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1. Introduction

• Motivation

⇒ Fracture Phenomena, Earthquakes

⇒ Difficulty in mathematical analysis

· The domain has singularities

· Solutions of the governing equation has singularity

⇒ It’s very important
to analyze precise behavior of the solution at the sin-

gular points.



For example,

{
Au = 0 in r ∈ (0, R), θ ∈ (−π, π),

Tu = 0 on θ = ±π.

⇒ u(r, θ)
?
=

∞∑
n=1

Cnr
αnΦn(θ)

C1: Stress intensity Factor

αn: Order of singularities
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Aims:
Governing Eq.: 2D linearized elasticity system

Singular point: a tip of a linear crack or inclusion

· to derive convergent series expansions of the solution

near the tip

· to know how the order of singularities is determined

Maybe, it’s depending on geometrical property of the

crack, properties of the governing equation, boundary

conditions on the crack, material properties, etc
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Application: (Ref. [1] – [2] with Prof. Ikehata)

Inverse problems (Nondestructive evaluation)

Esp., reconstruction issue by means of Enclosure method



• Preliminaries

Domain

Ω ⊂ R
2 : a bounded domain with Lipschitz boundary

2D linearized elasticity

Ω(1) = Ω ∩ {x2 > 0}, Ω(2) = Ω ∩ {x2 < 0} : Lipschitz

Γ′: interface of Ω(k), Γ: a line segment PO lies on Γ′

ΓN ⊂ ∂Ω(1) \ Γ′, ΓN ∩ Γ′ = ∅, ΓD = ∂Ω \ ΓN



The linearized elasticity equation (Navier’s eq.):

For the displacement vector u = (u1, u2)
T in Ω

Au :=
2∑

j,k,l=1

∂

∂xj

(
Cijkl

∂uk

∂xl

)
= 0 i = 1, 2.

C = (Cijkl)i,j,k,l=1,2: the elasticity tensor (constant)

• Anisotropic: 6 independent components

C1111, C2222, C1212, C1122, C1112, C1222

• Isotropic: 2 independent components

C1111 = C2222, C1112 = C1222 = 0, 2C1212 = C1111−C1122

λ := C1122, μ := C1212 : Lamé constants in Ω satisfying

μ > 0 and λ+ μ > 0. And we define κ :=
λ+3μ
λ+μ .

σ = (σij)i,j=1,2 =
2∑

k,l=1

Cijkl
∂uk

∂xl
: the stress tensor

Tu := σn,n = (n1, n2)
T:the unit outward normal to ∂Ω



2. Case 1 : Ω is homogeneous, isotropic or anisotropic.

Γ is a linear crack (traction-free)

• Boundary value problem: for given g ∈ L2(ΓN)

(∗)1

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Au = 0 in Ω \ Γ,

Tu = 0 on Γ,

Tu = g on ΓN,

u = 0 on ΓD.

In the case of isotropic material

Ref.[1]: M. I. & H. I. 2007 Inverse Problems 23 589-607

{
Au = 0 in r ∈ (0, R), θ ∈ (−π, π),

Tu = 0 on θ = ±π.



How to derive :

Existence of the weak solution of (∗)1

Regularity results

� Poincaré lemma

Airy’s stress function 
2U = 0

σ11 = ∂2U
∂x2

2

, σ22 = ∂2U
∂x2

1

, σ12 = − ∂2U
∂x1∂x2
�

Goursat-Kolosov-Muskhelishvili stress functions

∃φ(z), ω(z) s.t. U = 2Re
{
zφ(z) +

∫
ω(z) dz

}

�

Analytic continuation
�
Convergent series expansions near the crack tip



Proposition 1 ∃An, Bn ∈ R, ρ ∈ R
3 s. t.

u(r, θ) =

∞∑
n=0

1

2μ
r
n
2 (Anϕn(θ) −Bnψn(θ)) + F (x)ρ,

ϕn(θ) =

(
κ cos n2θ − n

2 cos
(n
2 − 2

)
θ +

{n
2 + (−1)n

}
cos n2θ

κ sin n2θ + n
2 sin

(n
2 − 2

)
θ − {n

2 + (−1)n
}

sin n2θ

)

ψn(θ) =

(
κ sin n2θ − n

2 sin
(n
2 − 2

)
θ +

{n
2 − (−1)n

}
sin n2θ

−κ cos n2θ − n
2 cos

(n
2 − 2

)
θ +

{n
2 − (−1)n

}
cos n2θ

)
.

