi7 _pl)

and use the local Lipschitzness of h. There doesn’t seem to be, however, a direct
geometric interpretation of this condition similar to Theorem 4.2. It might be worth
mentioning though that the formula (7) also has an integral-like form

p+s p+r
f(_p7 T) f(_Q7 S) f(87 S) f(_pu _p)
24) p+T = qg+s _/ t2 dt_/Tdt'
q+s p+s

Remark 4.5. Tt is also worth noting that (due to the symmetry) the formula (13)
holds when replacing § with v and vice versa, this gives us
) A =2() L 0() +6s)
r—s r+s
Considering the limit s — r—, the formula (25) implies that
(26) B(r) > a(r) —ra/(r),
provided o/(r) exists. This inequality sometimes gives a better estimate than (18).
For instance for the function g(t) = —[t|> the formula (18) gives

t
f(t,—t)+f(—t,t)2t/ 2sds =1t t>0,
0

however, the formula (26) gives
Ft, =) + f(=t,1) > g(t) + g(=t) — t(g'(t) — g'(=t)) = =27 + 6t° = 4t>, ¢ >0.

This observation is also implicitly included in the proof of Lemma 5.5, namely in
the definition of the function 7.

5. EXTENSION LEMMATA

We start this section with a general extension lemma which we then apply in
two particular situations (Lemmata 5.3 and 5.5). The lemma is based on a simple
geometric idea. If the values on the diagonals x = £y are given, we consider the
function which is affine on every line segment which is parallel to a coordinate axis
with the endpoints belonging to these diagonals (i.e., the dashed line segments in
Figure 2(a)).

In fact, the first extension result we obtained was Lemma 5.3 in which the values
on the diagonal © = —y are extracted from the formula (18). Note that the second
extension result Lemma 5.5 assumes the symmetric formula (26) at the same time.
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Lemma 5.1. Let ay,a9,01,P2 : R = R be locally Lipschitz even functions such
that, for all choices i,j € {1,2},

a;(x
i &%) _

x—0 x€X x—0 x€X
and the functions

al(2) + = (85(x) — a(a)), Bj(x) +

are non-decreasing on their domains for x > 0.
Then the function F : R2 — R given by

- (ai(z) — Bj(x)),

T

%[(x +yai(x) + (z —y)hi(z)], ==y, x#0,

g[@*—y)az(@+(I—y)ﬁ2($)], z < —yl, x #0,
F(z,y) = %[(y +2)oa(y) + (y —2)B2(y)], vy >zl

W+ z)ozy) +y—2)B)],  y<—lzl

0, r=9y=0,

is separately convez.

Claim 5.2. Let E be a subset of (0,00) for which A((0,00) \ E) = 0 and let
~v: E — R be non-decreasing on E. Then

v(q)—v(p)+y{¥—%+/q$dt] >0

whenever |y| < p <q and p,q € E.

Proof. Tt is sufficient to prove the inequality for y = +p. Since

/pq%dtz/pq%dtzv(p)'(%_%»

we can write

)=o) +p| ML - 10 120
a) ) ) )] _p B
> p| 1220 20 I () -5 p)) 20
Since
() “v(q) 11
[ "W (-2),

O

Proof of Lemma 5.1. (I) We prove first that F' is separately convex on the quarters
from its definition. We consider the set {(x,y) : > |y|} only, since the proof for
other quarters is essentially the same. For the simplicity, we write «, 8 instead of
a1, B1. Notice that F' is affine in the direction y, so we just need to show that F' is
convex in the direction x.
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Let y be fixed. For almost every = > |y|, we have

1 Y Y
(27)  Felz,y) = 5(0/(95) +B'(2)) + %(O/(iﬂ) —pB'(x)) — ﬁ(a(ﬂﬁ) - B(x)).
We want to show that this partial derivative is non-decreasing on its domain, that

is to prove that

o/ (p) + B (p) + %(a’@) ~8'®) - Z(alp) - B()

p
<a'(q)+B'(q) + %(O/(q) - B(a) - q%(a(Q) - B(q))
whenever |y| < p < ¢ and the derivatives exist.
Define )
1(e) = /(@) + 2 (8(a) - o)),
5(x) = p'(z) + é(a(m) — B(x)),
1

0(1) = 5 (0'(x) ~ B/(2) — = (ae) — B(a)) = =5 (+(x) ~ 6(x).
By Claim 5.2,

v(q) —v(p)ﬂ{@ - % +/q%dt] >0,
5((1)—5(1?)—3/[@—?4-/(1%&} >0
Summing up these inequalities and using the formula for o, we obtain
7((1)4'5(‘1)—7(?)—5(17)4'19[% - %q) - % +?+/q9’(ﬂdt} > 0.
That is,
@0+ (0) — ')~ H0) +3 ]2 (0/(0) — #1(0) - (ala) - o)
1 ’ / 2 1 1
(@0 = 0D + 5 (a0~ 50) + 55 (ala) - 50) — 5 (al) — 50)| =0,

which leads quickly to the desired inequality.
(II) It remains to show that the separate convexity is not disrupted on the
diagonals © = +y. Due to the symmetry, we show only that

F,._(a,a) < Fyi(a,a) fora.e. a>0.

