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Preliminary: Spectral Methods for PDEs with Uncertain Coefficients

Problem Definition
Solution Methods

Partial Differential Equations with Uncertain Coefficients

Examples:
Diffusion equation: —V - (a(x,&)Vu)=f
Navier-Stokes equations: —V - (a(x,£) V) + (7- V)d+Vp = f

V-u=0
Posed on D C R? with suitable boundary conditions
Sources: models of diffusion in media with uncertain permeabilities
multiphase flows

Uncertainty / randomness:
a = a(x,&) is a random field: for each fixed x € D, a(x,&) is a
random variable depending on m random parameters &1, ...,&n

In this study: a(x, &) = ap(x) + >, a-(x) &,

Possible sources:

Karhunen-Loeve or Piecewise constant
expansion coefficients on D
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Preliminary: Spectral Methods for PDEs with Uncertain Coefficients

Problem Definition
Solution Methods

The Stochastic Galerkin Method

Standard weak diffusion problem: find u € HL(D) s.t.

a(u,v):/aVu-Vvdx:/fvdx Vv € H}(D)
D D

Extended (stochastic) weak formulation: find u € HE(D) ® L»(Q) s.t.

/Q/Davu.v\/dde(Q):/Q/vadde(Q) Vv € Hi(D) & Ly(Q)

/F/Da(X,ﬁ)VwVvde('f)dE /F/vadxp(g)dg (T = £(Q))

e Discretization in physical space: S(Eh) C HE(D), basis {qu}J’-V:l
Example: piecewise linear “hat functions”

o Discretization in space of random variables: 7(P) C L2(T), basis {4/},
Example: m-variate polynomials in & of total degree p
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Preliminary: Spectral Methods for PDEs with Uncertain Coefficients

Problem Definition
Solution Methods

Block sparsity structure, m=6, p=4

Discrete solution:
unp(x, €) = o1y o0ty e (x)1be(€) -

Requires solution of large coupled system

Matrix (right): Go ® Ao+ >, G, @ A,
L. ) m
Stochastic dimension: M = ( ;—p)

(Ghanem, Spanos, Babuska, Deb, Oden, Matthies, Keese, Karniadakis,
Xue, Schwab, Todor)

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models



Preliminary: Spectral Methods for PDEs with Uncertain Coefficients

Problem Definition
Solution Methods

The Stochastic Collocation Method

Monte-Carlo (sampling) method: find u € HE(D) s.t.

/ a(x,6M)Vu-Vvdx for all v € HE (D)
D
for a collection of samples {¢(} € 12(T)

Collocation (X|u Hesthaven, Babuska, Nobile, Tempone, Webster)

Choose {5 } in a special way (sparse grids), then
construct d|screte solution wpp(x, &) to interpolate

{un(x,€%)}
Structure of collocation solution:
uhP(x7 S(k)) = Zﬁ(k)Gep UC(ng(k))LE(k) (5)

Advantages (vs. stochastic Galerkin):
o decouples algebraic system (like MC)
@ applies in a straightforward way to nonlinear random terms

H. C. Elman
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Preliminary: Spectral Methods for PDEs with Uncertain Coefficients

Problem Definition
Solution Methods

Properties of These Methods

For both Galerkin and collocation
@ Each computes a discrete function upp
@ Moments of u estimated using moments of uj, (cheap)
o Convergence: ||E(u) — E(upp)|lH(p) < cth+corP, r <1
Exponential in polynomial degree

e Contrast with Monte Carlo:
Perform Npyc (discrete) PDE solves to obtain samples {uﬁs)}ﬁ’gf

Moments from averaging, e.g., E(up) = Zivz”’f u,(f)

Nuc
Error ~ 1/v/Npmc

won

One other thing: “p" has different meaning for Galerkin and collocation

o Disadvantage of collocation: For comparable accuracy
# stochastic dof (collocation) a2 2P (# stochastic dof (Galerkin))
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Preliminary: Spectral Methods for PDEs with Uncertain Coefficients

Problem Definition
Solution Methods

Representative Comparison for Diffusion Equation

Representative comparative performance (E., Miller, Phipps, Tuminaro)

" - —&— Galerkin
W\ —=&— Collocation
e —& = Galerkin: Model

0 \ —&-~ Collocation: Model
s 1PT R
swp p=5 RN Using mean-based preconditioner
H IR for Galerkin system

wim =5 Kruger, Pellisetti, Ghanem

uniform e Le Matftre, et al., E. & Powell
4 denSIty Error p = 1 ™=
10

10 10 10 10 10 10

Question: Can we reduce costs of collocation?