The series is convergent, absolutely in H1 and uni-

formly in r ≤ R′ < R for each R′. For n ≥ 4, An, Bn

satisfy ∃c > 0 such that

|An| + |Bn| ≤ c√
n
R−n

2 ‖ ∇u ‖L2 .



In the case of anisotropic material

Ref.[2]: M. I. & H. I. 2008 Inverse Problems 24 025005

In this case we employ Lekhnitskii formalism instead

of Goursat-Kolosov-Muskhelishvili stress functions.

⇒ Airy’s stress function U satisfies 
1
2U = 0 ,


k = μkμ̄k∂
2
x1

− (μk + μ̄k)∂x1∂x2 + ∂2
x2

(k = 1, 2).

μk = αk + iβk, μ̄k = αk − iβk for βk > 0 is the root of

the corresponding characteristic equation.

Note: In isotropic case, μ1 = μ2 = i.

In anisotropic case (μ1 �= μ2) U can be given by two

arbitrary analytic functions of the generalized complex

variables zk = x1 + μkx2. In a case (μ1 = μ2 = α+ iβ),

Affine transformation x̂1 = x1 +αx2, x̂2 = βx2 ledas to

z = z1 = z2 = x̂1 + ix̂2 (Isotropic case).



· Anisotropic (μ1 �= μ2)

Proposition 2 ∃An, Bn ∈ R, k ∈ R
3 s. t.

u(r, θ) =
∞∑
n=0

r
n
2Re

[
An

in−1ψ1,n(θ)

μ1 − μ2
+Bn

in−1ψ2,n(θ)

μ1 − μ2

]
+ F (x)k,

where

ψ1,n(θ) =

(
μ1p(μ2)(cos θ + μ2 sin θ)

n

2 − μ2p(μ1)(cos θ + μ1 sin θ)
n

2

μ1q(μ2)(cos θ + μ2 sin θ)
n

2 − μ2q(μ1)(cos θ + μ1 sin θ)
n

2

)

ψ2,n(θ) =

(
−p(μ1)(cos θ + μ1 sin θ)

n

2 + p(μ2)(cos θ + μ2 sin θ)
n

2

−q(μ1)(cos θ + μ1 sin θ)
n

2 + q(μ2)(cos θ + μ2 sin θ)
n

2

)
.

The series is convergent, absolutely in H1 and uni-

formly in the neighbourhood of O. Constants p(μk)

and q(μk) are explicitly given by material constants

Cijkl.



• Anisotropic (μ1 = μ2 ≡ μ0 = α+ iβ)

Proposition 3 ∃An, Bn ∈ R (n = 0, 1, 2, · · · ) s. t.

u(r, θ) =
∞∑
n=0

Anr
n
2Re

[
ψ̃1,n(θ)

]
+Bnr

n
2 Im

[
ψ̃2,n(θ)

]
+ F (x)ρ,

where

ψ̃1,n(θ) =

⎛
⎜⎝ p(μ0)

{
n
2Θ

n
2−2 − (n

2 + (−1)n
)
Θ
n
2 + Θ

n
2

}
+ 4S11β

2Θ
n
2

q(μ0)
{
n
2Θ

n
2
−2 − (n

2 + (−1)n
)
Θ
n
2 + Θ

n
2

}
+ S22

4β2

|μ0|2μ0Θ
n
2

⎞
⎟⎠

ψ̃2,n(θ) =

⎛
⎜⎝ p(μ0)

{
−n

2Θ
n
2
−2 +

(n
2 − (−1)n

)
Θ
n
2 + Θ

n
2

}
− 4S11β

2Θ
n
2

q(μ0)
{

−n
2Θ

n
2
−2 +

(n
2 − (−1)n

)
Θ
n
2 + Θ

n
2

}
− S22

4β2

|μ0|2μ0Θ
n
2

⎞
⎟⎠

with Θ = cos θ + μ0 sin θ. The series is convergent,
absolutely in H1 and uniformly in the neighbourhood

of O.



