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p-Laplacian system

Find solution u: Q — RN satisfying the following

system of partial differential equations

—div (|Vu|P™2Vu) = —divF  inQ,
u=0 on 0f2.

1
Solution v is minimizer of J(w) := /p\VW|p dx +/VW- F dx.

For F € LP" with 5+ = = 1 exists solution u € W, and
|VulP=2Vu e LP.




Linear Calderén-Zygmond theory p = 2

The linear problem:
—Au = —div(Vu) = —div F.
We have a representation formula:

diu(x) = Z(a,-ajK) * Fi(x).

with K(x) = c|x|2~". Pointwise estimate:
|Vu(x)| < c|V2K * F(x)|.

Theorem (Calderén-Zygmund, singular integrals)

If FeX,thenVueX: [|[Vu|lyx <c|F|x-

Examples: X = L9 for 1 < g < 0o, X = BMO, X = CP.



Non-linear Calderén-Zygmund theory

For u € WLP with

—div(|Vu|P~2Vu) = —div(F)

we have:

Theorem (Non-linear Calderén-Zygmund theory)

If F e X, then |VulP™?Vu € X.
Case: X = L° with s > p’ [lwaniec '82; Kinnunen-Zhou '01].

Case: X = BMO, VMO, C? [DiBenedetto-Manfredi '93,
Diening-Kaplicky-Schwarzacher '12].




Non-linear Calderén-Zygmund theory

For u € WhP with
—div(|Vu[P"2Vu) = —div(F)

we have:

Theorem (Non-linear Calderén-Zygmund theory)
If F e X, then |VulP™?Vu € X.

Case: X = L° with s > p’ [lwaniec '82; Kinnunen-Zhou '01].

Case: X = BMO, VMO, C? [DiBenedetto-Manfredi '93,
Diening-Kaplicky-Schwarzacher '12].

Question: Do we get pointwise estimates that inherit the above
estimates?



Potential estimates

Let 1 be a Radon measure.

div (|[Vv[P2Vv) = p, a measure N = 1
V()P < e (7 # [l (%)

Kilpelainen-Maly ('92/'94): Nonlinear potential estimates;
Duzaar-Mingione ('09, '10)

Kuusi-Mingione ('13): linear potentials;

Parabolic versions by Kuusi-Mingione ('14).



Harmonic Analysis

The Fefferman Stein operator:
1

Mif(6) = swma (f 1~ (Paldr)
o f € BMO :& |Mif]lo < .
e We have [ C BMO C NgL9,
o Weighted BMO,,-spaces:
MEF(x) = suPgsx oz £ IF — (Faldy,

o Campanato characterization
feCh o |MLF|o < oo for w(r) = rP.



Main result

Breit-Cianchi-Diening-Schwarzacher

MUV ulP2Vu)(x) < eME, (F)(x)

o Note that [|ME(F)||oc ~ [[ME(F)]lco;
@ For g > s we have HME(f)Hq ~ || f]
@ Also for weighted MBJ;

@ Local version available.

g



Consequences

Refinement of known local results:
o Fel9 = |VulP2Vue L9 for g > p/;
e F € BMO = |Vu|P~2Vu € BMO;
o FEClinx = |VulP2Vue C¥in x.
By the continuity of M¥® more spaces including borderline
@ Lorentz spaces;
@ Orlicz spaces;
o Exponential estimates F € [P = |Vu|P~2Vu € L&,

Pointwise estimates of measure valued right hand side for N > 2.
If o € LP', then

-1 /
VulP < W ()



