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Introduction

Some applications of understanding behavior of fluid through
porous medium
• Ground water pollution
• Mesoscale blood flows
• Filter design
• Enhanced oil recovery
• Carbon dioxide sequestration
• ...
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Introduction
General formulation of (steady) fluid through porous media{

−∇ · T + I = ρIb ,

∇ · u = 0 ,

where

• T Cauchy stress

• I Interaction of the liquid with the porous media

• u velocity of the fluid

• Ib Body forces

Remark
In the case of I = 0 and depending on the relation between T and D
(D = 1/2(∇u + (∇u)t )) we can arrive to different well-known models for fluids:
Navier-Stokes, Power Law, Bingham, ...

Remark
Assuming T = −pI (dissipation due to drag much larger than due to shear),
depending on the choice of I we can arrive to different well-known models:
Darcy, Barus, Forchheimer, ...
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Model problem

The balance of linear momentum for the (steady) fluid, is given by

−divT + I = ρ f ,

where I is the frictional resistance at the pores of the solid on the fluid that is
flowing. Assume

I = α(P) U,

Simplify the Cauchy stress assuming dissipation due to the drag at the pores
is much larger than the dissipation due to the shear in the bulk fluid,

T = −P I .
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Model problem
The model 

α(P) U + ∇P = f in Ω ,

div U = 0 in Ω ,

P = 0 on ΓD ,

U · n = g on ΓN ,

(1)

where f ∈ L2(Ω) and g ∈ H−1/2
00 (ΓN). Furthermore, we recall that the

Sobolev space to which the Neumann datum g belongs, that is
H−1/2

00 (ΓN), is the dual of H1/2
00 (ΓN), where

H1/2
00 (ΓN) :=

{
v |ΓN : v ∈ H1(Ω) , v = 0 on ΓD

}
.

We consider there exist constants α0, γ > 0 such that

α(s) = α0 eγ s ∀ s ∈ IR .

[Srinivasan,Rajagopal’14] Thermodynamic basis for the derivation of
models for flows through porous media and their generalizations
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Model problem

Hence, we rewrite the first equation of (1) as:

U =
1

α(P)
(f−∇P) =

1
α0

(e−γP f − e−γP ∇P) =
1
α0

(
e−γP f +

1
γ
∇(e−γP)

)
,

so that, assuming heuristically that (1) has at least one solution, and defining
the new unknowns

u := U and p := e−γP − 1 in Ω ,

we can recast (1) in the form

u =
1
α0

(p + 1) f +
1
α0 γ

∇p in Ω ,

div u = 0 in Ω ,

p = 0 on ΓD ,

u · n = g on ΓN ,

(2)
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Variational formulation

Introducing the additional unknown λ := −p|ΓN ∈ H1/2
00 (ΓN), we get

Find (u, (p, λ)) ∈ H ×Q such that
a(u,v) + b(v , (p, λ)) = γ

∫
Ω

p f · v + γ

∫
Ω

f · v ∀v ∈ H ,

b(u, (q, ξ)) = 〈g, ξ〉ΓN ∀ (q, ξ) ∈ Q ,

(3)
where H := H(div; Ω), Q := L2(Ω)× H1/2

00 (ΓN), and a : H × H → IR
and b : H ×Q → IR are the bounded bilinear forms defined by

a(u,v) := α0 γ

∫
Ω

u · v ∀u, v ∈ H ,

b(v , (q, ξ)) :=

∫
Ω

q div v + 〈v · n, ξ〉ΓN ∀ (v , (q, ξ)) ∈ H ×Q .

(4)
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Variational formulation

Another formulation: Find (u, (p, λ)) ∈ H ×Q such that

a(u,v) + b1(v , (p, λ)) = γ

∫
Ω

f · v ∀v ∈ H ,

b2(u, (q, ξ)) = 〈g, ξ〉ΓN ∀ (q, ξ) ∈ Q ,

(5)

where b1 : H ×Q → IR is the bounded bilinear form defined by

b1(v , (q, ξ)) :=

∫
Ω

q div v + 〈v ·n, ξ〉ΓN − γ
∫

Ω

q f ·v ∀ (v , (q, ξ)) ∈ H×Q ,

(6)
and b2 = b, which constitutes a particular example of the generalized
Babuska-Brezzi theory.

