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Introduction

Some applications of understanding behavior of fluid through
porous medium

e Ground water pollution
Mesoscale blood flows

Filter design

Enhanced oil recovery
Carbon dioxide sequestration
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Introduction

General formulation of (steady) fluid through porous media
-V -T+1=pb,
{ V-u=0,
where
e T Cauchy stress

I Interaction of the liquid with the porous media

u velocity of the fluid

b Body forces

Remark

In the case of I = 0 and depending on the relation between T and D

(D = 1/2(Vu + (Vu)")) we can arrive to different well-known models for fluids:
Navier-Stokes, Power Law, Bingham, ...

Remark
Assuming T = —pl (dissipation due to drag much larger than due to shear),
depending on the choice of I we can arrive to different well-known models:

Darcy, Barus, Forchheimer, ...
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Model problem

The balance of linear momentum for the (steady) fluid, is given by
—divT + I = pf,

where [ is the frictional resistance at the pores of the solid on the fluid that is
flowing. Assume

I = a(P)U,

Simplify the Cauchy stress assuming dissipation due to the drag at the pores
is much larger than the dissipation due to the shear in the bulk fluid,

T = —PI.
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Model problem

The model
alPYU+ VP =1f inQ,
divU =0 inQ,
(1)
P=0 onlp,
Un=g onrly,

where f € L3(Q) and g € Hy, /?(Tw). Furthermore, we recall that the

Sobolev space to which the Neumann datum g belongs, that is
Hyo'/?(Tw), is the dual of Hy}?(T'n), where

HIZ(Th) = {v\rN: veH(Q), v=0 on rD}.
We consider there exist constants «q, v > 0 such that
a(s) = ape’® VseR.

[Srinivasan, Rajagopal’14] Thermodynamic basis for the derivation of
models for flows through porous media and their generalizations
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Model problem

Hence, we rewrite the first equation of (1) as:
1 1 P gP 1(4 1 7,:)
U= ——(f-VP)= — (e " f-e " VP)= — (e f+ —V(e" ,
i -9P) = o ) = o V(e

so that, assuming heuristically that (1) has at least one solution, and defining
the new unknowns

u=U and p=e""-1 inQ,

we can recast (1) in the form

1 1
u=—(p+1)f+ —Vp inQ,
ao(p ) a0y VP

leu:O |n§27 (2)
p:0 OnrD,
u-n=g ony,
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Variational formulation

Introducing the additional unknown X := —p|r, € Hg({z(r,\,), we get
Find (u, (p, \)) € H x @ such that

a(u,v) + b(v,(p,\) = /pf v+7/f v VVveH,

b(u.(q.€)) = v(9,§) € Q,
3)
where H := H(div;Q), Q:= [2(Q) x H 1/2(rN) anda:HxH— R
and b : H x Q — R are the bounded bilinear forms defined by

a(u,v) = aoy/u-v Yu,veH,
Q

b(v.(q.8) = [ vy (vomgr,  Y(v.(q.0)cHx Q.
@)

7
40
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Variational formulation

Another formulation: Find (u, (p, A\)) € H x Q such that

a(u,v) + by(v,(p,)))

y/ﬂf‘v YveH, )
b2(u,(9,8)) = (9.&)ry v(g.¢) € Q,

where b : H x Q — R is the bounded bilinear form defined by

bi(v,(q.€)) —/qdwv+ vn.6)r, /qfv v,(q,€)) € HxQ,
(6)

and b, = b, which constitutes a particular example of the generalized
Babuska-Brezzi theory.

Remark

Nevertheless, for easiness of the analysis, in what follows we do not
adopt this approach, but rather apply a combination of the classical
Babuska-Brezzi theory and the Banach fixed point Theorem.
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Variational formulation

Proposition
There clearly holds

la(u, v)| < [lalll[ullullv]s YV u,veH,
and

lb(v, (g, ) < [IblllIvilull(q, Olle ¥ (v.(q,¢) e HxQ,

with |a|| = ao~y and ||b|| depending on the normal trace operator in H(div; ).
Moreover, a(-,-) is V-elliptic

a(v,v) = aoy|vlfe = alvli YveV,
with o« := «agy and the kernel of b characterized as:
v;:Nw):{vemeQy divv=0 inQ, and v =0 on m},

