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Incompressible Linear Elasticity: Variational Formulations

First-Order System Formulation of Linear Elasticity

Displacement field u : Q — R?
Stress tensor o : Q) — R

Vu+ Vu’
e(u) = ———
2
1
7/ o-:s(u)dx—/ f~udx—/ t-udx
2 Jq Q M

— min

o=¢€ g(u) :=2ue(u) + A (tre(u)) |

e(u) = Ao = i <0' - ﬁ(tr ) |>

Incompressibility: A\ — oo
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Incompressible Linear Elasticity: Variational Formulations

First-Order System Formulation of Linear Elasticity

Displacement field u : Q — R
Stress tensor o : () — R¥*?

Vu+ Vu’
slu)=—%—
divo +f=0inQ Ao _1 (a_)‘(tro-) I)
Ao —e(u)=0in Q 2 Ad +2p
u=0onTlp ¢! Jif A< oo
o-n=tonly A:{;Hdev Jif A=

ue H ()

N : d (N : d N, . —
oco” + Hr,(div,Q)? (o" € H(div,Q)? s.t. 6" -n=t on y)
Stress tensor o is of particular interest on its own:

e large stresses components cause inelastic behavior or damage
e o - n represents surface forces caused by the deformation
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Incompressible Linear Elasticity: Variational Formulations

Displacement-Pressure (Galerkin) Formulation (u®, p®)

Insert new variable p into material (2nd) eqn:

1 A 1

and combine this with momentum balance (1st) equation:

Ao

Determine ué  H! (Q), p& € L?(Q) such that
2 (e(u®), e(v)) 2(q) + (P5, div v)2(q) = (F,v)12(0) + (t, V) 12(ry)
. 1
(div u®, q)r2() = X(Pg, 9)12(Q)

holds for all v & H! (Q)?, g € [*(Q)

o8 =2 e(ué) + p& 1 e L2(Q)4*?
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Incompressible Linear Elasticity: Variational Formulations

Hellinger-Reissner (Mixed) Saddle-Point Formulation (o™, u™)
Determine o™ € o/ + Hr, (div,Q)?, u™ € [?(Q)9 and
™ L2(Q)91dskew guch that

(Aa,m’ T)Lz(ﬂ) + (um7 div 7-)LZ(Q) + ('Ym, skew T)Lz(Q) =
(diV O'm + f, V)LQ(Q) =0
(skew O'm, ’l’])LZ(Q) =0
holds for all 7 € Hr,(div,Q)?, v € [?(Q)? and n € [2(Q)d>dskew
")

1
skewT = 5(7‘ —T

L2(Q)d><d,skew' — {7. c L2(Q)d><d T _|_7_T _ 0}
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Incompressible Linear Elasticity: Variational Formulations

Finite element spaces for the Hellinger-Reissner formulation

Arnold/Brezzi/Douglas (1984) (PEERS),
Brezzi/Douglas/Marini (1986)
Stenberg (1988)

Arnold /Winther (2002): AW
Lonsing/Verfiirth (2004): PEERSy and BDMSy

Arnold/Falk/Winther (2007)
Boffi/Brezzi/Fortin (2009): RTZ x P{ 0 X Poaoee ™, k > 1
Pechstein/Schéberl (2011)
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Incompressible Linear Elasticity: Variational Formulations

First-Order System Least Squares Formulation (o', u®)

Determine o € o + Hr (div, Q)¢ and u” € H! (Q)7 such that
F(u,0) = [|dive + fH%Q(Q) + [ Ao — E(U)Hiz(n)

is minimized

Equivalently: o € o 4 H (div,2)? and u” € H! ()7 s.t.

