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@ Fluids (Navier-Stokes model)
@ No-incremental pressure scheme (Chorin-Temam)

@ Incremental pressure scheme (Van-Kan)
e Two immiscible incompressible fluids (Abels-Garcke-Grun’s model)

e Nematic liquid crystals (Lin’s model)
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Fluids (Navier-Stokes model)

@ Differential system for (u, p) (velocity, pressure)

{ ou+(u-V)u—vV-(2vDu)+Vp = 0 (u-system)
(1)

V-u = 0 (p-equation)

with Du = (Vu + Vut!)/2 and v > 0 the viscosity coefficient.

@ BCs:
Ulpn =0

@ ICs:

Uli—p=Up inQ

Ll +/ 20|Dul? = 0,
dt o
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Fluids (Navier-Stokes model)

One-step time scheme

Time-discrete schemes: Given a (uniform) partition of time interval [0, T]:
{0 =ty, ty,--- ,ty = T}, with time step k = T/N, to design how to construct
(U, p") ~ (u(tn), p(tn))

Step n: Given u"~", to compute (u”, p").

Notation: u® := u"—" (data) and u = u” (unknown). Idem for the pressure.
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Fluids (Navier-Stokes model) I pressure scheme (i

scheme (Vi

No-incremental pressure scheme (Chorin-Temam)

Reformulated as splitting (or segregated) scheme:

Sub-step 0: Given u?, find p° solving
—KAP +ep® +V-u’ =0 inQ, 9pp°oq =0

Sub-step 1: Given u, p°, find u solving

;
PChs )+ CWlu)—V-(2vDu) +Vp° =0 inQ, uwlsq =0.

Reformulation of convective terms: C(u, v) := (u-V)v + %(V -u)v

Then
/C(u,v)~v:0 Yu,v u-njpg=0.
Q
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Fluids (Navier-Stokes model)

Unconditional energy-stability

Idea: To get the energy-stability of the scheme, it is necessary to maintain the energy
law (2) at discrete level.

Reformulation of No-incremental Algorithm, by using the “auxiliary velocity":

w0 = u® — kvpP

Sub-step 0:
Vo) +ep® =0, ie (u,Vp)=e(p’p) VP

Sub-step 1: (without pressure!!)

%(ufug)JrC(uo,u)fV(uDu):0 inQ, ulgg =0.
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Fluids (Navier-Stokes model) I pressure scheme (i

scheme (Vi

Stability estimates

Notation: || - || = || - I|,2 and (£, g) = J,, f(x)g(x)dx

Sub-step 0: Multiplying by u?:
1 (1uu2||2 - 1||u°H2) 4 NDO + NDpen = 0,
k \2 2
where
NDo = K1 2 = L VRTI, NDpen = < 7
Sub-step 1: Multiplying by u:

1(1 2 1.9 2) / 2
— | =||lu||c — =||u +NDI1 + [ 2v|Du|® =
P G | 2viDyl

where

ku u||2
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Fluids (Navier-Stokes model)

| pressure scheme (
scheme (V:

Stability estimates

Adding (Notation: discrete time-derivative é;:an = (an — an_1)/k)):

Theorem (Unconditional energy-stability)

8¢Exin(u") + / 2u|Du"|? 4+ NDO + NDpen + ND1 = 0,
Q

RK: No-incremental Algorithm is a “fully dissipative" scheme.
Estimates: “Integrating in time" (adding in n and multiplying by k):
@ Velocity : (u")n in I°°(L2) N P(H"),
@ Pressure, via numerical dissipation terms:
NDO = (VkVp"), bounded. in 2(L2)

NDpen = (vep")n bounded. in 2(L2)

@ Pressure, via “inf-sup” LBB’s condition ....