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models



Offline Computations

Reduced Basis Methods etirest] Brahen

Reduced Problem: Costs
Reduced Problem: Capturing Features of Model

e Reduced Basis Methods
@ Offline Computations
@ Reduced Problem
@ Reduced Problem: Costs
@ Reduced Problem: Capturing Features of Model
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Offline Computations

Reduced Problem

Reduced Problem: Costs

Reduced Problem: Capturing Features of Model

Reduced Basis Methods

Reduced Basis Methods

Starting point: Parameter-dependent PDE Leu=f
In examples given: Lg=—V-(ap+0o >, VAra(x)&)V
Discretize: Discrete system Ly ¢(up) = f

Algebraic system F¢(up) = 0 (Agup, = f) of order N

Complication:
Expensive if many realizations (samples of &) are required

Idea (Patera, Boyaval, Bris, Lelievre, Maday, Nguyen, ...):
Solve the problem on a reduced space

That is: by some means, choose 5(1)75(2), e ,5("), n<N
Solve fg(;)(u,(:)) =0, u,(7') = up(-, €D, i=1,....n
For other &, approximate up(-, &) by dn(-, &) € span{u,gl), cey u,(7")}

Terminology: {u£1)7 el uf,")} called snapshots
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Offline Computations

Reduced Problem

Reduced Problem: Costs

Reduced Problem: Capturing Features of Model

Reduced Basis Methods

Offline Computations

Strategy for generating a basis / choosing snapshots (Patera, et al.):
For dn(-, &) =~ un(-, &) (equivalently, iz ~ ug), use an
error indicator n(dy) ~ ||enll, en = up — i

Given: a set of candidate parameters X = {£},
an initial choice ¢ € X, and u® = u(-, W)
Set Q=u®
while maxecx (N(dn(-,€))) > 7
compute dp(-, &), n(dn(-,€)), Y€ € X % use current reduced
let £ = argmaxgcx (n(dn(-, £)) % basis
if n(dn(-,€%)) > 7 then
augment basis with up(-,£"), update Q with ug-
endif
end

Potentially expensive, but viewed as “offline” preprocessing
"Onlin€’ simulation done using reduced basis
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Offline Computations

Reduced Basis Methods e tirest] Brehien

Reduced Problem: Costs
Reduced Problem: Capturing Features of Model

For set of candidate parameters X’ = {¢}:

@ Greedy search (Patera, et al.):
Search over large set of parameters {£}
May be randomly or systematically chosen

e Optimization methods (Bui-thanh, Willcox, Ghattas):
Find & that minimizes error estimator
May need derivative information

@ Not a concern in today's setting — we will use sparse grids
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Offline Computations

Reduced Problem

Reduced Problem: Costs

Reduced Problem: Capturing Features of Model

Reduced Basis Methods

Reduced Problem

For linear problems, matrix form:
Coefficient matrix Ag, nodal coefficients up, @i, u®, ... u("
Q = orthogonal matrix whose columns span space spanned by {u()}

Galerkin condition: make residual orthogonal to spanning space
r=1f — Aglig = f — A¢Qyg orthogonal to Q

Result is reduced problem: Galerkin system of order n < N:
[QTAQlye = QTf, g = Qye

Goals: Reduced solution should
@ be available at significantly lower cost

@ capture features of the model
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Offline Computations

Reduced Basis Methods Reduced Problem

Reduced Problem: Costs
Reduced Problem: Capturing Features of Model

How are costs reduced?

Matrix A of order N
Reduced matrix QTAQ of order n < N
Solving reduced problem is cheap for small n

Note: making assumption that L¢ is affinely dependent on §
Le=Lo+ Y1, dil€)Li
= Ag = Ao+ S0, di(E)A
= QTA:Q = QT AQ+ 31, ¢i(§) [QTAQ]
part of offline computation
True for example seen so far, ¢;(&) = &;

@ Means: constructing reduced matrix for new £ is cheap

@ Analogue for nonlinear problems is more complex
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Offline Computations