Furthermore b(-, -) satisfies the continuous inf-sup condition on H x Q, i.e.
there exists 8 > 0 such that

sup 218D 5 5(q.6)0 v(g.6) e Q.

ver  |IVIln
v#0
® /a0
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Variational formulation

Theorem

Assume that f € L*°(Q) and that ||f|| .0 < ?:1_7 Then, there exists a
unique (u,(p, X)) € H x @ solution of our variational formulation (3).
Moreover, there holds

lulls + {1 = Crlifla} 0 Nla < C{IFlm + [Gla}

< &{5100 Il + Igllo—1/2ry} -
™
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Variational formulation

Proof
Step 1: Introduce affine operator T : H x Q — H x Q@ that, given
(w,(r,n)) € H x Q, defines

T(w,(r,n) = (o,(p,N)) e Hx Q (8)

as the unique solution of (3) when p is replaced by r on the right hand side of
(3)4, that is

a(,v)+ b(v,(p, N)) F.(v)+ F(v) VYveEH, ©)
b(a,(q, £)) G(q, ¢) V(g &) € Q.

given r € L3(Q), the linear functionals F, : H — R, F : H — R and
G : Q — R defined by

F.(v) ::7/rf~v VVeEH, (10)
Q

F(v) ::W/Qf-v VveH, (11)

and

=(9:&ry V(3,6 €Q,
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Variational formulation

The linear functionals satisfy

IFr (V)] < 7llrlloalIfllc,o [Vl VVveH (13)
IF(V)] < 72 fllc,2 V][0 YVeEH (14)

and
1G(q, &) < lIgllo.—1/2,ry I€llo1/2ry  Y(a,6) € Q, (15)

which shows that F, ¢ H', Fc H and Ge Q.
Step 2: Rewrite original problem (3) as: Find (u, (p, X)) € H x @ such that

T(u,(p,N\) = (u,(p,N) (16)

that is, to find a fixed point of T.
Step 3: Apply Banach fixed point Theorem.
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Variational formulation

Step 3: From the superposition principle:
T(W7 (r7 77)) = (UO, (p07 >‘0)) + S(W7 (r7 77)) V(W, (r7 77)) € Hx 07 (17)
where (uo, (Po, Mo)) € H x Q is the unique solution of the auxiliary problem

a(uO,V)-f—b(V,(po,)\o)) F(V) vve H7
b(uo, (q,¢)) G(g,¢) Vv(g.9ecQ,

and S: H x Q — H x Qis the linear operator that, given (w, (r,n)) € H x Q,
defines

(18)

S(w,(r,n) = (u,(p,N) e Hx Q (19)

as the unique solution of (9) with F and G replaced by null functionals, that is
a(a,v) + b(v,(p,\) F.(v) VveH,

b(a,(q,¢)) 0 V(q,¢) € Q.

Note here that (17) confirms the term affine given in advance to T.
Furthermore, the continuous dependence result for (18) and (20) establishes
the existence of a same constant C := C(J|a||, «, 3) > 0 such that

(s, (Po, Xo)limxa < E{IIFw + IGllar}, (21)

(20)

and B
IS(w, (r,n))llHxa < CI[F[ln - (2
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Variational formulation

In particular, (22) and (13) yield
IS(w. (r,m)lxa < CylIflcgllrloa V¥ (w.(r,n)eHxaQ,

and hence, given (w1, (r1,m1)), (W2, (r2,72)) € H x Q, we can use (17) to find
that
IT(w1, (ri,m)) — T(wz, (r2,2)) lxa = |S((w1, (r1,m1)) — (W2, (r2,72))) [l %@
< Cy|flloalir — 2o
< Cylflloos l(ws, (r1,m1)) = (Wa, (72, 72)) @

which shows that T is a contraction whenever

1
[flloca < =
Cv

Mixed FEM for Nonlinear Darcy
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Variational formulation