(div o + f, div T)2() + (Ao — g(u®), AT) 2@ =0
(Ac” — e(u®),e(v))12(q) =0

holds for all 7 & Hr, (div, Q)7 and v € H! (Q)¢

From now on: (, ) instead of (, )i2(q), || | instead of || ||;2(q)
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Incompressible Linear Elasticity: Variational Formulations

Approximation Properties for First-Order System Least Squares

Coercivity of the first-order system least squares bilinear form
B(u,o;v,7) = (dive,div 1) + (Ao — e(u), AT — g(v))
in H! (Q)7 % Hr,(div, )7 with respect to
0w )M = (le)I? + lldiv 7 + [112)

holds uniformly for A — oo

Cai/St., SIAM J. Numer. Anal., 2004
based on ideas from Cai/Lazarov/Manteuffel/McCormick, 1994

= Optimal order convergence:

1w = ug,o =)l = jinf [ll(u—vso—7h)l|

for subspaces V),  H! ()9, £, C Hr, (div. Q)¢
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Incompressible Linear Elasticity: Variational Formulations

Finite Element Spaces and Approximation Properties
In comparison, for the displacement-pressure formulation:

[[[(u =g, 0)[[| = [[e(u—uR)|| = inf [le(u—vp)]
s

(if an inf-sup stable Stokes finite element pair is used)
And, for the Hellinger-Reissner (mixed) formulation:

11(0,0 —aM)l| = (|div (o — )| + o — o)
. . 1/2
inf_ (|[div (o — )|+ o — 74ll)"

ThELap

2

(if Zp is part of an inf-sup stable finite element combination)

= [llu—u;,o -l =[ll(u-uf,o -l
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Incompressible Linear Elasticity: Stress Approximation

Cook’'s Membrane

Finite element spaces based on a triangulation 7},
V,: H-conforming P, elements
3 : H(div)-conforming R7; elements

BOF— =
small-strain

| (linear elasticity)
incompressible case
IA=00(r=0.5)

50|
ant

{Boundary conditions:

u =0 at left

{10 -n =0 at top/bottom
o -n=(0,1) at right,

30E

20
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Incompressible Linear Elasticity: Stress Approximation

Cook’'s Membrane

Why is accurate momentum conservation important?
Normal traction n - (o - n) on left boundary '

displacement-pressure (P2/P0) stress-displacement (RT1/P2)
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Incompressible Linear Elasticity: Stress Approximation

Cook’s Membrane
Resultant normal traction [- n- (o -n)ds =0 on left boundary I

05

-5

displacement-pressure (Taylor-Hood)

_ stress-displacement least squares (RT1/P2)

displacement-pressure (P2F0)

e e
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Incompressible Linear Elasticity: Stress Approximation

Cook’s Membrane
Resultant tangential traction [ nx (o -n)ds=16on T

175

displacement-pressure (P2/P0)

165 -
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Incompressible Linear Elasticity: Stress Approximation
Stress Approximations in H(div, Q)

e;: constant unit test functions

|<0’h ‘n—o- n7e,'>0’aQ| = |(d1V (O'h — o-),e,-)| = |(le Op +f7e,-)|
< |Q"?||div o, + f]|
< QM2 (|l div oy + Puf || + [If = Paf])
Pp: L2(Q)-orthogonal projection into Z;, (discont. P;-elements)

Hellinger-Reissner formulation using elements with div X, C Z,
e.g RTY X Pf yoe X P ™ (Boffi/Brezzi/Fortin, 2009):
(o -n—0-n,ei)oaal < |Q|f — Py

In any case: lo-n—0on-n|_1200 S |lo—ohlav.e

for any H(div, Q)-conforming stress approximation
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Accuracy of Momentum Balance
Computational Results
Observation for First-Order System Least Squares:
Momentum balance accuracy of higher order

'L J
102l functional ,
107 4
'L momenturn balance part of functional 3
10-57 -
wu‘:ua . R ‘134 . e ‘”']s
I I: . J! I [ .
Flon,up) = [div of|[fz) + Aoy — e(ui)llf2q) vs. [|div oh[f2)
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Accuracy of Momentum Balance

A Duality Argument for Improved Momentum Balance
Regularity assumption (R,):
o€ HY Q)9 ue HH(Q)9 for any linear elasticity problem with
(o,u) € Hr,(div, Q) x H! (Q)?.