Reduced Basis Methods Reduced Problem

Reduced Problem: Costs
Reduced Problem: Capturing Features of Model

N.B. One other important issue:
Error indicator must be inexpensive to compute

In present study: use residual indicator

Agiig — f AcQye —f
o(€) = [[A¢ i l2_ [[Ae fﬁ 2
12 12

Using affine structure A¢ = Ef.;l ¢i(€)A;, efficiency derives from

K K
|AcQye — Fl3 =y | DD 6id; QTATAQ | ye
i=1 j=1 ~
Offline
K

T TAT T
_2y€Z(¢),-Q A,.f)+f f
=L " Offline’ Offline
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Offline Computations

Reduced Problem

Reduced Problem: Costs

Reduced Problem: Capturing Features of Model

Reduced Basis Methods

Reduced Problem: Capturing Features of Model

Consider benchmark problems:
Diffusion equation —V - (a(x,&)Vu) = f in R?

Piecewise constant diffusion coefficient parameterized as a random

variable & = [¢1,- -+ ,&n,] " independently and uniformly distributed in
I =[0.01,1]Ne

Din| —  Pag

D, ... |Dn

D

Dy “ |pg,

(a) Case 1: Np subdomains (b) Case 2: Np = N x N subdomains
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Offline Computations
Reduced Problem
Reduced Problem: Costs

Reduced Basis Methods

Reduced Problem: Capturing Features of Model

Does reduced basis capture features of model?
To assess this: consider
Full snapshot set, set of snapshots for all possible parameter values:
Sri= {uh ('75)) 5 € r}
Finite snapshot set, for finite © C I
Se = {uh ('75)’ £e e}

Question:
How many samples {€} / {us (-, &)} are needed to accurately
represent the features of Sp?

Experiment: to gain insight into this, estimate “rank” of Sr
Generate a large set © of samples of £
Generate the finite snapshot set Sg associated with ©
Construct the matrix Sg of coefficient vectors ug from Sg
Compute the rank of Sg

Results follow. Used 3000 samples
Experiment was repeated ten times with similar results
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Offline Computations
Reduced Problem
Reduced Problem: Costs

Reduced Basis Methods

Reduced Problem: Capturing Features of Model

Estimated sizes of reduced basis for two benchmark problems

Np
Grid 2 3 4 5 6 7 8 9 10
Case 1
332 = 1089 3 12 18 30 40 53 55 76 84
M 652 = 4225 3 12 18 30 40 48 55 70 87

1292 =16641 |3 12 18 28 39 48 55 72 81

Case 2 . Nol 'y 9 16 25 36 49 64
Grid

E;ﬂ 332=1089 |27 121 193 257 321 385 449
652 =4225 |28 148 200 465 621 769 897
1202 = 16641 | 28 153 311 497 746 1016 1298

From: E & Liao, SIAM/ASA J. on Uncertainty Quantification 1, 2013
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Introduction
Reduced Basis + Sparse Grid Collocation Performance for Diffusion Equation

Application to the Navier-Stokes Equations

e Reduced Basis + Sparse Grid Collocation
@ Introduction
@ Performance for Diffusion Equation
@ Application to the Navier-Stokes Equations
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Introduction
Reduced Basis + Sparse Grid Collocation Performance for Diffusion Equation
Application to the Navier-Stokes Equations

Combine Reduced Basis with Sparse Grid Collocation

Recall collocation solution

uhp(XaE(k)) = Zg(k)eeq ue(x, g(k))Lg(k)(g) (1)

Goal: Reduce cost of collocation via
1. Use sparse grid collocation points as candidate set X
2. Use reduced solution as coefficient uc(-,é(k)) whenever possible

for each sparse grid level p Algorithm

for each point £(k) at level p
compute reduced solution ug(-, &)
if n(ur(-€W)) <7, then
use ug(-,€X)) as coefficient u.(-,€%)) in (1)
else
compute snapshot us(-,£€%)), use it as uc(-, €% in (1)
augment reduced basis with uh(~,£(k)), update Q with ugw

endif
end
end
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Introduction
Reduced Basis + Sparse Grid Collocation Performance for Diffusion Equation
Application to the Navier-Stokes Equations

Number of Full System Solves, Diffusion Equation

Does this work? Look at diffusion problem Case 1

Various sparse grid levels p (g = p + M) m]

Case 1, 5 x 1 subdomains, 65 x 65 grid, rank=30

q 6 7 8 9 10 11 12 13 16
tof ©q] 11 61 241 801 2433 7K 19K 52K 870K
1073 10 9 0 0 0 0 0 0 0
__lo* Jo 13 1 0o 0 0 0 _O0 0
1075 10 13 0 0 0 0 0 0