Using (27), we rewrite this requirement in the form
1 1
%[al(a) — Ba(a)] < af(a) — %(al(a) — Bi(a)) for a.e. a> 0.

It is sufficient to realize that

ol () + i(ﬁl(x) - 041(33)) >0 and of(z)+ i(ﬂz(:r) - al(:r)) >0
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for £ > 0 on the domain of these functions. These functions are assumed to be
non-decreasing for > 0. They have the limits from the right at 0, considered with
respect to the domain of o, and we check that these limits are equal to 0. Since
lim, 0+ 1 (B;(x) — ai(z)) = 0, the function o} itself has the limit. The limit must
be 0, as lim,_,o+ %al(x) =0. O

Lemma 5.3. Let a: R — R be a locally Lipschitz even function such that
e lim, ,oa(zr)/z =0,
e the integral fol a(z)dr/x? is convergent,
o the function o/ (x)/x is non-decreasing on its domain for x > 0.

Let B: R — R be given by
©at)
= = at
By == [ 2

and F : R? — R be given by

3@ ty)a@) +@-y)s@],  |e =l z#0,
F(z,y) =4 glly+a)aly) +y—2)BW)], |zl <lyl,
0, x=1y=0.

Then the function F is separately convez.

Proof. Due to Lemma 5.1, it is sufficient to show that the functions

1) = o/ (@) + = (B(w) — a(e). d(e) = §'(2) + 1 (ala) - 5(z).

are non-decreasing on their domains for z > 0. We can compute

(28) g = [ A2 2 (5(0) - aw),
(29) (@) = -2~ L (@) - afe)) = - Lol

It follows that
v(z) = () + B (x) and §(x)=0.
Now, let 0 < p < ¢ be elements of the domain of . Then

Y(g) —(p) = o(q) —d(p) +/q 8" (z) dz = o/ (q) — o (p) _/qux
q Oé/(

Remark 5.4. It might be useful to have an upper bound for the function F' from
Lemma 5.3. It is possible to prove that, if there is a p > 0 such that o'(z)/x is
constant on [p, c0), then

1 1
where C' = $pa/(p) — a(p).
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Lemma 5.5. For every G € C%(R), there is a separately convex function F : R? —
R such that F(t,t) = G(t) for each t € R.

Proof. Without loss of generality, we suppose that G(0) = 0 and G’(0) = 0. Let
M > 0 be such that |G”(z)| < M for || < 1. For every x € R, we define

ar(z) =G(lz]),  as(z) = G(=|z]),
so we have
1
o (z)] < M, |oi(z)] < Mz, |ai(z)] < §Mx2, i=1,2 0<z <1

For every x > 0, we furthermore define

i) = Jaua), =12 00)= [ min{6i(s).650)

n(@) = —0(x) +sup { —yaf(y) +a(y) :0 <y < wi =12},

Since

(30) 0l(@) = ~0i () — g au()
‘ z ' xz2

we have

3 3 7
0;(x)| < §M, 10(x)| < §M:v, In(z)] < §M$, i=1,2,0<z<1.

So, for z € R, we can define

|z
B(z) = fi(z) = falz) = |2 / % dy.
Since
ey = [ Mayee D = 2s) 4w, a0

0 is locally Lipschitz.
To show that Lemma 5.1 can be applied, we have to check that, given i € {1,2},
the functions

1(#) = alle) + - (B0) — aa(a)), 6(2) = 8 (@) + = (au(e) — B),

are non-decreasing for x > 0. We have

) = alfe) + [ 2y —0,(0)
0
thus we obtain from (30) that

/ o 77(56) _ l / i )
(@) = o) + M Laie) + Lauta),
By the definitions of  and 6,
n(x) 2 —0(z) — zaj (z) + oj(z) = —0i(x) — zaf (x) + o(x),
and it follows that ~4/(x) > 0. Hence, ~ is non-decreasing for > 0 indeed. Further,
using (31), we get for > 0 that
3(x) = n(a) +0:(x) = 0u(x) ~ 0(z) + sup { —yall(y) +a(y) 0 < y <, j = 1,2},

Therefore, ¢ is the sum of two functions which are non-decreasing. O
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6. ONE MORE LEMMA

Lemma 5.3 allows us to find an extension for a substantially restricted class
of functions. In the following lemma, we minorize a more general function by a
function which meets the assumptions of Lemma 5.3 and has the same value at a
given point.

Lemma 6.1. Let ¢ : [0,7] — (—00,0] be a non-increasing function such that
o@)/z =0 asx 0. Let o : R — (—o00,0] be given by
a(x) =sup{ax2+c:a,c§ 0,ay® +c < o(y) for 0 < ygr}, z eR.

Then

e « is Lipschitz and a(x)/x — 0 as x — 0,
e o'(x)/x is non-decreasing on its domain for x > 0,
R ) sl

The proof of the lemma is provided in several steps. Without loss of generality,
we assume that ¢ is lower semi-continuous. We define

v(0) =0, v =2 0o

For each x > 0, we choose a, <0 and ¢, < 0 so that
az2° +cp = a(z) and  azy® +cp < p(y) for 0 <y <.
Claim 6.2. Such a, and c, can be chosen.