This implies: F(ols,u )1/2 S hflof|a.0

Theorem: Let (R,,) be fulfilled for some a: > 0 and consider the

first-order system least squares approximation (0';,5, uh) with

RTy/conforming Py spaces. Then, if k > o — 1,
|div (o) — o)l S h*F(ok,up) > + inf [[f =z
zpely

Proof: (based on an idea from Brandts/Chen/Yang, 2006)
Step 1: ||div (of — )| = ||divel +f|| = ||divek +f,|| + |21; If — zp]]
Zp h

with
(div o + f4, div T4) (div (of — ), div T4)

= sup -
TeX, |div 74|

|div ol + | = sup

e, (|div 74|
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Accuracy of Momentum Balance

A Duality Argument for Improved Momentum Balance

Step 2: For any T, € X}, define auxiliary boundary value problem:
= € Hr,(div,Q)? and n € H! ()7 such that

div==div Ty,
A= —e(n)=0
(Rq) implies = € H*()4*? and n € H***(Q)9.
Step 3: =] € X, nk € V,
(div (o — oF), div 74)
= (div (o — o), div I)
= (div (o0 — oF),divE) + (A(o — k) — e(u — uff), A= — (n))
= (div (o — of),div (E - =)
+(A(g — o7) —e(u—up), AE - ZF) — e(n — ny))
= (A(o — o3;) — e(u —up), AE - ZF) — e(n — i)

Accuracy of Momentum Balance Gerhard Starke 18



Stress-Displacement Formulation for Hyperelastic Materials
Hyperelastic Material Models

Deformation gradient F(u)=1+Vu
Left Cauchy-Green strain tensor B(u) = F(u)F(u)"
Stored energy function v R3S R

Sym

/ 1§,a(B(u))dx7/ f~udx7/ t-udx — min
Q JQ Jry

among all admissible u: O — R’

1st Piola-Kirchhoff stress tensor P = 0yp(B(u))

Optimality condition:

/Qc?Fw(B(u)):Vvdx:/Qf~vdx-1—/r t-vdo

leads to first-order system:
Determine u: Q — R3, P : Q — R>*3 such that

divP+f=0
PF(u)" — 9g(B(u))F(u)" =0
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Stress-Displacement Formulation for Hyperelastic Materials

First-Order System Formulation
Determine u : Q — R* P : Q — R**® such that

divP+f=0
PF(u)" — Guu(B(u)) =0

How to generalize the linear strain-stress relation A = C~1?

Inverting the stress-strain relation ¥ = Gyy(B): B = Ay (X) leads to a
nonlinear algebraic equation at each quadrature point

Determine u: Q — R*, P : Q — R*>*® such that

divP+f=0
Any(PF(u)™) —B(u) =0

where Ayy = QN,LI, for A < 0o, Any also well-defined for A = oo
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Stress-Displacement Formulation for Hyperelastic Materials

Inverting the Stress-Strain Relation

Determine u € Wr154(Q)3, P e W (div,Q)? such that
.F(P u) = ||(1iV P+ f”iz(Q) + ||ANH(PF(U)T) — B(u)||f2(9)
is minimized.

B. Miiller/St./Schwarz/Schréder, SIAM J. Sci. Comput., to appear

Based on this formulation, accurate approximation of stresses and surface
forces again achieved based on higher-order momentum balance accuracy
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Conclusions

» First-order system least squares methods in solid mechanics provide
simultaneous approximation of displacements and stresses

» Produces accurate results for local evaluations of stresses and traction
forces important in connection to damage simulations

» Theoretical explanation by improved momentum balance accuracy due
to closeness to Hellinger-Reissner mixed approach

» Generalization to hyperelastic materials based on inverting the
stress-strain relation (see talk by Benjamin Miiller on Tuesday)
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