Step 4:
Observe using (16) and (17), that

lulln + [[(p, Mlla = [[(4, (P, \)llHxa = [ T(U, (P, A))Hxa
= ||(u07(p0a)‘0)) + s(ua (pa /\))||H><07

which, thanks to the triangle inequality and the estimates (21) and (22), leads
to

lulln + o, Mlla < E{IFlw + 1Gllar + [IFollu }- (23)
In turn, it is clear from (13), (14), and (15), that
IFoller < Yl l(e; M@,  [IFllw < 7IQ Ifllc,0, and [|Gller < [Igllo:-1/2,
which, together with (23), yield

lulln + {1~ E7fll} (. Ve < E{IFlw + IGlo}

< E{7190 Il + lglo-1/2ry } -

MORE Liblice 2014 Giordano Tierra Mixed FEM for Nonlinear Darcy



Galerkin scheme. Main Results

Let H, and Qy, be finite dimensional subspaces of H and Q, respectively, and
consider the Galerkin scheme: Find (up, (pr, An)) € Hp x Qp such that

a(uh, Vh) + b(Vh,(ph,)\h)) = v /phf- Vh + 7y / f-vy Yv,e Hh,
Q Q
b(Uh, (qh7€h)) - <g7 £h>|—N V(Qhafh) € 0h~
(24)

Then, we let V;, be the discrete kernel of b, that is
Vo= {vheHy: b(vi (@) =0 V(@ &) e},  (25)

and assume that there exists a > 0, independent of h, such that

a(va,vy) > alvalls Yvhe V. (26)
In addition, we also suppose that there exists B>0, independent of h, such
that
b v ) ) A
sup 2V lI) 5 Byg6)la, VianE) €@ (@)
Vh€¢l'(l)h ||Vh||Hh
Vh

16
40
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Galerkin scheme. Main Results

Then, introducing corresponding discrete operators Ty : Hy x Qn — Hp x Qp
and S, : Hy, x Q, — Hjp x Qp, and the particular discrete solutions

(Up,0, (Pn,o, Ano)) € Hy x Qp, analogously to the definitions given for the
continuous case (cf. (8), (17), (19)), we find that (24) is equivalent to the fixed
point equation: Find (un, (pn, An)) € Hn x Qp such that

Thn(un, (Pn, An)) = (Un, (Ph, An)),
where

Tn(Wh, (rh,mn)) = (Uno, (Pro, Ano)) + Sa(Wh, (fh,mn)) Y (Wh, (T, mn)) € Hix Qp .

Theorem N N

Assume that f € L>(Q) and that ||f||c,0 < ﬁ where C := C(]|al|, &, B) is
the continuous dependence constant for the discrete problems defining

(Un, (Pno, An0)) and the operator Sy. Then, there exists a unique

(Un, (Pn, An)) € Hy x Qp solution of (24), and there holds

2 unlln + l(om An)lla < 2C {IFm, iy + 1 Glay gy }

<2C{719/lfllwa + llglo-1/2r } -
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Galerkin scheme. Main Results

Theorem
Assume that f € L*°(Q2) and that

1 . 11 af
foo _—mln = T~y o=
IMloen = 35 {c +|a|}

where C = C(||al|, a, 8) > 0 and C = C(||a||,a, B) > 0 are the continuous
dependence constants specified above. Then, the continuous and discrete
problems (3) and (24) have unique solutions (u, (p,\)) € H x Q and
(un, (Pn, An)) € Hyr x Qp. Moreover, there exists a constant C > 0, depending
on ”a”! ||b||, a’ B\! s and ||f||oo,Qy such that

1 (P A)) = (un (P Al < Cist (1, (. ), o x @)
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Galerkin scheme. Specific finite element

subspaces

We let {7h}n>0 be a shape-regular family of discretizations.
Given an integer k > 0, we define the finite element subspace H, for the approximation
of u € H(div; Q) as the global Raviart-Thomas space of order k, that is,

Hp = {vh € H(div;Q): vulr eRTW(T) VT ¢ T,,}. (28)

The finite element subspace for the pressure p is given by the global space of
piecewise polynomials of degree < k, that is

@ = {an € L2(2): anlr € PUT) VT € Ty} (29)

To define the finite element subspace for X, we first let 'y , be the partition of 'y
inherited from the triangulation 73, and define the meshsize

hy = max {|e|: e € T'yp}. Note here that e denotes either edges of triangles (in
R?) or faces of tetrahedra (in R%). Then, we let 'y, ; be another partition of 'y,
independent of 'y ,, and define Ay 1= max {|e| :oeely ;,}. Then, for the same
integer k > 0 employed in the definitions (28) and (29), we introduce

Q= {g;, € HA(TN): €le € Piii(e) Ve e rNﬁ}, (30)

with hy < Co hy and then set

Q, ;= QZXQA

Mixed FEM for Nonlinear Darcy ‘
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A posteriori error analysis