Remark
Nevertheless, for easiness of the analysis, in what follows we do not
adopt this approach, but rather apply a combination of the classical
Babuska-Brezzi theory and the Banach fixed point Theorem.
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Variational formulation

Proposition
There clearly holds

|a(u, v)| ≤ ‖a‖ ‖u‖H ‖v‖H ∀ u, v ∈ H ,

and
|b(v , (q, ξ))| ≤ ‖b‖ ‖v‖H ‖(q, ξ)‖Q ∀ (v , (q, ξ)) ∈ H ×Q ,

with ‖a‖ = α0 γ and ‖b‖ depending on the normal trace operator in H(div; Ω).
Moreover, a(·, ·) is V -elliptic

a(v , v) = α0 γ ‖v‖2
0,Ω = α ‖v‖2

H ∀ v ∈ V ,

with α := α0 γ and the kernel of b characterized as:

V := N(b) =
{

v ∈ H(div; Ω) : div v = 0 in Ω , and v ·ν = 0 on ΓN

}
,

Furthermore b(·, ·) satisfies the continuous inf-sup condition on H ×Q, i.e.
there exists β > 0 such that

sup
v∈H
v 6=0

b(v , (q, ξ))

‖v‖H
≥ β ‖(q, ξ)‖Q ∀ (q, ξ) ∈ Q .

MORE Liblice 2014 Giordano Tierra Mixed FEM for Nonlinear Darcy

9/40



Variational formulation

Theorem
Assume that f ∈ L∞(Ω) and that ‖f‖∞,Ω < 1

C̃ γ
. Then, there exists a

unique (u, (p, λ)) ∈ H ×Q solution of our variational formulation (3).
Moreover, there holds

‖u‖H +
{

1− C̃ γ ‖f‖∞,Ω
}
‖(p, λ)‖Q ≤ C̃

{
‖F‖H′ + ‖G‖Q′

}
≤ C̃

{
γ |Ω| ‖f‖∞,Ω + ‖g‖0;−1/2,ΓN

}
.

(7)
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Variational formulation
Proof
Step 1: Introduce affine operator T : H ×Q → H ×Q that, given
(w , (r , η)) ∈ H ×Q, defines

T (w , (r , η)) := (ū, (p̄, λ̄)) ∈ H ×Q (8)

as the unique solution of (3) when p is replaced by r on the right hand side of
(3)1, that is

a(ū, v) + b(v , (p̄, λ̄)) = F r (v) + F (v) ∀ v ∈ H ,
b(ū, (q, ξ)) = G(q, ξ) ∀ (q, ξ) ∈ Q .

(9)

given r ∈ L2(Ω), the linear functionals F r : H → IR, F : H → IR and
G : Q → IR defined by

F r (v) := γ

∫
Ω

r f · v ∀ v ∈ H , (10)

F (v) := γ

∫
Ω

f · v ∀ v ∈ H , (11)

and
G(q, ξ) := 〈g, ξ〉ΓN ∀ (q, ξ) ∈ Q , (12)
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Variational formulation

The linear functionals satisfy

|F r (v)| ≤ γ ‖r‖0,Ω ‖f‖∞,Ω ‖v‖0,Ω ∀ v ∈ H (13)

|F (v)| ≤ γ |Ω| ‖f‖∞,Ω ‖v‖0,Ω ∀ v ∈ H (14)

and
|G(q, ξ)| ≤ ‖g‖0;−1/2,ΓN ‖ξ‖0;1/2,ΓN ∀ (q, ξ) ∈ Q , (15)

which shows that F r ∈ H ′, F ∈ H ′ and G ∈ Q′.
Step 2: Rewrite original problem (3) as: Find (u, (p, λ)) ∈ H ×Q such that

T (u, (p, λ)) = (u, (p, λ)) (16)

that is, to find a fixed point of T .
Step 3: Apply Banach fixed point Theorem.