3. Case 2 (a linear interfacial crack with friction)

Ref.[3]: H. I., V. K. & T. A. 2011 Appl. of Math. 56 69-97

For given surface force g ∈ L2(ΓN) ,

and a small constant friction coefficient f ∈ (0, 1),

find u(1) ∈ H1(Ω(1)) and u(2) ∈ H1(Ω(2)) satisfying

(∗)2

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A(∂x, λ
(k), μ(k))u(k) = 0 in Ω(k) (k = 1, 2),

T (∂x, λ
(1), μ(1))u(1) = g on ΓN,

u(k) = 0 on ΓD,

[u1] = [u2] = [σ12] = [σ22] = 0 on Γ′ \ Γ,

non − penetration (∗)np on Γ,

Coulomb friction (∗)f on Γ.

Jump of u at Γ:

[u] := u(1) − u(2) on Γ.



• Conditions on the crack

(∗)np : [σ22] = 0, σ
(k)
22 ≤ 0, [u2] ≥ 0, σ

(k)
22 [u2] = 0,

(∗)f : [σ12] = 0, |σ(k)
12 | ≤ −fσ(k)

22 , σ
(k)
12 [u1] + fσ

(k)
22 |[u1]| = 0.

Case A:

open crack
[u2] > 0

σ
(k)
12 = σ

(k)
22 = 0

Case B:

Stick state
[u2] = 0

[u1] = 0

[σ22] = [σ12] = 0

σ
(k)
22 ≤ 0

|σ(k)
12 | ≤ −fσ(k)

22

Case C: slip state
[u2] = 0

[u1] �= 0

[σ22] = [σ12] = 0

σ
(k)
22 ≤ 0

σ
(k)
12 ± fσ

(k)
22 = 0

“+”: [u1] > 0

“−”: [u1] < 0.



Existence of the solution of (∗)2

Notation

A bilinear form: ED(u, v) :=

∫
D
σij(u)

∂vi

∂xj
dx i, j = 1, 2,

u = u(1), σ = σ(1) in Ω(1), u = u(2), σ = σ(2) in Ω(2).

R = {F (x)c = (c1+c0x2, c2−c0x1) ∀c = (c1, c2, c0) ∈ R
3}.

K = {v ∈ H1(Ω\Γ) : v|ΓD = 0, [v2] ≥ 0 on Γ}: convex

• The weak formulation

The quasi-variational inequality (‡) :

Find u ∈ K satisfying for an arbitrary v ∈ K

EΩ\Γ(u, v − u) − 〈fσ22, |[v1]| − |[u1]|〉Γ ≥
∫
ΓN

g · (v − u)dSx.

〈·, ·〉Γ: the duality pairing betweenH
−1/2
00 (Γ) andH

1/2
00 (Γ)



Lions–Magenes sp.: H1/2
00 (Γ) = {s ∈ H

1/2
0 (Γ) : ρ−1/2s ∈ L2(Γ)}

where ρ ∈ C
1,1
0 (Γ) s.t. ρ > 0, lim

x→OorP
ρ(x)/dist(x,OorP ) �= 0.

s ∈ H
1/2
00 (Γ) ⇔ s̄ =

{
s on Γ

0 on Γ′ \ Γ
∈ H1/2(Γ′).

• Difficulty

1. Cannot describe as a minimization problem

× ⇒ standard variational method

2. Estimate of 〈fσ22, |[v1]| − |[u1]|〉Γ without restriction

on compact support of f



Our result

• Preliminaries

Korn inequality ⇒
there exist 0 < C0 ≤ C0 < ∞ s.t. ∀u ∈ H1(Ω \ Γ)

C0‖u‖2
H1(Ω\Γ)

≤ EΩ\Γ(u, u) ≤ C0‖u‖2
H1(Ω\Γ)

Equivalent norm in H1(Ω \ Γ) as ‖u‖2
1,Ω\Γ

:= EΩ\Γ(u, u)

Continuity of the trace operator ⇒
there exist C1, C2 s.t. 1 ≤ C1C2 < ∞ and

‖[u]‖
H

1/2
00 (Γ)

≤ C1‖u‖1,Ω\Γ ∀u ∈ H1(Ω \ Γ),

‖Tu‖
H

−1/2
00 (Γ)

≤ C2‖u‖1,Ω\Γ ∀u ∈ H1(Ω \ Γ) s.t. Au = 0

C0, C0, C1, C2 depend on λ(k), μ(k) for k = 1, 2, and

on the geometry of Ω.