Consider 2 ¢ R? and k = 0. For each T € 75, we define the a posteriori error indicator:

0% := |\divunll3 7 + B3 [¥(tn, o O3 7 + 5 [lcurl {r(un, pn; F)}3 7

dip |2
+ > el sllige + 3 he |K(unprif) s -2
e€&n(T) N ERQ) ecEn(T) NER(TN) 0.e
+ S mewtenle + lg—unvIE)
ec&E(T)NER(TN)
+ > he ||¢(un, pni F) - S5 o+
e€&n(T) N Ep(Tp)
(32)
where
t(up,ppi f) == vf+~vppf—agyup
Remark

Note here that the inclusion of the expression ||g — up, - v||2  in the definition of 6%
requires the Neumann datum to be smoother than H&)1 / 2( 'n), namely g € L2(Ty).
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A posteriori error analysis

Theorem

Assume that f € L™(Q), g € L2(T'n), and that they are piecewise
polynomials on T, and Ty p, respectively, for each h > 0. Let
(u,(p,\)) € Hx Qand (up, (P, An)) € Hy x Qp be the unique
solutions of (3) and (24), respectively. Then, there exist constants
C..1 > 0 and C.:: > 0, independent of h, such that

Ceee 0 < ||(u,(p,N)) — (Un, (Pn, An))llHxa < Cic1 0.  (33)

where the global a posteriori error estimator

1/2
0 = Z 02 .
TETh
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A posteriori error analysis. Preliminary results

e Clément interpolator Let I, : H'(Q) — Xj, be the Clément interpolation
operator, where

Xo = {neCQ): wnlr € PT) YT ETh}.

The local approximation properties of /, are summarized in the following lemma.

Lemma
There exist ¢{, ¢, > 0, independent of h, such that for all o € H'(Q) there holds

le = (ello,r < ¢ hrllelliam YT €7Th
and

e — In(@loe < ¢ hyZllelliae Ve e En(R)UE,

where A(T) := U{T" €Tp: T'NT#0} and A(e) := U{T' €Tp: T'ne#0}.

22
40
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A posteriori error analysis. Preliminary results

® Helmholtz decomposition

Lemma
For each v € H(div; Q) there exist ¢ € H'(Q) and ¢ € H'(Q), with Jo v = 0, such
thatv = ¢ + curly inQ and

IKl1,e + el < Clividv,e (34)

where C is a positive constant independent of v.

MORE Liblice 2014 Giordano Tierra Mixed FEM for Nonlinear Darcy



A posteriori error analysis. Preliminary results

© Raviart-Thomas interpolator Let 1, : H'(Q) — H,, be the usual
Raviart-Thomas interpolation operator, which is characterized by the identity

/I'Ih(w)~u:/ew-u Vec&,, vweH(Q). (35)

It is easy to show, using (35), that
div(Mp(w)) = Pp(divw) VYwe H(Q), (36)

where P, is the L?(Q)-orthogonal projector onto Qﬁ (cf. (29)).

Lemma
My, satisfies the following approximation properties

|w—Na(w)llo,r < Chrlwlly,r YTETh, YweH (Q), (37)

and

(W —Na(W)) - vlloe < Ch/? w7, VeeEnndTs, YWweH'(Q), (38)

where Te in (38) is a triangle of Ty, containing e on its boundary.
24 /40
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Numerical resulis

N stands for the number of degrees of freedom defining the finite element subspaces
H;, and Qj, (equivalently, the number of unknowns of (24)), and the individual and
global errors are denoted by:

e(u) = |u— upllav,a, e(p) == [lp=pnlloa: (X)) == A= Anllos1/2,ry
1/2
and e = {[e@P + [P + [P},
Furthermore, we define the effectivity index
eff(0) = ¢/0,

and we let r(u), r(p), r()), and r be the experimental rates of convergence given by

. log(e(u)/e’(u))

) _ 1og(=(p)/='(p)) ) og(=(N)/' ) 1o (e/<')

» r(p) log(h/h) * " log(h/h')

log(h/h’) © log(h/h)
where h and h’ denote two consecutive meshsizes with errors e and e, respectively.
Postprocessing error associated to the inverse change of variables needed to recover
the original pressure field P from pj, and its associated rate as

e(P) = [P+~ "log(pn + 1)]lo,e and r(P) := W'