Proof. Let us consider sequences a} < 0 and ¢} < 0 such that
aly® +cf <py) for 0 <y <r
and
agxz +cl = alx).
It is sufficient to show that the sequences are bounded, as then a subsequence of
(a, c) converges. Let

T T x 9
k =min{alz* + cl}.
neN

We can write
k<ala? £ <ala?, Kk <ala? 4+l <l
and so 0 > a? > k/x%, 0> c? > k. O
Claim 6.3. The function x — a, is non-decreasing.
Proof. Let 0 < x < y. We have
az7? + ¢ = a(x) > ayz® + ¢y,
ayy® +cy = aly) > azy® + cp.
Summing up these inequalities,
azr? + ayy2 +Crt+ey > ayx2 + azy? + Cy + Cqs
ie.
2 2 2 2
ay(y” — %) 2 az(y” — 7).
Consequently, a, > a,. O

Claim 6.4. The function o/ (x)/x is non-decreasing on its domain for x > 0.
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Proof. By Claim 6.3, it is sufficient to realize that

/
@@ _ 2a, if o' (z) exists.

17

Since the function y — a,y? + ¢, is a minorant of o and has the same value at z,

it has also the same derivative. That is, o/ () = 2a,2.
Claim 6.5. a(x)/z — 0 as x — 0.

Proof. Let € > 0. We want to find a 6 > 0 such that
alz) > —ezx, 0<z <4
Since p(z)/z — 0 as  \, 0, there is a dy > 0 such that
plx) > —ex, 0<a <.
We check that the choice
e
2¢(r)
works (we omit the trivial case ¢(r) = 0). Let x € (0, ] be given. We put
€ €
—, c=——z.
21’ 2
For 0 < y < o, using the AG-inequality,
2
Y

&
ay’ +c = —5(; +x) < —ey < o(y).

a = —

For §g <y <,
2 et —m 2 S 52 < o(y).
ay” +c < ay 5y Y S g5 00 =w(r) < ely)
Hence ay? + ¢ < ¢(y) for 0 <y < r, and so

a(x) > az? + c = —eu.

Claim 6.6. We have a(0) =0 and a(z) = ¢(r) for x > r.

Proof. We obtain a(0) = 0 from Claim 6.5 and from the fact that « is non-increasing

O

for z > 0. If we consider a = 0 and ¢ = ©(r), then p(y) > o(r) = ay?® + c for

0 <y < 7. Therefore, a(z) > az? + ¢ = ¢(r) for every z € R. At the same time, if

x > r, then a(z) < a(r) < o(r).
Claim 6.7. « is Lipschitz.

Proof. By Claims 6.5 and 6.6, there is an M > 0 such that
alz) > —-Mz, x>0.

We show that « is Lipschitz with the constant 3M. It is sufficient to show that

aly) —a(z) > -3M(y—z) when 0 <z <yandy < 2z.

We have
azx > —M,

as —Mz < a(z) = az2? + ¢, < azz?. Hence,

O

a(y) —a(r) > azy® +cp —azx® —cp = ap(y+)(y—1) > 3azx(y—2a) > —3M(y—=z).

d
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Claim 6.8. For every 0 < p < g <r, we have
q
p(x) q—p
5t de < —= - (= ¢(p)).
/,, z? q
Proof. The formula is valid when p =0, as ¢ < 0 and ¥(0) = 0. When p > 0,

/q a d:cS/q 2D r = gy (- 1) = L2 A _IZP (),

€T p g q p q
(]

Claim 6.9. Let numbers 0 < p < g < r have the property that a(p) = ¢(p), a(q) =
©(q) and a(x) < p(x) for p <z < q. Then
! a(x) a—p
- [ e < T (u0) + vl
P

x
Proof. Let a and ¢ be the numbers such that
ap® +c=alp) and ag’+c=alg),

i.e.,
WMD) —alp)  _ g*alp) —p’alg)
’ & — p?
Let us prove that
afr) >ar? +¢, xR

We need to check that ¢ = ¢ where ¢ is the greatest number such that
ply) 2ay’ +¢, 0<y<r

Suppose the opposite, i.e., ¢ < c¢. There is a point x such that ¢(z) = ax?® + ¢ (due
to our assumption that ¢ is lower semi-continuous). There are four possibilities,
and we verify that none of them is possible.

(a) If p=0and x =0, then 0 = p(0) =a-0? +¢=¢ < ¢ =0 by Claim 6.6.

(b) If p> 0 and 0 < = < p, then we just need to show that a, < a, since then
we can compute

p(z) > ap$2 tep= apr tep— ap(p2 - %) >
> a(p) —a(p® — 2%) = az® + ¢ > ar® + ¢ = p(x).
It follows from
a(p) = app2 +ep, alg) = apq2 + Cp,
that
a(g* — p*) = alq) — a(p) = ay(¢* — p°).

(c) If ¢ < x < r, then we just need to show that a < aq, since then we can

compute

Y

p(z) > aquQ teg= aqq2 tcq+ aq(l’2 - q2)
> alq) + a(z? — ¢?) = ax? + ¢ > ax® + ¢ = p(x).
It follows from
a(q) = agq® + g, a(p) > agp® + ¢y,
that
a(¢® = p) = alq) — a(p) < aq(¢® —p°).
(d) If p < & < g, then

a(z) < o(z) = ar® + ¢ < a(z).
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So, ¢ = ¢ indeed. Now, assuming p > 0, we arrive at

[ e > [ (or Sarmaa-pee(i-1)

() 2() (-p) ¢*a(p) —p*alg) q-—p

V

N e p pq
- s b o
> 2|20 B IRy ).