• Existence Theorem

Theorem If f <
1

C1C2
≤ 1 holds, then there exists

a solution u ∈ K of the quasi-variational inequality (‡).

Lemma 4 The solution u ∈ K of the quasi-variational

inequality (‡) obeys the interior C∞-regularity in Ω(1)

and Ω(2). The boundary stress components σi2, i =

1, 2 are pointwise functions inside the crack Γ.

Remark 1 Uniqueness of the solution for (∗)2 re-

mains an open problem.



Convergent expansions near the crack tip

Polar coordinate system:

(x1, x2) = (r cos θ, r sin θ) with respect to the origin O

BR := BR(O), B
(1)
R := BR ∩ Ω(1), B

(2)
R := BR ∩ Ω(2)

R > R′

Assumption:

Whole on the crack BR ∩ Γ one of three cases; open

crack, stick state, slip state, is imposed, that is, no

switches among three cases on BR ∩ Γ.



How to derive

The interior & boundary regularity results of Lemma 4

+

Poincaré lemma
�
Goursat-Kolosov-Muskhelishvili stress functions

φ(k)(z), ω(k)(z) ∈ H1(B
(k)
R ) (k = 1, 2), z = x1 + ix2

2μ(k)(u
(k)
1 + iu

(k)
2 ) = κ(k)φ(k)(z) − ω(k)(z) + (z − z)φ(k)′(z)
�

Riemann–Hilbert problem: For any analytic Φ(z) in BR

aφ(1)′(z) + bφ(1)′(z) = Φ(z) on BR ∩ Γ.


� local Taylor series expansions

Convergent expansions near the crack tip



Proposition 5 ∃an, bn ∈ C satisfying some condi-

tions and c ∈ R
3 such that for k = 1, 2

u(k)(r, θ) =
∞∑
n=0

rn+1
{
Re

[
r−αan

]
A(k)
n (ε, θ) + Im

[
r−αan

]
B(k)
n (ε, θ)

}

+
∞∑
n=0

rn+1
{
Re [bn]C

(k)
n (ε, θ) + Im [bn]D

(k)
n (ε, θ)

}
+ F (x)c

The series are convergent, absolutely in H1 and gen-

eralized uniform for k = 1, 2, respectively.

• open crack case: α = 1
2 + iε, where ε := 1

2π ln
(

1+β
1−β

)
,

Dunders parameter β :=
μ(2)(κ(1)−1)−μ(1)(κ(2)−1)

μ(2)(κ(1)+1)+μ(1)(κ(2)+1)
.

[u2] > 0 on Γ ⇔
∞∑
n=0

(−1)nr
1
2+nRe

[
anr

−iε] > 0

⇒ Re[a0] ≥ 0 corresponding to A.M.Khludnev results



• stick state case: α = 0 ⇒ real analytic

• slip state case:

cot (πα) = ∓fβ

where “−” for [u1] > 0 on Γ, “+” for [u1] < 0 on Γ.

⇒ we can choose 0 < α < 1/2 satisfying inequality

type conditions on Γ, if β �= 0.

⇒ if β = 0, α = 1/2.

Note:

• It enables us to have an a priori regularity of the

solution near the crack tip; open crack case implies

u �∈ H3/2, the solution is smooth in the stick state

case, and for β �= 0, u ∈ H3/2 in the slip state case.



4. Case 3

• Motivation: Crack problem⇒Rigid inclusion problem

• Aim: To derive the convergent series expansion of

solution of boundary value problem at a tip

of rigid line inclusion Γ and the Irwin’s formula

Ω ⊂ R
2 : a bounded domain with Lipschitz boundary

homogeneous isotropic linearized elasticity

• Applications:

Delamination phenomena (branched crack),

Inverse problems (nondestructive evaluation), etc.



Problem 1 (without delamination) Given g ∈ L2(ΓN),

find u ∈ H1(Ω) and ρ0 ∈ R(Γ) satisfying

(∗)′3

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Au = 0 in Ω \ Γ,

Tu = g on ΓN,

u = 0 on ΓD,

u = ρ0 on Γ,∫
Γ[σn]Γ · ρ dSx = 0 for ∀ρ ∈ R(Γ).