MORE Liblice 2014 Giordano Tierra Mixed FEM for Nonlinear Darcy

12/40



Variational formulation
Step 3: From the superposition principle:

T (w , (r , η)) = (u0, (p0, λ0)) + S(w , (r , η)) ∀ (w , (r , η)) ∈ H ×Q , (17)

where (u0, (p0, λ0)) ∈ H ×Q is the unique solution of the auxiliary problem

a(u0, v) + b(v , (p0, λ0)) = F (v) ∀ v ∈ H ,
b(u0, (q, ξ)) = G(q, ξ) ∀ (q, ξ) ∈ Q ,

(18)

and S : H ×Q → H ×Q is the linear operator that, given (w , (r , η)) ∈ H ×Q,
defines

S(w , (r , η)) := (ū, (p̄, λ̄)) ∈ H ×Q (19)
as the unique solution of (9) with F and G replaced by null functionals, that is

a(ū, v) + b(v , (p̄, λ̄)) = F r (v) ∀ v ∈ H ,
b(ū, (q, ξ)) = 0 ∀ (q, ξ) ∈ Q .

(20)

Note here that (17) confirms the term affine given in advance to T .
Furthermore, the continuous dependence result for (18) and (20) establishes
the existence of a same constant C̃ := C̃(‖a‖, α, β) > 0 such that

‖(u0, (p0, λ0))‖H×Q ≤ C̃
{
‖F‖H′ + ‖G‖Q′

}
, (21)

and
‖S(w , (r , η))‖H×Q ≤ C̃‖F r‖H′ . (22)
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Variational formulation

In particular, (22) and (13) yield

‖S(w , (r , η))‖H×Q ≤ C̃ γ ‖f‖∞,Ω ‖r‖0,Ω ∀ (w , (r , η)) ∈ H ×Q ,

and hence, given (w1, (r1, η1)), (w2, (r2, η2)) ∈ H ×Q, we can use (17) to find
that

‖T (w1, (r1, η1))− T (w2, (r2, η2))‖H×Q = ‖S
(
(w1, (r1, η1))− (w2, (r2, η2))

)
‖H×Q

≤ C̃ γ ‖f‖∞,Ω ‖r1 − r2‖0,Ω

≤ C̃ γ ‖f‖∞,Ω ‖(w1, (r1, η1)) − (w2, (r2, η2))‖H×Q ,

which shows that T is a contraction whenever

‖f‖∞,Ω <
1

C̃ γ
.
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Variational formulation

Step 4:
Observe using (16) and (17), that

‖u‖H + ‖(p, λ)‖Q = ‖(u, (p, λ))‖H×Q = ‖T (u, (p, λ))‖H×Q

= ‖(u0, (p0, λ0)) + S(u, (p, λ))‖H×Q ,

which, thanks to the triangle inequality and the estimates (21) and (22), leads
to

‖u‖H + ‖(p, λ)‖Q ≤ C̃
{
‖F‖H′ + ‖G‖Q′ + ‖F p‖H′

}
. (23)

In turn, it is clear from (13), (14), and (15), that

‖F p‖H′ ≤ γ ‖f‖∞,Ω ‖(p, λ)‖Q , ‖F‖H′ ≤ γ |Ω| ‖f‖∞,Ω , and ‖G‖Q′ ≤ ‖g‖0;−1/2,ΓN ,

which, together with (23), yield

‖u‖H +
{

1− C̃ γ ‖f‖∞,Ω
}
‖(p, λ)‖Q ≤ C̃

{
‖F‖H′ + ‖G‖Q′

}
≤ C̃

{
γ |Ω| ‖f‖∞,Ω + ‖g‖0;−1/2,ΓN

}
.
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Galerkin scheme. Main Results

Let Hh and Qh be finite dimensional subspaces of H and Q, respectively, and
consider the Galerkin scheme: Find (uh, (ph, λh)) ∈ Hh ×Qh such that

a(uh, vh) + b(vh, (ph, λh)) = γ

∫
Ω

ph f · vh + γ

∫
Ω

f · vh ∀ vh ∈ Hh ,

b(uh, (qh, ξh)) = 〈g, ξh〉ΓN ∀ (qh, ξh) ∈ Qh.
(24)

Then, we let V h be the discrete kernel of b, that is

V h :=
{

vh ∈ Hh : b(vh, (qh, ξh)) = 0 ∀ (qh, ξh) ∈ Qh

}
, (25)

and assume that there exists α̂ > 0, independent of h, such that

a(vh, vh) ≥ α̂ ‖vh‖2
H ∀ vh ∈ V h . (26)

In addition, we also suppose that there exists β̂ > 0, independent of h, such
that

sup
vh∈Hh
vh 6=0

b(vh, (qh, ξh))