2

Assuming p = 0, we obtain a = a(q)/¢*, ¢ = 0 from Claim 6.6 and compute

Lq@dx > /pqadx =aq = @ = —(q) = —$(¢(Q) "’1/’(1)))

T

Claim 6.10. We have
/ —o‘(f) iz > 220 +3/ £@) 4
0 z r 0
Proof. We may assume that
/ Kf) dr > —oo.
0 X

Let us denote

Vit = sup_znj (¥ - 1/»(:52-71))#

Vz/J—supZ( (i 1)>7,

where the supremum is taken over all partitions 0 = 2 < 1 < --- < xp, =r. For
0 <p<q<r, wehave

[ e [ B ar = o5 - 1) < A2 - 2D = )+ via)
That is,

—(w<q>—w<p>)§—/qﬂff)d:c, 0<p<g<r

(the formula is valid also when p = 0 due to the assumption ¢(x)/z — 0). Given
apartition 0 =29 < z; < -+ - <z =T,

n

> (v(@) - v(@in)) < _z”: / ole) /0 % d
Thus, - "
Vo < — /T @ dx
0o
and
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Now, let us consider the set
G={ze[0,r]:a(x) < px)}

This set is open due to Claims 6.6, 6.7 and our assumption that ¢ is lower semi-
continuous. Thus, we can write

G =Jwia)

K2

where the intervals (p;, ¢;) are pairwise disjoint. Applying Claims 6.8 and 6.9, we
can compute

_/Oraa(j";c)dx = —/Orcpx(f)dx—k/c%f)dx—/cgdx
Mdm—/@dm
c T

qi qi
e(x) a(z)
a2 de = Z /p. x? dx

29 o+ LB (= 26(p) + (i) + 0 )
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It remains just to realize that, due to Claim 6.6,

/TOOag)dw:w(r)-/joédwao(r)-%

7. SUFFICIENT CONDITIONS

In this section, we combine Lemma 5.3 with Lemma 6.1 and obtain a general
extension result. The basic idea of its proof is that we touch a function g from below
by the trace of a separately convex function at every point of a dense set. Taking the
supremum of extensions of those functions, we obtain a separately convex function
with g as the trace. The only thing we need to take care of is that the supremum
is finite at every point.

Proposition 7.1. Let g : [a,b] = R be a Lipschitz function. For every differentia-
bility point u of g, let us denote

ou(z) = min {g(u—l— t)—glu) =g (u)t:|t| <xu+te [a,b]}, x> 0.

If there are constants K,e > 0 and a dense subset D C [a,b] consisting of differen-
tiability points of g such that

£
/ s"“—(f)dgcz—K, ue D,
0

T
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then there is a separately conver function f : R? — R such that f(u,u) = g(u) for
each u € [a,b].

Proof. For every u € D, we define

() =sup{ax2+c:a,c§ 0,ay® + ¢ < p,(y) for 0 < ygb—a}, x eR.
We notice that
(32)  w+dtelad] = out) <eu(ft]) <glutt)—gu) - g (wt.

By Lemma 6.1,

. o is Lipschitz and oy, (z)/z — 0 as ¢ — 0,
e o) (z)/x is non-decreasing on its domain for z > 0,

. Ooo au(;ﬂ) dx > 2<pu (b— a) +3fb a gau(;ﬂ) dx.

Let L be a L1psch1tz constant of g. As ¢y (x ) > —2Lx for x > 0, the assumption of
the proposition implies that there is a K’ > 0 such that

/ Cul) g ~K'. weD.
0

2

Considering the constant C' = 4L + 3K’, we obtain

x2

(33) /0 a"()d >-C, ueD.

For every u € D, we further define functions 3, : R — R and F, : R> — R by

bulo) = [,

t2
%[(x +y)au(@) + (x —y)Bu(@)],  [z] = y[, 2 #0,
Fu(z,y) = gl +2)ou(y) + (y —2)Bu(y)l, [z <yl
0, r=y=0.

The function F, is separately convex due to Lemma 5.3. Using (33), we can write
x u(t 00 u(t
Bu(z) = —x ) o [T on a0 weD.
o t? ot

Since ay,(x) <0 < Cx for > 0 at the same time, it follows that
(34) Fu(z,y) < Cmax{|z|, |y}, =,yeR, ueD.
Finally, we put

1
fu(z,y) = Fule —u,y —u) + g(u) + ¢'(u) - 5(:c+y—2u), T,y €R, ue D,

and

(35) f(xvy): Sup fu(Iay)v IayER
ueD

For w € D, the function f, is separately convex, as F), is separately convex. Due
o (34), we have

1
fulz,y) < Cmax{le —ul, |y —ul} + g(u) + L - S|z +y — 2ul.

If x and y are fixed, then the values on the right hand side are bounded. Thus, f
is a well-defined separately convex function.
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It remains to show that f(v,v) = g(v) for each v € [a,b]. Given v € [a,b] and
u € D, we denote t = v — u and use (32) to compute

fulv,v) = Fu(t,t) + glu) + ¢'(u)t = ay(t) + g(u) + g’ (u)t < g(v).