F. Guillen-Gonzalez Splitting in time schemes



Fluids (Navier-Stokes model) No-incremental pressure scheme (Chonn -Temam)

Incremental scheme (Van-

Sub-optimal error estimates [J.Shen, J.L.Guermond,

@ Velocity:
(u(tn) — u™n ~ O(K) in I°(L2) N P(H"),
@ Pressure:
(Ptn) — p")n ~ O(K'/2) in P(L2)
Drawbacks:
°

V-u=kAp—ep~ O(k+e¢)

@ artificial BC for pressure
Onploa =0
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Fluids (Navier-Stokes model) e | e T Tamam)
No-incremental pressure scheme (Chorin-Temam)

Incremental pressure scheme (Van-Kan)

Incremental pressure scheme (Van-Kan)

Sub-step 0: Given u® and p~', find 6;p° solving

— KA +esp® + V- =0 inQ, 8ndip°|sq =0,

and
P’ =p " +kop°
Sub-step 1: Find u solving

(U—t®)+C(U°, u)—V-2vDU)+V(P° + k6:p°) =0 inQ, ulpg = 0.

x| =
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Fluids (Navier-Stokes model
ids (Navier-Stokes model) No-incremental press me (Chorin-Temam)

Incremental pressure (Van-Kan)

Unconditional energy-stability

Reformulation of Incremental Algorithm by using
u® = u® — K25, p°
Sub-step 0:
Vou)+e6p’ =0, ie (u),Vp)=e(5:p°p) VP

Sub-step 1: (without part of pressure!!)

1
PAChs W)+ Cl u)—v-(2vDu)+Vp’ =0 iInQ, u|pg=0.
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Fluids (Navier-Stokes model) No-incremental press heme (Chorin-Temam)

Incremental pressure me (Van-Kan)

Stability estimates

Sub-step 0: Multiplying by u?:

1 /1 1
& (B16212 = J16 12 ) + NDO+ NDper =,
where
k, ul—ul k
NDO = 2| = |2 = 2|k Vol NDpen = 00"

Sub-step 1: Multiplying by u:

1 /1
& (G010 = 16212) + ND1 -+ [ 2viDul® 4 (6 ) =0
Q

where
Ku—wo|?
NDI = — x

2

k

F. Guillen-Gonzalez Splitting in time schemes



Fluids (Navier-Stokes model) No-incremental press scheme (Chorin-Temam)

Incremental pressure scheme (Van-Kan)

Adding:

1 /1 1
k (5”““2 - EHUOHz) +/ 2v|Duf? + (Vp°, u) + NDO + NDpen + ND1 = 0,
Q

Lemma (Splitting error)

1 € k ek
(VPO» u) = ot (5”" VP||2 + EHsz) 35 ||k51V,0||2 - ?”5#7”2

RK: Scheme introduces a “numerical source"
k ek
NS = — 2 [krVpl® = = [1dwpllP

and a “modified energy"

1 e
Enoa(P) i= 5|1k VpIE + 1Pl
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Fluids (Navier-Stokes model)

No-incremental press me (Chorin-Temam)
Incremental pressure (Van-Kan)

Developping ND1:

NDpen+ND1+N57*||5tu*||2+*||5tp 3|12 + |6p |12

RK: The numerical source is controlled by the numerical dissipation.

Theorem (Unconditional energy-stability with modified energy)

51Exn(U) + / 20|Du?
Q

ek ek
+0tEmod(P) + NDO + — ||61u*||2 ¥ ?llézp — 5|7 + ?||5tP0H2 =0

RK: Incremental Algorithm is a dissipative scheme with a modified energy.
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Fluids (Navier-Stokes model)

No-incremental pressure scheme (Chorin-Temam)
Incremental pressure scheme (Van-Kan)

A priori Estimates

@ Velocity:
(u™)n bounded in /(L) N P(H"),

@ Pressure, via the modified energy:

(kVp"n and (vep")n bounded in />°(L?)

Optimal accuracy [G-G & Redondo-Neble’14]

@ Velocity:

(u(ts) —u")n and  (Biu(ta) — 6;u")n ~ O(k) in 1°°(L2) N R(H1),

@ Pressure:
(P(tn) = P")n ~ O(k) in I°°(L?)
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Two immiscible incompressible fluids (Abels-Garcke-Grun’s model)

Two immiscible incompressible fluids
(Abels-Garcke-Grun’s model)

F. Guillen-Gonzalez Splitting in time schemes



Two immiscible incompressible fluids (Abels-Garcke-Grun’s model)

Model

Mixture of two immiscible and incompressible fluids with different (and constant)
densities p1 > p2 > 0.