‖vh‖Hh

≥ β̂ ‖(qh, ξh)‖Qh ∀ (qh, ξh) ∈ Qh . (27)
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Galerkin scheme. Main Results
Then, introducing corresponding discrete operators T h : Hh ×Qh → Hh ×Qh

and Sh : Hh ×Qh → Hh ×Qh, and the particular discrete solutions
(uh,0, (ph,0, λh,0)) ∈ Hh ×Qh, analogously to the definitions given for the
continuous case (cf. (8), (17), (19)), we find that (24) is equivalent to the fixed
point equation: Find (uh, (ph, λh)) ∈ Hh ×Qh such that

T h(uh, (ph, λh)) = (uh, (ph, λh)),

where

T h(wh, (rh, ηh)) = (uh,0, (ph,0, λh,0)) + Sh(wh, (rh, ηh)) ∀ (wh, (rh, ηh)) ∈ Hh×Qh .

Theorem
Assume that f ∈ L∞(Ω) and that ‖f‖∞,Ω ≤ 1

2 Ĉ γ
, where Ĉ := Ĉ(‖a‖, α̂, β̂) is

the continuous dependence constant for the discrete problems defining
(uh,0, (ph,0, λh,0)) and the operator Sh. Then, there exists a unique
(uh, (ph, λh)) ∈ Hh ×Qh solution of (24), and there holds

2 ‖uh‖H + ‖(ph, λh)‖Q ≤ 2 Ĉ
{
‖F |Hh‖H′

h
+ ‖G|Qh‖Q′

h

}
≤ 2 Ĉ

{
γ |Ω| ‖f‖∞,Ω + ‖g‖0;−1/2,ΓN

}
.
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Galerkin scheme. Main Results

Theorem
Assume that f ∈ L∞(Ω) and that

‖f‖∞,Ω ≤
1

2 γ
min

{
1
C̃
,

1

Ĉ
,

α̂ β̂

α̂ + ‖a‖

}
,

where C̃ = C̃(‖a‖, α, β) > 0 and Ĉ = Ĉ(‖a‖, α̂, β̂) > 0 are the continuous
dependence constants specified above. Then, the continuous and discrete
problems (3) and (24) have unique solutions (u, (p, λ)) ∈ H ×Q and
(uh, (ph, λh)) ∈ Hh ×Qh. Moreover, there exists a constant C > 0, depending
on ‖a‖, ‖b‖, α̂, β̂, γ, and ‖f‖∞,Ω, such that

‖(u, (p, λ))− (uh, (ph, λh))‖H×Q ≤ C dist
(

(u, (p, λ)),Hh ×Qh

)
.
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Galerkin scheme. Specific finite element
subspaces

We let {Th}h>0 be a shape-regular family of discretizations.
Given an integer k ≥ 0, we define the finite element subspace Hh for the approximation
of u ∈ H(div; Ω) as the global Raviart-Thomas space of order k , that is,

Hh :=
{

vh ∈ H(div; Ω) : vh|T ∈ RTk (T ) ∀T ∈ Th

}
. (28)

The finite element subspace for the pressure p is given by the global space of
piecewise polynomials of degree ≤ k , that is

Qp
h :=

{
qh ∈ L2(Ω) : qh|T ∈ Pk (T ) ∀T ∈ Th

}
. (29)

To define the finite element subspace for λ, we first let ΓN,h be the partition of ΓN
inherited from the triangulation Th, and define the meshsize
hN := max

{
|e| : e ∈ ΓN,h

}
. Note here that e denotes either edges of triangles (in

IR2) or faces of tetrahedra (in IR3). Then, we let ΓN,h̃ be another partition of ΓN ,

independent of ΓN,h, and define h̃N := max
{
|e| : e ∈ ΓN,h̃

}
. Then, for the same

integer k ≥ 0 employed in the definitions (28) and (29), we introduce

Qλ
h̃

:=
{
ξh̃ ∈ H1/2

00 (ΓN ) : ξh̃|e ∈ Pk+1(e) ∀ e ∈ ΓN,h̃

}
, (30)

with hN ≤ C0 h̃N and then set

Qh,h̃ := Qp
h × Qλ

h̃
. (31)
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A posteriori error analysis