It follows that f(v,v) < g(v) for v € [a,b]. It is sufficient to check the opposite
inequality f(v,v) > g(v) for the elements of a dense subset of [a, b] only. For u € D,
we have

flu,u) > fu(u,u) = Fu(0,0) + g(u) + g'(u) - 0 = g(u).
This completes the proof of the proposition. O

Theorem 7.2. Let g : R — R be a locally Lipschitz function. For every differen-
tiability point u of g, let us denote

pul@) = min {g(ut1) = g(uw) = g (W)t s [t Sz}, @ >0.

If there are an € > 0 and a dense subset D C R consisting of differentiability points
of g such that the function

1>
ueD — / sDu—(f)dac
0 i

is bounded on every bounded subset of D, then there is a separately convex function
f:R? = R such that f(u,u) = g(u) for each u € R.

Proof. Tt is sufficient to apply Propositions 7.1 and 2.2. ]

Corollary 7.3. Let a function g : R — R be locally semi-concave with a linear
modulus. Then the following assertions are equivalent:
(i) There is a separately convex function f : R? — R such that f(u,u) = g(u)
for each u € R.
(ii) The function
T / 1 M dt
0

t2
is locally bounded from below.

Proof. The implication (i) = (ii) is valid for every locally Lipschitz function (Propo-
sition 4.1 and Remark 4.3). We prove the opposite implication (ii) = (i) for a
concave g only. This is allowed by Lemma 5.5, as the functions which are locally
semi-concave with a linear modulus are exactly the ones which can be expressed as
a sum of a concave function and a C2-function.

For a concave function g which satisfies (ii), let us show that the property from
Theorem 7.2 is met. Let D be the (necessarily dense) set of all differentiability
points of g. Due to the concavity, for every v € D, we have

Yu(x) = min {g(u +t)—glu) — g (ut:t= :I:a:}
> (g(u+a) = g(u) =g W) + (g(u—2) - gw) — g (u)(~2))
= wy(u,z),

and the implication follows. O
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Corollary 7.4. Let a function g : R — R have the property that every bounded
interval I admits a modulus w = wy with

1
/ﬂdt<oo
0 t

such that g|1 is semi-convex with the modulus w. Then there is a separately convex
function f : R? — R such that f(u,u) = g(u) for each u € R.

Proof. Proposition 2.2 allows us to assume that g is semi-convex on the whole line
with a suitable modulus w = wg. We may suppose that w is continuous (see e.g.
[4, Corollary 3.6]). Let us define

Notice that
1 1 1y 1
o [0 [T PO g e,
o 1 t o Jo ¢ o t
By [5, Proposition 2.8], we can write
(37) 9z +1) — g(2) — tg (2) > —2Q(Jt]), 2tER.

Now, considering the function ¢, from Theorem 7.2 for a differentiability point u
of g, we obtain

ou(z) > =2Q(z), x>0,
and it is sufficient to use (36). O

Remark 7.5. There is a proof of Theorem 1.2 which is more natural in a manner
and does not need the machinery of Section 6. Let us briefly sketch the construction
of f. The modulus can be chosen so that it satisfies, among the continuity, that
w(t)/t is non-increasing on (0, 00) and constant on [p, co0) for some p > 0 (see e.g.
[4, Corollary 3.6]). We pick

a(z) = =29(|z]), =xeR.

The assumptions of Lemma 5.3 are fulfilled by (36) and the additional properties
of w. Let 8 and F be as in Lemma 5.3 and let f be defined by

(:C+y—2u)), z,y € R,

N | =

Flay) = sup (Pla 1wy —u) + g(u) 4/ (u) -
ue

(cf. with (35)). One can show that the function is well-defined using Remark 5.4

and (37). Moreover, f(u,u) = g(u) for each v € R, which is a consequence of (37).

8. A MODIFICATION OF THE EXTENSION METHOD

Although the extension methods developed in previous sections can be applied to
a reasonably general class of functions, there is a natural group of traces that does
not seem to be covered. It should be also noted that, in the view of Corollary 8.2,
there is no analogue of Theorem 4.2 which, instead of the symmetric difference,
would consider the values of a function only on one side.
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Proposition 8.1. Let v : (¢,00) = R be a three times differentiable function such
that

(38) 720, 7'<0, 7"=20, <0
on (c,00). Then the function f: (—e ¢ e %)% — R given by

—7(log1)- (21y - f)
—'(log ) 5= (r —y)(2x —y), e *>z>|yl,v#0,

—y(log(—3)) - (22 — y)
Z, = z e
fww) —(log(—1) - 3y — o), et <z <yl o £0,
0, r=9y=0,
fly, ), in the remaining cases,

is separately convez.