@ Differential system (NS fluids + CH phase):

¢+ V- (pu)=V-(m(e)Vp) = 0,
AeBd+2H6) = m,

p(¢)oru + <(ﬂ(¢)u — pairmM(9)V i) - V) u ®
=V (2n(¢)Du)+Vp+¢Vpu = 0,
vV-u = 0,

@ u velocity, p potential function (depending on pressure and phase)
@ ¢ is an order parameter (¢ = —1 influid 1 and ¢ = 1 in fluid 2)
@ 1 chemical potential

@ pdensity (linear wrt. the phase): p(¢) = % + 25220 .= pmeq + pdird
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Two immiscible incompressible fluids (Abels-Garcke-Grun’s model)

Moreover,

@ 7(¢) > 0 viscosity of the mixture,
@ )\ > 0 the surface tension,

@ ¢ > 0 a (small) parameter related to the thickness of the interface between the two
fluids.

@ m(¢) > 0 is the mobility function

@ F(¢) is the polynomial Ginzburg-Landau double well potential with minima in 41
(representing the pure phases):

F(9)= 3(&® ~ 12 16) = F'(9) = (¢~ 1)o.
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Two immiscible incompressible fluids (Abels-Garcke-Grun’s model)

Energy’s law [Abels-Garcke-Grun’12]

Conservation of phase

d
- /ﬂ B(t,x) = 0. (4)

Energy’s law

Multiplying by (u, 6:¢, u, p) in (3), and testing the p-equation by |u|</2, the following
(dissipative) energy law holds:

|

SE0,0(0)+2 [ (@)D + [ m@)TuP <o, ©

where the free energy is

E(U,9) = Bun(W) + X Enx(®) i= | p(9) ylutt +A( [vee+l [ F<¢)
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Two immiscible incompressible fluids (Abels-Garcke-Grun’s model)

Splitting in time scheme [G-G & Tierra, to appear in JCM]

Step 1: Compute [¢"] a constant truncation of ¢" outside of —1, 1, and consider the
modified density
p([#") = pmed + pair[#"] (6)

Step 2: Find (¢!, w'*1) satisfying

5™+ V- ([¢" ) = V- (TR =0, in,

AAG 4 21676 —p7 =0, ing, )
151
8(1)"+1 (9W"+1 .
= = T).
on laa ’ on laq 0 in(0,7)
where
n n [(bn] n+1 H
ul=u _kp([qb”])v“ , inQ, (8)

and f (o™, ¢™) denotes an approximation of f(¢(fr41))-
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Two immiscible incompressible fluids (Abels-Garcke-Grun’s model)

Step 3: Find (u™!, p™*1) satisfying

1
p([6")5ru" +§u"“5m([¢"+1]) -V (27]([¢”])Dun+1>

+ C(”(‘/)n)”n — pairm([6")) V", U"H) + VP = —[p" VT,
V- u’H—1 = O,

u™ 0 = 0.

RK: To arrive at (9) we have used the following “residual expression"

1 .
3 (5tP([¢n+1]) + div(p(¢")u" — ﬂdifm(@")vllfn)) u™t,

This idea has been used in [G-G & Gutierrez-Santacreu’08] to define a stable
approximation of the density-dependent Navier-Stokes problem.
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Two immiscible incompressible fluids (Abels-Garcke-Grun’s model)

Unconditional energy-stability

Conservative property
/ ™ dx = / #"dx.
Q Q

Theorem (Uncond. stability)
It holds

SEW 6" + [ 2@ IDu R+ [ mifomIviant P
Q Q
1 1
+NDJje + NDJ b = 0,

where the philic numerical dissipation is

2 Uﬂ _ ynt1
|

e k u" — u?
n+1 n+1y2 i n *
NDG = ko 1698 2 + 5 [ o9 (|*=, .

and the phobic numerical dissipation (or source) is

M A
NDgobic = - (/Q f(@", ¢M)Sr" ! — 51/9 F(¢™! )) :

(10)

[)ar
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Nematic liquid crystals (Lin’s model)

Nematic liquid crystals (Lin’s model)
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Nematic liquid crystals (Lin’s model)

@ Energy:
1, 1,
E(u, d) = Exn(t) + A Enem(d) := ~[ul2 + X [ ~|Vd]| +—/F(d)
2 2 e? Ja

with A > 0 an elastic constant and F(d) a C?(R) truncate (for |d| > 1)
Ginzburg-Landau potential.