Consider Ω ⊂ IR2 and k = 0. For each T ∈ Th we define the a posteriori error indicator:

θ2
T := ‖div uh‖2

0,T + h2
T ‖r(uh, ph; f )‖2

0,T + h2
T ‖curl

{
r(uh, ph; f )

}
‖2

0,T

+
∑

e∈Eh(T )∩Eh(Ω)

he ‖[r(uh, ph; f ) · s]‖2
0,e +

∑
e∈Eh(T )∩Eh(ΓN )

he

∥∥∥∥r(uh, ph; f ) · s −
dλh

ds

∥∥∥∥2

0,e

+
∑

e∈E(T )∩Eh(ΓN )

he

{
‖λh + ph‖2

0,e + ‖g − uh · ν‖2
0,e

}
+

∑
e∈Eh(T )∩Eh(ΓD)

he ‖r(uh, ph; f ) · s‖2
0,e ,

(32)

where
r(uh, ph; f ) := γ f + γ ph f − α0 γ uh

Remark
Note here that the inclusion of the expression ‖g − uh · ν‖2

0,e in the definition of θ2
T

requires the Neumann datum to be smoother than H−1/2
00 (ΓN ), namely g ∈ L2(ΓN ).

MORE Liblice 2014 Giordano Tierra Mixed FEM for Nonlinear Darcy

20/40



A posteriori error analysis

Theorem
Assume that f ∈ L∞(Ω), g ∈ L2(ΓN), and that they are piecewise
polynomials on Th and ΓN,h, respectively, for each h > 0. Let
(u, (p, λ)) ∈ H ×Q and (uh, (ph, λh)) ∈ Hh ×Qh be the unique
solutions of (3) and (24), respectively. Then, there exist constants
Crel > 0 and Ceff > 0, independent of h, such that

Ceff θ ≤ ‖(u, (p, λ))− (uh, (ph, λh))‖H×Q ≤ Crel θ . (33)

where the global a posteriori error estimator

θ :=

∑
T∈Th

θ2
T


1/2

.
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A posteriori error analysis. Preliminary results

• Clément interpolator Let Ih : H1(Ω)→ Xh be the Clément interpolation
operator, where

Xh :=
{
ϕh ∈ C(Ω̄) : ϕh|T ∈ P1(T ) ∀T ∈ Th

}
.

The local approximation properties of Ih are summarized in the following lemma.

Lemma
There exist c1, c2 > 0, independent of h, such that for all ϕ ∈ H1(Ω) there holds

‖ϕ− Ih(ϕ)‖0,T ≤ c1 hT ‖ϕ‖1,∆(T ) ∀T ∈ Th

and

‖ϕ− Ih(ϕ)‖0,e ≤ c2 h1/2
e ‖ϕ‖1,∆(e) ∀ e ∈ Eh(Ω) ∪ Eh(Γ) ,

where ∆(T ) := ∪{T ′ ∈ Th : T ′ ∩ T 6= ∅} and ∆(e) := ∪{T ′ ∈ Th : T ′ ∩ e 6= ∅}.
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A posteriori error analysis. Preliminary results

• Helmholtz decomposition

Lemma
For each v ∈ H(div; Ω) there exist ζ ∈ H1(Ω) and ϕ ∈ H1(Ω), with

∫
Ω ϕ = 0, such

that v = ζ + curlϕ in Ω and

‖ζ‖1,Ω + ‖ϕ‖1,Ω ≤ C ‖v‖div,Ω , (34)

where C is a positive constant independent of v .
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A posteriori error analysis. Preliminary results

• Raviart-Thomas interpolator Let Πh : H1(Ω)→ Hh be the usual
Raviart-Thomas interpolation operator, which is characterized by the identity∫

e
Πh(w) · ν =

∫
e

w · ν ∀ e ∈ Eh , ∀w ∈ H1(Ω) . (35)

It is easy to show, using (35), that

div(Πh(w)) = Ph(div w) ∀w ∈ H1(Ω) , (36)

where Ph is the L2(Ω)-orthogonal projector onto Qp
h (cf. (29)).