Case 1, 9 x 1 subdomains, 65 x 65 grid, rank=70, tol = 10~*

q 10 11 12 13 14 15 16 17
|©,] 19 181 1177 6001 26017 100897 361249 1218049
Neisove | 18 34 2 1 1 0 0 0
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Introduction
Reduced Basis + Sparse Grid Collocation Performance for Diffusion Equation
Application to the Navier-Stokes Equations

Number of Full System Solves, Diffusion Equation

Case 2
Case 2, 2 x 2 subdomains, 65 x 65 grid, rank=28 E:j
q 5 6 7 8 9 10 11 12 15
tof O] 9 41 137 401 1105 29K 75K 189K 272K
1073 7 11 3 0 0 0 0 0 0
1074 7 12 3 0 0 0 0 0 0
107° 7 13 2 3 0 0 0 0 0

Case 2, 4 x 4 subdomains, 65 x 65 grid, rank=290, tol = 10~*

q 17 18 19 20 21
|0, | 33 545 6049 51137 353729
Nfull solve 32 168 27 3 4
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Introduction
Reduced Basis + Sparse Grid Collocation Performance for Diffusion Equation
Application to the Navier-Stokes Equations

Refined Assessment of Accuracy

Examine error (vs. reference solution) in estimates of

Expected values:

Full collocation € = )E(ugsc) & (u*) O/ B (uf) ‘O

Reduced collocation eg = ‘E(u{]sc) ()| / B (uf) ‘O
Variances:

Full collocation ¢ = W(ugsc) — () 0/ T (ut=) ‘0

Reduced collocation (g = ’v(ugsc) 7 (ub) 0/ T (ubs) ’O

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models



Reduced Basis +

Sparse Grid Collocation

Errors in Expected Value

23 /52

Case 1: 5 x 1 vertical subdomains

error

10° . .

=6

—e—Monte Carlo

bl - Full collocation
—+— Reduced collocation
N L L L L il
10
10" 10° 1 10° 10° 10°
number of sample points
Comments:

Introduction

Performance for Diffusion Equation
Application to the Navier-Stokes Equations

Case 2: 2 x 2 square subdomains

error

45

—e—Monte Carlo
—e—Full collocation =1
——Reduced collocation

10° 10" 3
number of sample points

Results for reduced/full systems are identical

Results also compare favorably with Monte Carlo

H. C. Elman

lution of Parameterized PDEs with Reduced-Order Models



Introduction
Performance for Diffusion Equation
Application to the Navier-Stokes Equations

Reduced Basis + Sparse Grid Collocation

Errors in Variance

Case 1: 5 x 1 vertical subdomains Case 2: 2 x 2 square subdomains

24 /52

10° ! ! . : 10°
1
N o=7 10
10
10°
0
10 _
10"
] 8
] G
-2
107 10
10°
10 [~o—Monte Carlo | [ wonte caro A
—e—Full collocation 10 —e—Full collocation
——Reduced collocation —+—Reduced collocation "
¢=
3| L L L N L L
10 ~ n g 5 10 3 ) n 5
10 10 1 10 10 10 10 10 10 10
number of sample points number of sample points
Comments:

Trends for reduced/full systems are similar

Noteworthy because error indicator is not effective as a fem error estimator

H. C. Elman
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Introduction
Reduced Basis + Sparse Grid Collocation Performance for Diffusion Equation

Application to the Navier-Stokes Equations

Diffusion problem with truncated Karhunen-Loéve expansion

Diffusion coefficient a0+ oY VAra(x)é,

From covariance function c(x,y) = o exp (—M - M)
c c

Smaller correlation length ¢ ~ more terms m
Examine c =4, m=4 and ¢ = 2.5, m=8.

m=>5 m=28
10° . . 10° ! ! !
107 b\‘*\e\s\ 107
_, [a37° . =9
10 10"
10° 10°
5 5 1
5 5
10° 10°
—+—tol=1e-5 —+—tol=1e-5
10| |—*—tol=1e-6 10| | —+—tol=1e-6
10 tol=1e-7 10 tol=1e-7
v ——tol=1e-8 v ——tol=1e-8
10 " | —e—Monte Carlo 10 " | —e—Monte Carlo
—e—Full —=— Full collocatior)
14 =10 14
10 1 2 3 4 10 1 2 3 4 5
10 10 10 10 10 10 10 10 10

number of sample points number of sample points
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Introduction
Reduced Basis + Sparse Grid Collocation Performance for Diffusion Equation
Application to the Navier-Stokes Equations

Comments on Costs

One difference from “pure” reduced basis method:
“Offline” and "Online” steps are not as clearly separated

Statement of costs of collocation:

Full: (# of collocation points) x (cost of full system solve)
Reduced: (# of collocation points where error tolerance is met)
X (cost of reduced system solve) +
(# of collocation points where error tolerance is not met)
x (cost of augmenting reduced basis and updating offline
quantities).