Proof. The proof is a straightforward computation provided in two steps. Firstly
we prove the separate convexity only in the quadrants Q; := {z > |y|}, Q2 := {y >
|z|}, Qs = {x < —|y|} and Q4 := {y < —|z|}, simply by proving the non-negativity
of the (unmixed) second partial derivatives. Secondly we verify that the diagonals
x =y and z = —y do not spoil the convexity by observing that f is continuous and
then by computing the first derivatives on these diagonals. Due to the symmetry
we need to prove the convexity only on the lines parallel to the x-axis.
Define functions

Artwy) = = (1og ) - 2y = 2) —+ (log ) - o (& — ) (20— ),
Ag(,y) 1= (tog (= 1)) 2o =) =7/ (log (= 1)) - 5~ 2),

As(z,y) = A1(y,z) and As(z,y) := As(y, ).

Then f(z,y) = Ai(z,y) for (z,y) € Qi, i =1,...,4, whenever one of the functions
is defined.
First we compute the partial derivatives. A simple computation shows that

0A, 1 9 1 9 9 , 1
E(m,y) =53 [2:10 7(10g E> + (y° — 4a® + day)y (logg)

(39)
+ (22% = 3y + yQ)W”(log é)} ,
@) G2 = 5|~ (e ) + Gy - 207 (10x1)].
%(x,y} = % [ — 4:r~y(log( - %)) + (7Tx — 2y)fy’(log (- é))
(41)

+3(y - I)”y”(log (- i))}

(42) %(I,y):v(log(—é))—gv’(log(—é)),
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a;;il (z,y) = 2—; [ —2(x + y)Q’Y/(log é) + (z —y)(4z + 3y)7”(10g é)

(43)
+(z—y)y - 255)7/”(10g é)] ,

(44) 362;{;2 (2,y) = —5’}/(10g $)7

%(I’ )= 52 {2(29”*?4)7'(10%(— =) = (w+ )" (log (- )
(45)

+3(z y)w”’(log (- %))} 7

(46) Ty =0

Now, (z + y)? > 0 for any z,y and = > |y| implies (z — y)(4x + 3y) > 0 and
(x —y)(y — 2z) < 0. Hence, using (43), we obtain that %(m,y) > 0 whenever
x > |y|. Similarly, %(m, y) > 0 whenever y > |z| using (44). Using the symmetry
of f we obtained that f is separately convex in both @) and Q.

To verify separate convexity in Qs and @4 we observe that x < —|y| implies
204y <0, 7z +y < 0and & —y < 0, which, using (45), implies 24 (z,y) > 0 in
Q3 and similarly we get the same result for Q4 using (46).

To prove the second part, we note that it is easy to check that f is continuous
in the direction of the x-axis in the points (a, +a), including (0,0). So we just need
to observe the following four inequalities.

If 0 < x = y then (using (39) and (40))

() #3916 = Gt (s + (e

If 0 > x = y then (using (41) and (42))

(e 1) (e ) = 2> S

If 0 < x = —y then (using (39) and (42))
N 7, 1 . 1 Ay
—-) - = — ) = 20 ) > 22 _
v(logx) 57 (10gx) + 3y (10gx) 3 (x,—x) > 3 (z,—x)

(e} -2 (),
)

(a5 oo ) 22 P
— —27(10g(— %)) + gv'(log(— é)) - 37"(10g(— é))

The above inequalities reduce to inequalities

37(1og5) >0 and —2~y’(1og5)+37”(10g;) >0
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whenever z > 0 and

1 1
3(1 ——)—4’(1 __)>0
v(log (=) =4 (log(--)) =
and ) )
—27'(10g (- —)) + 37"(10g (- —)) >0

x x
whenever z < 0, which all hold due to (38). O
Corollary 8.2. Let h : [0,a) — R be a function which is bounded from below
such that h(0) = 0 and h/_(0) = 0. Then there exists a separately convex function

f:(=a,a)®> = R such that its trace g(t) = f(t,t) is an odd function with g’(0) =0
and g(t) < h(t) for 0 <t < a.

To prove the corollary, we need the following observation.

Claim 8.3. Let £ : (¢,00) = R be a function which is bounded from above with
k(z) = 0 as ¢ — oco. Then k has a magorant 7 : (¢,00) — R of the class C* so
that y(x) — 0 as x — o0 and

(1) ®(2) >0, z>¢, k=0,1,2,... .

Proof. Without loss of generality, we consider the following special case. Let ¢ =0

and k be of the form

K= Z 270, 1(07(11.]

i=1
where a; > 1 for i € N. Let us show that

(47) Y=Y 27"
=1

where )
a;
i = 5 Oa
(@) =~ o 7
works. We have )
(k) k a;
. = -k —m——.
Y (5[5) ( ) (:E—I—ai)kJrl

Hence |71-(k) ()] < K!'- (0431% < 2- k!, so the derivatives of the partial sums in

(47) converge uniformly on (0,00). We can write

(D) = (32 ) =32

i=1 + )k~

Proof of Corollary 8.2. Let

h —T
K(z) = — (:_w >, x> ci= loga7

and let v : (¢,00) — R be a majorant given by Claim 8.3. Then Proposition 8.1
provides us with a separately convex function f : (—a,a)? — R such that

Ftt) = —f(—t,—t) = —t~7(1og%) for 0 < ¢ < a.
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Its trace g(t) = f(t,t) is an odd function. Since v(z) — 0 as * — oo, we obtain
¢'(0) = 0. For 0 <t < a, we can write

g(t) = —t-w(log%) < —t- m(log %) = h(t).