MORE Liblice 2014 Giordano Tierra Mixed FEM for Nonlinear Darcy



Numerical resulis

Example 1

We consider the domain Q := (0,1)2 with Tp = (0,1) x {0} and 'y = 9Q \ Tp, and
choose f and g so that the exact solutions of (1) and (2) are given by the smooth
functions

_ . ( sin(mx;) cos(mxz), 2
U= U(X1 ) X2) = (_ COS(7TX1 ) sin(7rx2) ’ p(x1 ) XZ) =Xy + X1 X2,
A(X17X2) = _per7 P(X1 ) X2) = _’7_1 IOQ(p+ 1)
We set ag = 0.1, v = 10 and study the accuracy of the discretization using piecewise

constant approximations for the pressure field, RTy approximations for velocities, and
piecewise linear approximations for the Lagrange multiplier.

Fixed point tolerance of e, = 1e — 8
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Numerical resulis

Algorithm 2 Fixed point iteration
1: Set a tolerance g, and define res(0) := 2¢y,
2: Set j = 0 and choose an initial guess for the pressure p{ satisfying p)|r, =0
3: for j=1,...,Jmax do

4: Solve the discrete problem
au, on) + blom, G, ) =7 [ (A7 +1) 7 -0 Von € Hy,
b(ui, (ah, ) = (9 €n)rx Y (gn,&n) € @,
5 Compute the pressure residual res(j) = HP‘L - p‘;:IHU’Q
6: Update the pressure p}fl «
7 if res(j) < €pp OF § > jmax then
8 break
9 else
10: continue
11: end if
12: end for
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Numerical resulis

N h e(u) r(u) e(p) r(p) e(X) r(XA) e(P) r(P) eff(f) iter

Problem (3.1) solved iteratively via Algorithm 2

11 1.414210 0.777153  —  0.454962  — 1.52585 = = — 0.238183 10

32 0.707107 0.465914 0.539419 0.232287 0.969840 0.759940 0.956320 0.024021 — 0264271 9

104 0.353553 0.264449 0.817072 0.116629 0.993975 0.042501 2.247691 0.014861 0.692782 0.260534 10

368 0.176777 0.137101 0.947764 0.058315 0.999992 0.015887 1.419630 0.007794 0.931046 0.253384 11

1376 0.088388 0.069199 0.986393 0.029155 1.000112 0.008627 0.880807 0.003943 0.982878 0.250735 12

5312 0.044194 0.034682 0.996562 0.014577 1.000041 0.004781 0.851562 0.001977 0.995583 0.249815 11

20864 0.022097 0.017352 0.999138 0.007288 1.000011 0.002578 0.891039 0.000990 0.998306 0.249517 11

82688 0.011049 0.008677 0.999784 0.003644 1.000010 0.001352 0.930602 0.000496 0.997220 0.249431 12

329216 0.005524 0.004339 0.999946 0.001822 1.000000 0.000696 0.958398 0.000249 0.989965 0.249414 11

1313792 0.002762 0.002169 0.999987 0.000911 1.000000 0.000354 0.975827 0.000128 0.961434 0.249416 11
Linear non-symmetric problem (3.3)

11 1.414210 0.677153 = 0.454962 = 1.525851 = = 0.238183

32 0.707107 0.465914 0.539419 0.232287 0.969840 1.059940 0.525629 0. 0240221 - 0.264271

104 0.353553 0.264449 0.817072 0.116629 0.993975 0.042501 4.640351 0.0148613 0.692794 0.260534

368 0.176777 0.137102 0.947764 0.058315 0.999992 0.015887 1.419632 0.0077944 0.931050 0.253384

1376 0.088388 0.069199 0.986393 0.029155 1.000112 0.008627 0.880807 0.0039436 0.982917 0.250732

5312 0.044194 0.034682 0.996562 0.014577 1.000041 0.004781 0.851562 0.0019776 0.995739 0.249815

20864 0.022097 0.017351 0.999138 0.007289 1.000010 0.002578 0.891039 0.0009895 0.998933 0.249517

82688 0.011049 0.008677 0.999784 0.003644 1.000000 0.001352 0.930603 0.0004948 0.999721 0.249431