For Reduced Collocation:
Red costs depend on N, large-scale parameter
Favors reduced if many collocation points use reduced model

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models



Introduction
Reduced Basis + Sparse Grid Collocation Performance for Diffusion Equation
Application to the Navier-Stokes Equations

Application to the Navier-Stokes Equations

Possible sources of uncertainty:
@ viscosity v(x, &) (in multiphase flow)
e boundary conditions g(x, &)

Picard iteration (in weak form), for any realization of parameter ¢:
(WVsa,Vv) + (ad*-Véid,v)— (6p,VV)
= —(Vi',vv)—(a° v, V) + (p',Vv) Ve X!
(V-6d,q) = —(V-i',q) YgeM"

Q=i 4o, pt=pt+ép.

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models



Introduction
Reduced Basis + Sparse Grid Collocation Performance for Diffusion Equation

Application to the Navier-Stokes Equations

Result: Matrix equation

A§+Nu£,£ BT JU o ££7p£7€
B 0 6p g£€7p275
Using div-stable @,-P_; element

Reduced Problem: Given (matrix) representations Q,, Q,
of velocity/pressure bases:

QLT(AE + NuZ,E)Qu QJ—BTQP ow o Qg—ftrlz,p£7£
QI;,_BQ“ 0 oy B Q,,Tgl’,e’pe, ¢

u~ Q,ow, Jp~ Qpdy

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models



Introduction
Reduced Basis + Sparse Grid Collocation Performance for Diffusion Equation
Application to the Navier-Stokes Equations

Additional Requirements

Stability requirements As above, generate snapshots

Complication: reduced solution does not automatically satisfy inf-sup
condition

Fix: (Quarteroni & Rozza): Supplement velocity basis with supremizers
F<~,£(k)) that satisfy

(- e9) (b (-€9).77) |

= arg sup -
vexy V]2

Result: Dim(reduced velocity space) = 2xdim(reduced pressure space)

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models



ion
Reduced Basis + Sparse Grid Collocation Performance for Diffusion Equation

Application to the Navier-Stokes Equations

Treatment of nonlinearities
o Recall: affine structure of linear operators Ae = S5 | ¢;(€)A;
— offline construction QTA:Q = ZLI #i(€)[QRTA Q]

@ At step / of reduced Picard iteration, reduced velocity iterate is
u’ = Q,w’

Convection operator has the form

i v =2 wi(d V)
i=1

Equivalently, convection matrix is N = "7, N;y;
n
= QI NQ, =Y [Q]N;Qu] wf
i=1 ~

Offline computation
cost O(n?N) x n

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models



Introduction
Reduced Basis + Sparse Grid Collocation Performance for Diffusion Equation
Application to the Navier-Stokes Equations

Navier-Stokes with Uncertain Viscosity

u=1 u=0

Driven cavity problem with

Ds
b variable random viscosity v = [vy, 1o, v3] T
o 2 o piecewise constant on subdomains
Z:o 270 independently and uniformly distributed
in [0.01, 13
U1=ug=0

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models



Introduction
Reduced Basis + Sparse Grid Collocation Performance for Diffusion Equation

Application to the Navier-Stokes Equations

Number of full system solves

q 3 4 5 6 7 8 9

CH
ol P 1 7 25 69 177 441 1073 | Total
107* 33 x33 1 6 17 23 26 26 25 124
107* 65 x 65 1 6 16 20 21 21 18 103
1075 33 x33 1 6 18 29 40 44 41 179
1075 65 x 65 1 6 18 27 32 40 32 156

Inf-sup constants 7% for reduced problem (72 = .2137)
N, 2 4 20 50 100 200

% | 0.2431 0.2430 0.2374 0.2359 0.2327 0.2292

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models



Introduction
Reduced Basis + Sparse Grid Collocation Performance for Diffusion Equation