Lemma
Πh satisfies the following approximation properties

‖w − Πh(w)‖0,T ≤ C hT ‖w‖1,T ∀T ∈ Th , ∀w ∈ H1(Ω) , (37)

and

‖(w − Πh(w)) · ν‖0,e ≤ C h1/2
e ‖w‖1,Te ∀ e ∈ Eh ∩ ∂Te, ∀w ∈ H1(Ω) , (38)

where Te in (38) is a triangle of Th containing e on its boundary.
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Numerical results
N stands for the number of degrees of freedom defining the finite element subspaces
Hh and Qh (equivalently, the number of unknowns of (24)), and the individual and
global errors are denoted by:

e(u) := ‖u − uh‖div,Ω , e(p) := ‖p − ph‖0,Ω , e(λ) := ‖λ− λh‖0;1/2,ΓN
,

and e :=
{

[e(u)]2 + [e(p)]2 + [e(λ)]2
}1/2

,

Furthermore, we define the effectivity index

eff(θ) := e/θ ,

and we let r(u), r(p), r(λ), and r be the experimental rates of convergence given by

r(u) :=
log(e(u)/e′(u))

log(h/h′)
, r(p) :=

log(e(p)/e′(p))

log(h/h′)
, r(λ) :=

log(e(λ)/e′(λ))

log(h/h′)
, r :=

log
(
e/e′

)
log(h/h′)

,

where h and h′ denote two consecutive meshsizes with errors e and e′, respectively.
Postprocessing error associated to the inverse change of variables needed to recover
the original pressure field P from ph, and its associated rate as

e(P) = ‖P + γ−1 log(ph + 1)‖0,Ω and r(P) :=
log(e(P)/e′(P))

log(h/h′)
.
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Numerical results

Example 1
We consider the domain Ω := (0, 1)2 with ΓD = (0, 1)× {0} and ΓN = ∂Ω \ ΓD , and
choose f and g so that the exact solutions of (1) and (2) are given by the smooth
functions

U = u(x1, x2) :=

(
sin(πx1) cos(πx2),
− cos(πx1) sin(πx2)

)
, p(x1, x2) := x2

1 + x1x2,

λ(x1, x2) := −p|ΓN , P(x1, x2) := −γ−1 log(p + 1).

We set α0 = 0.1, γ = 10 and study the accuracy of the discretization using piecewise
constant approximations for the pressure field, RT0 approximations for velocities, and
piecewise linear approximations for the Lagrange multiplier.

Fixed point tolerance of εfp = 1e − 8
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Numerical results

Example 2
Nonconvex pacman domain Ω = {(x1, x2) ∈ IR2 : x2

1 + x2
2 ≤ 1} \ (0, 1)2, with

boundaries ΓN = (0, 1)× {0}
⋃
{0} × (0, 1) and ΓD = ∂Ω \ ΓD , where the model

problems (1),(2) admit the following exact solutions

U = u(x1, x2) :=
(
(x1 − c)2 + (x2 − c)2)−1/2

(
c − x2
x1 − c

)
,

p(x1, x2) :=
1− x2

1 − x2
2

(x1 − c)2 + (x2 − c)2
,

λ(x1, x2) := −p|ΓN , P(x1, x2) := −γ−1 log(p + 1),

with c = 0.025, satisfying the homogeneous boundary condition on ΓD . Both pressure

and velocity fields exhibit singularities close to the origin.
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Numerical results

Example 3
Ω = (0, 1)3 where the Dirichlet boundary is the bottom lid of the cube
ΓD = (0, 1)× (0, 1)× {0}, and the remaining faces constitute the Neumann boundary
ΓN . We construct f , g so that the exact solutions of the original and auxiliary Darcy
problems (2), (2) are given by

U = u(x1, x2, x3) :=

 cos(2πx1) sin(2πx2) sin(2πx3)
sin(2πx1) cos(2πx2) sin(2πx3)
−2 sin(2πx1) sin(2πx2) cos(2πx3)

 ,

p(x1, x2, x3) := sin(2πx1) sin(2πx2) sin(2πx3) + x1x2x3,

P(x1, x2, x3) := −γ−1 log(p + 1),

λ(x1, x2, x3) := −p|ΓN .

As in the preceding tests, we choose the model parameters α0 = 0.1, γ = 10. Using
as a base an initial tetrahedral mesh of 8 vertices and 18 elements, we perform eight
successive refinements and we compute experimental errors in different norms.
Now we relax the fixed point tolerance to εfp = 1e − 6.
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