329216 0.005524 0.004339 0.999946 0.001822 1.000000 0.000696 0.958398 0.0002474 0.999882 0.249414

1313792 0.002762 0.002169 0.999987 0.000911 1.000000 0.000353 0.975827 0.0001237 0.999771 0.249416

= e e e e

Table 6.1: Example 1: Experimental convergence for the mixed finite element approximation of the
Darcy problem (2.2) and postprocessed pressure P, = v~ !log(ps + 1) on a sequence of uniformly
refined triangulations of Q = (0,1)2, using a fixed point formulation with symmetric iterations (top)
and a linear non-symmetric formulation (bottom). Here we have considered the parameters ag = 0.1,
v =10.
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Figure 6.1: Example 1: Approximate velocity components (top), pressure distribution (bottom left),

and postprocessed pressure (bottom right), computed using a mesh of 313041 vertices and 626080
elements.

MORE Liblice 2014 Giordano Tierra

Mixed FEM for Nonlinear Darcy



Numerical resulis

Example 2

Nonconvex pacman domain Q = {(x1, x2) € R? : x2 +x2 < 1} \ (0,1)?, with
boundaries 'y = (0,1) x {0} J{0} x (0,1) and I'p = 9Q \ 'p, where the model
problems (1),(2) admit the following exact solutions

1 —x2—x2
(a —c)2+ (X2 —c)?’

A(X1, %) == —plry, P(x1,%) :=—v""log(p+ 1),

p(X1 7X2) =

with ¢ = 0.025, satisfying the homogeneous boundary condition on I'p. Both pressure
and velocity fields exhibit singularities close to the origin.
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Numerical resulis

Algorithm 1 Mesh adaptation procedure
1: Set ¢ = 0 and construct an initial mesh 7Ty,
2: for i =0,...,%max do
3: Solve the discrete problem (4.1) on the current mesh 7, using Algorithm 2

4 for T € Ty, do

5: Compute the error indicator 87 associated to T' using (5.2)
6: if 07 <eori>in.x then

T break

8: else

9: continue

10: end if

11: if 67 > gma.x{BL L e 7_};1} then

12: Refine T according to the blue-green strategy
18: end if

14: end for

15: Update the mesh Ty,  Th,,

16: end for
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N h e(u) r(u) e(p) r(p) e(}) r(A) e(P) 7(P) eff(f) iter

Quasi-uniform refi
225 0.396463 11.43581 - 39.30172 = 5.905905 = 0.093927 = 0.035166 33
675 0.234657 10.09455 0.116705 28.75717 0.595641 3.798687 0.757472 0.069779 0.792872 0.018529 34
1625 0.153371 8.885424 0.244053 25.28118 0.302922 2.147508 0.661754 0.041202 0.838860 0.016287 32
3530 0.102059 6.453057 0.218888 18.87943 0.716865 1.412040 0.529988 0.029676 0.776951 0.013298 30
7960 0.068675 5.761473 0.400416 13.89542 0.773727 0.950806 0.873166 0.021216 0.820906 0.026307 27
19930 0.043191 3.869916 0.519673 9.780521 0.784410 0.524016 0.816079 0.014728 0.888218 0.009790 33
56730 0.025888 3.053998 0.727651 6.672843 0.822838 0.319769 0.729324 0.009356 0.822051 0.007904 35
178440 0.014914 1.622855 1.146492 4.555427 0.849742 0.203720 0.866195 0.006388 0.644759 0.068482 32
618660 0.008210 1.063797 0.698373 2.461297 0.796696 0.123352 0.711992 0.004243 0.477433 0.016053 34
Adaptive refinement

861 0.210978 5.282240 —  38.54491 = 5.709012 = 0.070252 = 0.766485 13
1247 0.163169 3.171521 1.073922 19.82960 1.136872 4.367726 0.630054 0.045942 0.962860 0.768496 14
1931 0.135411 1.751252 1.015801 9.571121 1.033150 1.353830 0.899916 0.036824 1.011852 0.769635 15
3401 0.118863 0.902784 1.038221 4.444250 1.210593 0.869012 0.970478 0.021465 0.955669 0.779505 13
6843 0.096292 0.563009 1.052795 2.193142 1.320374 0.613204 0.982651 0.017271 0.940252 0.767345 14
17350 0.078102 0.167351 1.092846 1.290872 1.139381 0.391614 0.885738 0.012131 0.948918 0.750103 16
46492 0.062494 0.135441 0.930274 0.796067 0.980809 0.234962 0.954510 0.007226 0.958351 0.725237 13
127844 0.051637 0.084252 0.950035 0.481753 0.993065 0.172287 0.893301 0.003629 0.963105 0.731722 14
329880 0.042528 0.038337 0.989902 0.311465 0.982892 0.123530 0.986044 0.001995 0.953084 0.697151 13
783742 0.036014 0.010492 0.978930 0.134684 0.946813 0.101078 0.959217 0.000642 0.930247 0.756734 14