Application to the Navier-Stokes Equations

Assessment of errors

Velocity mean error Pressure mean error
10" 10°
=
10"
10°
107 o
gw0° 2107
G b3
10"
107 | tol=le-4 —+—tol=1e-4
——tol=1e-5 D 10° ——tol=1e-5
—e—Monte Carlo o —e—Monte Carlo
—e—full collocation —e—full collocation
| ]
10 . . . 10 . . !
10° 10* 10° 10° 10* 10° 10* 10° ° 10*
number of sample points number of sample points
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Introduction
Implementation

Performance

Iterative Solution of Reduced Problem .
Trends and Analysis

o Iterative Solution of Reduced Problem
@ Introduction
@ Implementation
@ Performance
@ Trends and Analysis
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Introduction
Implementation
Performance

Iterative Solution of Reduced Problem _ I
Trends and Analysis

Reduced Problem: Look Closely at Costs

Key requirement: Solution of reduced problem is cheap

@ Reduced problem and solution:
[QTA¢Qlye = QTF, g = Qye
Dense system of order k < N
Cost of solution: O(k?)

@ Full problem:
A£U£ =f
Sparse discrete PDE of order N
Cost of solution by multigrid: O(N)

@ Conventional wisdom:
k is small, N is large,
In this scenario: reduced model is the clear winner

@ Not so clear when:
k < N but k3 ¢ N

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models



Introduction
Implementation
Performance

Iterative Solution of Reduced Problem _ I
Trends and Analysis

[terative Solution of Reduced Problem

o Reduced problem: [QTA¢Qlye = QTf
Solve by iterative method (e.g., conjugate gradient)
Seek preconditioner P ~ QTA:Q

@ Reformulate reduced problem as a saddle-point problem:

& ]l

Reduced matrix = Schur complement operator S

@ Approximate Schur complement:
Ps:=(QTQ)NQTAQ)HQRTQ) = (QTA'Q) ™
@ Approximate Agl using multigrid: PA_; — Ps = (QTP;E:l Q!

o For preconditioning: require action of PS_1 = QTP;:Q

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models



Introduction
Implementation
Performance

Iterative Solution of Reduced Problem m .
Trends and Analysis

Implementation

For parameter &:
@ Construct reduced matrix of order k < N

Q7A:Q = QTAQ+ Y 4i(&)QTAQ]
i=1
o Explicitly construct preconditioning operator P;l = QTPA*:Q
N.B. not practical, “online,” costs O(N)
o Alternative: use a single &g, PAEO for all Ag
Done once: Apply MG to each column of Q@ — P;;)Q

Premultiply result by Q7
Produces (dense) preconditioning operator of order k

e Variant: use a finite fixed set {§;} to construct {P_;Jl}
For Ag, use Ps j for &; closest to & '

e Cost per step of matrix operations O(k?), k < N

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models



Iterative Solution of Reduced Problem

Experimental Performance

For

all experiments:

PDE posed on a square domain

Introduction
Implementation
Performance

Trends and Analysis

Spatial discretization: Bilinear fem

Error indicator: Matrix residual norm

If — Aciil]
1]

Iteration stopping test:

r, T7=10"%

|QTF — QT A Qy;ll2 < 7

1QTFl2 - 10

MG preconditioner: PyAMG (Bell, Olson, Schroder)

Test: Solve 100 randomly generated systems

H. C. Elman
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Introduction
Implementation

Performance

Iterative Solution of Reduced Problem _ I
Trends and Analysis

Estimated sizes of reduced basis for two benchmark problems

Moy 3 4 5 6 7 8 9 10

Grid
Case 1

332=1089 |3 12 18 30 40 53 55 76 84
M 652 =4225 |3 12 18 30 40 48 55 70 87
1292 =16641 |3 12 18 28 39 48 55 72 81

Nol'g 9 16 25 36 49 64

Case 2 Gl’ld
E 332=1089 |27 121 193 257 321 385 449
652 =4225 |28 148 200 465 621 769 897

1202 = 16641 | 28 153 311 497 746 1016 1298

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models



Iterative Solution of Reduced Problem

Trends and Analysis

@ Benchmark problem 1:

Diffusion equation —V - (a(x,&)Vu) =f on [0,1] x [0, 1]
a(x, &) = p(x) + 30 VA ai(x)&i

a derived from covariance function

C(x,y) = c’exp <—|X1 —nl_ e —}/2>
¢ c

{&} uniformon [-1,1], o =5, u=1

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models
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Implementation