9. EXAMPLES

The first example illustrates that the traces of separately convex functions may
not have a property typical for the semi-convex functions, the existence of one-sided
derivatives at every point (see Figure 1 in the introduction).

Example 9.1. Define a real function h on R by h(z) := max(1 — 22,0). Then h is
a Lipschitz function whose derivative exists everywhere except —1 and 1 and
h'(z) -2 if0<|z| <1,

0 if|z| > 1.

X
Also,
/z h(t) — h(0) dt_{—x if0<az<l1,
0

t2 —241 ifz>1.

So using Lemma 5.3 we can obtain a separately convex function f such that f (t,t) =
h(t) for t € R and such that

(48) fl@,y) <14 2max(|zl, [y])

whenever z,y € R.

For n € N define functions h,, : R — R and f,, : R> = R by h,,(x) := 37"h(3"z —
2) and f,(z,y) := 37"f(3"z — 2,3"y — 2). Consider functions g : R — R and
f :R? = R defined by

g(x) = S%P hn(x) and f(xvy) = S%P fn(xvy)

First observe that f is finite by (48) and therefore f is a separately convex function
on R? such that f(¢,t) = g(t) for t € R. Note that g = h,, on [37", 37" "] which
in particular means that g (2-37") = 37" and g (37") = 0. Therefore, ¢/, (0) does
not exist and, in particular, g is not semi-convex with any modulus.

Example 9.2. Define a function g : (—1,1) — R by g(z) = lo!gm||;ﬂ| for x # 0 and
g(0) = 0. Then g is C! on (—1,1) but

1
2

e =

12 tlogt
0

=

0

Note that g is also concave on (—1,1) and so by modifying it outside a neighbour-
hood of 0 we can obtain a concave C! function on R which (using e.g. Proposi-
tion 4.1) cannot be the trace of a separately convex function. On the other hand, it
might be worth noting that the function g defined by g(z) = ez (and g(0) = 0)
actually can be extended to a separately convex function f on (—1,1)? using Propo-

sition 8.1 (applied on y(t) = 1).
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The next example are actually two examples, in the first one we show that there
is a function that satisfies the necessary condition from Proposition 4.1, but it is
not a trace by Theorem 4.2. The second one illustrates that even the condition
from Theorem 4.2 is not sufficient.

Example 9.3. Define functions ¢ : R — R and ¢, : R - R, u > 0, by

s(mx)+1 .
oy = [T <1
0 it |z > 1,

and -
ou(x) == up (;) .
Put t; = %, u; = % and define functions ¢; : R — R and ¢ : R — R by

di(x) == @y, (x —t;) and ¢ := Z 0.

i=10
- t13 t12 t11 t1o
‘1, } | Q | | 1 |
4 ulli NI/ | | |
-+ — U10 [ [ [
<+ |
U1l U1l R A
| | |
U U1

FiGURE 3. The graph of 1.

We will prove that there is a constant C' such that

Oocw(x,s)
0

i (0, )
(50) - 2 ds = oo
0/ :

FIGURE 4. The graph of &.
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Moreover, in the view of Example 9.2, one might also wonder whether a function

¢ : R — R defined by
P(x if >0,
f@)= M
—p(—z) if =z <0,
can be the trace of a separately convex function f on R2. In this case, we will argue
that no such function f exists using Remark 4.4. The function &, however, satisfies

the necessary condition from Theorem 4.2. Indeed, we will prove that there is a
constant C* such that

(51) [ s

S
0

for every z € R.

We start the proof with the following formulae. One can verify that there are
constants C7,Cy and C3 such that the following three inequalities hold (indepen-
dently of w and x):

oo

Wy, (z,8) . u?
(52) —/‘pTdSSCﬁmm{l,ﬁ},

0

(53) / dS < 02,
0

w* , (x,8)
(54) —/%;fdsgao,.
0

To prove (50), we can compute

1

WZ (0,s) / Uit1 Uit Uit1 - 1
ds > ds = et = _ _
/ s Z 2 10 . t ;0 20 +1)

t1+1
0 =10 tiy

We prove (49) only for the most difficult case « € (0,¢19). We can write

Wep; (x, S) = Wy, (I — s, 5)

7 2
_[welms) e oimin 1L
52 (x —t;)?
0

Pick such a 5 > 10 that x € [tj+1,tj). For 10 < ¢ < j — 1, we can compute
ti—x>1t; — tj >t —tip1 = 2_(i+1), and thus

and

| i~

2
u; §_1_122(i+1):_'
(x — ;)2 — i22% 2
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The integral in (49) is then equal to

/Zw@xs /w%xsd_/zwqus

i=10 ) i=j+1
j—1 2 [e'e) 4

<C K Ci+0C <C - +C1+Cy =: C < 0.