E
@ Differential system (NS fluids + AC nematic): By using w = %:
6,d+(Vd)u+'yw = 0
—AAd—i— f(d) =0 (11)
oiu+ C(u,u) —vAu + Vp (Vd) = 0
V-u 0

CEO.d0)+v [ [Vul? o [ w? =
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Nematic liquid crystals (Lin’s model)

Linear stable approximation of the potential terms ([Shen])

The Taylor expansion of second order of F(d) gives

F(d™") ~ F(d") = VaF(d") (d™' - d")

13
%(dn+1 _ dn)THdF(dn+8)(dn+1 _ dn), ( )

where HyF(d) is the Hessian matrix of F(d) and d"? = 0d™" + (1 — 0)d" for some
6 € (0,1). Since F(d) is essentially quadratic then the euclidean norm of the hessian

HaF(d)I| < HE, Vvd.

In particular,

%(dn+1 _ dn)THdF(dn+0)(dn+1 _ dn) < %Idn+1 _ dn‘2 (14)
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Nematic liquid crystals (Lin’s model)

Consequently, if one considers the approximation of the potential term f(d({,.1)) as
(dn) 4+ £ > (dn+1 dn)

(i.e. an explicit approximation of the potential term plus a large enough first-order linear
dissipation term, from (13) and (14), one has

(f(d”) + (@™ —d") - (@ - d") > F(a™) - F(a"). (15)

This inequality will play an essential role for the energy-stability of schemes.
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Nematic liquid crystals (Lin’s model)

Description of the scheme

Step1 Find (d™+!, wt1) :

sid™ (VAU 4wt = o,
16
AAd™T 4 f(d”)+ A H’”(d"+1 d") — w! , (16)
where
" = u" 4+ k(Vd") T wt, (17)
RK: This problem can be decoupled at algebraic level.
Step2 Find p™' € Py :
k(Vp™',Vp) +j(p™",p) = —(V - u""",B), VBEP, (18)
with the stabilization term (letting equal FE spaces for velocity and pressure)
n+1 = S n+1 n+1y = 5
P R) = (P = Mo ("), P — To(P)), (19)

where S > 0 is an algorithmic constant and My is the L2-orthogonal projection
operator onto the piecewise constant finite-element space Y.
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Nematic liquid crystals (Lin’s model)

Step3 Find u™ ' s.t. u™ |y = 0 and satisfying

6tun+1 + C(un7 un+1) _ VAun+1 4 Vpn+1 _ (vdn)TwnH —0. (20)

Reformulation. Defining
an+1 _ an+1 . kvpn+1 (21)

then Step 3 is rewritten without pressure and elastic terms:

un+t — gt

p + C(Un, un+1) _ VAun+1 + vpn+1 _ (Vdn)Twn+1 —0.
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Nematic liquid crystals (Lin’s model)

Unconditional energy-stability

Theorem (Unconditional stability)
It holds:

SEW™T, d™) + v VU 4y w2

Tk SNV 2 4+ (T, )
~n+1 ~n+1

(22)
~n+1 _

koo oumt — g u"™! —u
+5( 2+

2
- B+

) <o
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Nematic liquid crystals (Lin’s model)

Conclusions and Future work.

Conclusions

@ Comparation between No-Incremental and Incremental splitting schemes in fluids

@ Application of No-incremental ideas to Two Phase-Field models, obtaining
energy-stable first-order (fully) discrete schemes.

”

@ Application of Incremental ideas to Two Phase-Field models,

@ Convergence and accuracy of splitting in time schemes

© To design second order splitting stable schemes

© Large time convergence of splitting schemes in complex fluids
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Nematic liquid crystals (Lin’s model)

THANK YOU FOR YOUR ATTENTION
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