Performance

Iterative Solution of Reduced Problem _ I
Trends and Analysis

N c 3 1.5 0.75 0.375
m 7 17 65 325
k 97 254 607 982

None [ 60.1 90.7 101.7 103.9
332 | Single | 10.0 9.3 9.5 8.9
Online | 10.0 9.0 9.0 8.0
k 100 269 699 1679
None | 68.8 129.3 1755 200.3
652 | Single | 10.0 10.0 8.5 8.7
Online | 10.0 9.8 8.0 8.0
k 102 269 729 1808
None | 70.1 1495 2525 339.1
1292 | Single | 112 146 129 11.0
Online | 11.0 148 13.0 11.0
k 102 275 740 1846
None | 70.4 1540 293.6 4737
2572 | Single | 11.0 137 154 135
Online | 11.0 13.0 150 13.0

Benchmark problem 1
(P)CG terations

m =+ parameters

k = size of reduced basis

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models
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Iterative Solution of Reduced Problem

Trends and Analysis

Benchmark Problem 1: CPU Times

N c 3 1.5 0.75 0.375

m (# parameters) 7 17 65 325

k (basis size) 97 254 607 982
332 Full AMG 0.0202 0.0205 0.0214  0.0228
Reduced | Direct 0.0003 0.0016 0.0181 0.0699
Reduced | lterative | 0.0004 0.0008 0.0036 0.0103

k 100 269 699 1679
652 Full AMG 0.1768 0.1961 0.1947 0.1974
Reduced | Direct 0.0003 0.0021 0.0262 0.3207
Reduced | lterative | 0.0004 0.0010 0.0044 0.0252

k 102 269 729 1808
1292 Full AMG 0.1195 0.1286 0.1347 0.1443
Reduced | Direct 0.0003 0.0020 0.0287 0.4452
Reduced | Iterative | 0.0005 0.0013 0.0070 0.0449

k 102 275 740 1846
2572 Full AMG 0.3163 0.2088 0.3030 0.3778
Reduced | Direct 0.0004 0.0024 0.0302 0.4498
Reduced | lterative | 0.0005 0.0012 0.0088 0.0619

H. C. Elman
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Performance

Iterative Solution of Reduced Problem m: .
Trends and Analysis

e Benchmark problem 2:

Diffusion equation —V - (a(x,&)Vu) = f on [-1,1] x [-1,1]

D " |Dss

a(x, &) =371 a(x)&r, m= i
{¢:} uniform on [0.1, 1] :

Dy " |Dm

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models
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Iterative Solution of Reduced Problem _ I
Trends and Analysis

Benchmark Problem 2: CG lterations

m [ 4 16 36 64 100
k 27 193 321 449 577
None [ 31.9 1139 1264 127.9 128
332 | Single | 17.2 323 440 520 59.5
Online | 11.4 130 136 127 12.0
k 29 309 625 897 1153
None | 423 2341 2549 2583 256.4
652 | Single | 20.1 382 47.0 548 64.2
Online | 143 17.0 182 18.9 18.9
k 33 359 862 1519 2219
None [ 60.3 4329 4936 5192 5189
129% | Single | 24.2 375 476 58.1 64.9
Online | 19.1 19.0 220 241 25.2
k 36 394 979 1789 2801
None [ 82.0 8089 976.8 10356 1037.3
257% | Single | 30.4 440 509 622 71.1
Online | 25,1 258 257  27.8 20.7

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models



45/52

Iterative Solution of Reduced Problem

Introduction
Implementation

Performance

Trends and Analysis

Benchmark Problem 2: CPU Times

N m | 4 16 36 64 100

k 27 193 321 449 577
332 Full AMG 0.0218 0.0203 0.0215 0.0210 0.0208
Reduced | Direct 0.0001 0.0010 0.0032 0.0073 0.0152
Reduced | Iterative | 0.0006 0.0019 0.0045 0.0090 0.0181

k 29 309 625 897 1153
652 Full AMG 0.1679 0.1601 0.1669 0.1811 0.1760
Reduced | Direct 0.0002 0.0026 0.0187 0.0543 0.1088
Reduced | lterative | 0.0007 0.0034 0.0176 0.0458 0.0832

k 33 359 862 1519 2219
1292 Full AMG 0.1134 0.1202 0.1357 0.1184 0.1194
Reduced | Direct 0.0002 0.0038 0.0461 0.2319 0.6659
Reduced | lterative | 0.0009 0.0041 0.0364 0.1340 0.3060

k 36 394 979 1789 2801
2572 Full AMG 0.3376  0.3519 0.3291 0.3365 0.3568
Reduced | Direct 0.0002 0.0051 0.0670 0.3555 1.2972
Reduced | Iterative | 0.0010 0.0060 0.0485 0.1928 0.5365