=< 11210(96 0)? +C01+ 02 112101.24- 1+ C2 00

Using Remark 4.4, we show that the function ¢ can not be the trace of a sep-
arately convex function. Consider sequences r; = t; = —1 and p; = 2 1 > 10.
Note that £(r;) = —u; = — 5 and since (using i > 10)

. 11+1 3 L1, 2 N\_, _
i Uj = 91 =795 9 = 9i i_1 — bi—1 Ui—1,

we obtain that £(—p;) = 0. Formula (23) gives us

21’

Pi — Pi+1 T — Tit1
o i:zlo {g(mﬂ) it TiH)(pi:l + rit1) ) (pi + TiJrl)(;i +73)
— i 1 . § . % - 2'L£~1
S D22 G gt ) (G )
=1 3 1 > 3 1
:i;) (+1) 2 3+1)-C+1) :i;)%' (i+1)°

which is not possible.
It remains to show (51). First note that the integral in (51) is trivially equal to
0 for x = 0. To finish the proof, fix z # 0. The integral can be divided into two
parts
||

wf(x, wf(x,t
Il;:—/ 5i )dt and Ip = /5( )dt.

t2

0 ||
It remains to find constants A and B independent of = such that Iy < A and I, < B.
One can show that I; < C3 for z < 0 and I; < 3C5 for x > 0. Let L be a Lipschitz
constant of ¢ (we can take a Lipschitz constant of ¢). Then we can estimate

we(w,t) = &(z +1) + E(w — 1) = 26(z) = {(t +2) — (- z) — 2¢()
>~ 2LJa| - 26(z) = —4Llal.
Moreover, since the function ¢ — —4L|z| is non-increasing, we also obtain that

wi(w,t) > —4L|z|. Now, we can write

AL
]

71
||

and we are done.

The last example illustrates that there is a concave function which is a trace,
but does not satisfy the sufficient condition from Theorem 1.2. The idea of the
construction is based on the observation that the integrals in condition (ii) from
Theorem 1.1 do not need to converge (locally) uniformly.
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ZAh N
Z s\ )\ /

) The function gs x for the choice § =
g and \; =

CLl—/\l al CL1+)\1

and/\:%.

FIGURE 5. (a) i
(b) The function g7 for the choice a; = 2.

Example 9.4. For 1 > A > ¢ > 0 define a function g5 : R — R by (cf. Fig-

ure 5(a))
—A22 4 N2 N if 2] <6,
gsa(z) := § 2|z + N\ if § < |z| < A,
—a? if |z > A

The function gs, is even and an easy computation gives that gj () exists for

x > 0 and moreover
—2 fo<z <4
"y 5 ! >0,
gé’)‘()z 2 ifj<a <),

x

-2  ifx> A\

Therefore the function x — w is clearly non-decreasing. It is easy to see that

gs.» is also always concave. Moreover, for z > A,

(55)
T d A T
gs.2(t) — gs.2(0) _é/ﬁ / —2Xt + A0 /—t2+/\5—/\2
/ A I = S [ Gt | R as [ =
0 0 5 A
=—-X—2)\log +(A—6)—(:v—)\)+w
T

If we additionally assume that

1

(56) 0= il which implies log Ayl
by ) A

we obtain

(57)
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assuming x > A. Also,

A
g5 (t) — g5.1(0)
(58) —/t—2dt=2+522.
0

This in particular means, using Lemma 5.3, that there is a separately convex func-
tion f5 on R? such that f5(t,t) = gs(t) for every t € R. Moreover, it will have
the property that

x

(59) Joa(u,v) < f52(0,0) — a?/

0

952 (t) — g5.(0)

= dt <1+ 22 +2°

whenever |u| < z, [v]| <z and A < z.

Fix sequences {d,,} and {\, } satisfying (56) and a sequence {a,,} C [0,1], a,, \( 0,
satisfying a, — An > @ny1 + Ang1. Define functions f, : R? - R, g, : R — R,
neN, f:R? 5 Rand g: R — R by (cf. Figure 5(b))

gn () = g5, 2, (T — an) — 2a,2 + af”

F(@,y) = fo,x, (@ = an,y — an) — an(z +y) + ay,

g(w) == Sgpgn(x) and  f(z,y) := sup fu(z,y)-

Note that f,, is a separately convex function such that f,(¢,t) = g,(t), t € R, which
then implies f(¢,t) = g(t), t € R. Also g, (z) = —2? for & [ay, — A, an+An] =1 I,
and, since I, NI, = 0 for n # m, g is concave (because it is locally concave due to
the concavity of every g,).

We need to show that f is finite at every (u,v) € R?, but this is easy since using
(59) we obtain

fa(w,0) = fo, 0, (4 = an,v = ay) = an(u+v) + a
<1422+ 2% + 20, (x — ay,) + a? <24 4x + 22,

provided |u — a,| < z,|v — a,| < z and A, < 2.
It remains to prove that g is not semi-convex with any modulus w satisfying

(60) /1@dt<oo.
0

So suppose that g is semi-convex with such a modulus w. This gives us

glozx + (1 - a)y) < ag(z) + (1 - a)g(y) + ol — )|z — ylw(lz - y[)

which can be for o = £ rewritten as

2
9(2) +9() =29 (5*) _ wllz—y))
| — y? T 2z—yl

(61) -

Considering = = a, + t and y = a,, — t we then obtain

_9an 1) +glan —1) —29(an) _ w(2t)

2
(62) 4¢2 4t
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This implies that, using (58),

for

(1]
2]

[4]
[5]
[6]
[7]

(8]

[9]
(10]

(11]

HA

t 2t

N /A" glan +1) + glan —t) — 2g(ay)
0 t2

/m"@dtzz/A"Mdt
0 0

> dt>2+42

every n, which is a contradiction with (60).
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