Table 6.2: Example 2: Experimental convergence for the mixed finite element approximation of the
Darcy problem (2.2) and postprocessed pressure P, = 7! log(ps+1) on a sequence of quasi-uniformly
(top) and adaptively (bottom) refined meshes of Q = {(z1,z2) € R? : 2 + 23 < 1} \ (0,1)2. Here we
have considered the parameters ap = 0.1, v = 10.
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Figure 6.4: Example 2: Approximate velocity components (top), computed pressure distribution
(bottom left) and postprocessed pressure (bottom right) obtained on an adapted mesh of 313041
vertices and 626080 elements.
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Figure 6.3: Example 2: Initial coarse mesh and adapted meshes after 2,4,6,8, and 10 iterations of
Algorithm 1.
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e(u,p, A)

Figure 6.2: Example 2: Decay of the total error with respect to the number of degrees of freedom
using a quasi-uniform and an adaptive refinement strategy (see individual errors in Table 6.2).
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Example 3

Q = (0, 1)® where the Dirichlet boundary is the bottom lid of the cube

'p=1(0,1) x (0,1) x {0}, and the remaining faces constitute the Neumann boundary
I'n. We construct f, g so that the exact solutions of the original and auxiliary Darcy
problems (2), (2) are given by

cos(27mxq) sin(2mxp) sin(2mwx3)
U= u(xq, X2, X3) 1= sin(27x1) cos(2mxz) sin(2mx3) ,
—2sin(27xy) sin(2wxy) cos(2mwX3)
p(X1, X2, X3) := sin(27x1) sin(2mx2) sin(27x3) + X1 X2 X3,
P(x1,%p, Xg) := =y~ 'log(p+ 1),
A(X1, X2, X3) := —Plry-

As in the preceding tests, we choose the model parameters og = 0.1, v = 10. Using
as a base an initial tetrahedral mesh of 8 vertices and 18 elements, we perform eight
successive refinements and we compute experimental errors in different norms.

Now we relax the fixed point tolerance to ej, = 1e — 6.
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N h ew) @) e ) e ) eP) r(P) iter

32 1414211 2.043353 —  0.495995 —  1.747510 —  0.124762 — 16

195 0.707107 1.066271 0.968334 0.273696 0.857752 0.809612 1.152151 0.073987 0.794381 15
2616 0.282843 0.519971 0.987055 0.155025 0.620363 0.426881 0.820118 0.029708 0.995827 15
19931 0.141421 0.246593 1.076301 0.079143 0.969966 0.259207 0.879427 0.019232 0.627301 13
96000 0.083189 0.145919 0.988807 0.046887 0.986583 0.168196 1.086805 0.011871 0.909225 12
340107 0.054392 0.095618 0.994823 0.030734 0.994049 0.082207 1.063027 0.007858 0.971003 11
974840 0.038222 0.067251 0.997451 0.021619 0.997142 0.041281 1.053195 0.005544 0.988516 10
2397651 0.028284 0.034231 0.999417 0.015553 0.998497 0.021958 0.920208 0.003473 0.983695 14
3256096 0.018757 0.018630 0.988616 0.007387 0.998462 0.011346 0.983085 0.001824 0.886841 14

Table 6.3: Example 3: Convergence results for the mixed finite element approximation of the Darcy
problem (2.2) and postprocessed pressure P, = 7! log(pp + 1) on a sequence of uniformly refined
triangulations of Q = (0, 1)3. Here we have considered the parameters ap = 0.1, v = 10.
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Figure 6.5: Example 2: Approximate velocity vectors and streamlines (top), computed pressure distri-
bution (bottom left) and postprocessed pressure (bottom right) obtained on a uniform mesh of 286906
vertices and 573412 tetrahedral elements.
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