H. C. Elman
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Iterative Solution of Reduced Problem Trends and Analysis

Trends and Analysis

e Iteration counts (for solving QT A:Qy = Q') are

o essentially independent of spatial mesh size

o essentially independent of number of parameters / size of reduced
basis

o hence, iterative solution costs ck?
o smaller than direct costs (O(k?)) for all large k
@ In comparison to full O(N) AMG solve:
o for fixed number of parameters, reduced iterative solve cheaper for
large N
o for fixed N, full solve cheaper as number of parameters increases

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models
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For analysis: interested in bounds on Rayleigh quotient

(@.Q7AcQa) _  (4,Q"AQq) (a,(QTA;'Q)'a)
(a,(QTPA Q)7a)  (a,(QTA'Q)1a) (a,(QTP,'Q) 1)

(1) (2)

to establish bounds on iteration counts

(2): Bounded using spectral equivalence of A¢ and MG approximation

(v, Aev)

B1 < (v, Pa.v)

< B2

(1): Work in progress

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models
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Eigenvalue distributions of (QTA¢*Q)(QT A¢Q)

m=4 m=1§
256 » » - » 256 S -
g 128 e g 126
z z
L b s
i2m i2emm
20 40 1] 2 3 4 5
Eigenvalues Eigenvalues
tn= 36 tn= G4
256 256
B 125 S 5126 S ——
H H
2 2
& b4 emmens & b e—
32 32—
1.2 1.4 1.6 1.8 1.2 14 1.6 1.8
Eigenvalues Eigenvalues

meterized PDEs with Reduce:
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Iterative Solution of Reduced Problem Trends and Analysis

e Benchmark problem 3:
Convection-diffusion-reaction equation:
—vV2u+ (W-Vu+r(x,&u=f
r(x,€) = p(x) + 301 VA ri(x)é;
r derived from covariance function

C(x,y) = oc’exp <—|X1 —nl_ e —}/2>
¢ c

{&} uniformon [-1,1], o =5, u=1

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models
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Iterative Solution of Reduced Problem Trends and Analysis

Benchmark Problem 3: BiCGStab lterations

N c 2 1 0.5
m 36 145 785

k 210 421 798

332 None 495 45.9 41.7
Single 8.2 7.0 6.1

Online 8.3 7.0 6.0

k 178 372 952

652 None 84.5 87.4 86.5
Single 12.0 10.0 9.0

Online | 12.0 10.0 9.0

k 138 265 749
1292 None 122.8 153.0 176.2
Single 12.9 13.1 13.0

Online | 12.7 135 13.0

k 99 197 686
2572 None 126.8 234.0 293.8
Single 14.2 14.4 15.1

Online | 13.9 14.5 15.0

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models
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Iterative Solution of Reduced Problem Trends and Analysis

Benchmark Problem 3: CPU Time

N c 2 1 0.5

m 36 145 785

k 210 421 798
332 Full AMG 0.0419 0.0428 0.0440
Reduced | Direct 0.0011 0.0067 0.0400
Reduced | Iterative | 0.0009 0.0019 0.0066

k 178 372 952
652 Full AMG 0.2188 0.2258 0.2311
Reduced | Direct 0.0009 0.0046 0.0679
Reduced | Iterative | 0.0013 0.0022 0.0148

k 138 265 749
1292 Full AMG 0.3228 0.3284 0.3271
Reduced | Direct 0.0007 0.0020 0.0323
Reduced | Iterative | 0.0012 0.0020 0.0132

k 99 197 686
2572 Full AMG 15330 1.5468 1.5396
Reduced | Direct 0.0003 0.0010 0.0234
Reduced | Iterative | 0.0010 0.0016 0.0140

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models



Concluding Remarks

Concluding Remarks

@ Reduced basis methods offer significant promise for reducing the
cost of collocation methods for uncertainty quantification

@ Addresses issue of cost associated with collocation
@ Amenable to mildly nonlinear problems

@ General nonlinear problems: active area of research

H. C. Elman Solution of Parameterized PDEs with Reduced-Order Models
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