Problem 2 (with delamination in a linear case) Given

g ∈ L2(ΓN), find u ∈ H1(Ω\Γ) and ρ0 ∈ R(Γ) satisfying

(∗)3

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Au = 0 in Ω \ Γ,

Tu = g on ΓN,

u = 0 on ΓD,

Tu+ = 0, u− = ρ0 on Γ,∫
Γ[σn]Γ · ρ dSx = 0 for ∀ρ ∈ R(Γ).



Weak formulation and Existence Theorem

Set u ∈ H1
ΓD

(Ω) := {u ∈ H1(Ω) | u|ΓD = 0},
Π(u) :=

1

2
EΩ(u, u) −

∫
ΓN

g · u dSx,

EΩ(u, v) :=

∫
Ω
σij

∂

∂xj
vi dx,

K := {v ∈ H1
ΓD

(Ω) | v|Γ ∈ R(Γ)}
K− := {v ∈ H1

ΓD
(Ω \ Γ) | v−|Γ ∈ R(Γ)}.

• Weak formulation (minimization problem)

Problem 1 or 2 =⇒ Π(u) = inf
v∈K or K− Π(v)

⇔ find u ∈ K or K− s.t. for any w ∈ K or K−

EΩ(u,w) −
∫
ΓN

g · w dSx = 0.



Note that the condition

∫
Γ
[σn]Γ · ρ dSx = 0 ∀ρ ∈ R(Γ)

make sense as 〈[σn]Γ′, v〉00
Γ′ = 0, ∀v ∈ K(−) with a dual-

ity pairing 〈·, ·〉00
Γ′ in the Lions–Magenes spaceH

1/2
00 (Γ′),

Γ′: the interface of Ω(1) and Ω(2), i.e. extention of Γ.

Theorem

• For Problem 1 there exists a unique solution u ∈ K
of the minimization problem.

• For Problem 2 there exists a unique solution u ∈ K−

of the minimization problem.

Lemma 6 The each solutions u obey the interior

C∞-regularity in Ω(1) and Ω(2). The boundary stress

components σi2, i = 1, 2 are pointwise functions in Γ.



The convergent series expansions

• How to derive:

Existence of the weak solution of (∗)′3 and (∗)3

Regularity results Lemma 6

� Poincaré lemma

Goursat-Kolosov-Muskhelishvili stress functions
φ(z), ω(z) ∈ H1(BR), z = x1 + ix2

2μ(u1 + iu2) = κ̃φ(z) − ω(z) + (z − z)φ′(z)
�
Riemann–Hilbert problems:Given Φ(z),Ψ(z), on BR∩Γ

aφ′(z) + bφ′(z) = Φ(z) or

{
aφ′(z) + bω′(z) = Φ(z)

cφ′(z) + dω′(z) = Ψ(z).
�
Convergent expansions around O



• For Problem 1

Proposition 7 ∃Pm,Qm ∈ R, α,α1,β1,β2 ∈ R s. t.

u(r, θ) =
∞∑
m=1

r
m
2

2μ

{
PmR1,m(θ) −QmS1,m(θ)

}
+ F1,

R1,m(θ) =

(
κ(1 − (−1)m) cosm2 θ + m

2 cosm2 θ − m
2 cos

(m
2 − 2

)
θ

κ(1 + (−1)m) sinm2 θ − m
2 sinm2 θ + m

2 sin
(m

2 − 2
)
θ

)

S1,m(θ) =

(
κ(1 + (−1)m) sinm2 θ + m

2 sinm2 θ − m
2 sin

(m
2 − 2

)
θ

−κ(1 − (−1)m) cosm2 θ + m
2 cosm2 θ − m

2 cos
(m

2 − 2
)
θ

)

F1 =

(
α1r sin θ + β1

−αr cos θ + β2

)
. The series is convergent, abso-

lutely in H1(BR) and generalized uniform. For m ≥ 1,

Pm and Qm satisfy |Pm|+|Qm| ≤ c
1√
m
R−m

2 ‖∇u‖L2(BR).



• For Problem 2

Proposition 8 ∃cm ∈ C, α, β1, β2 ∈ R s. t.

u =
∞∑
m=1

eεθ

2μ
r

2m−1
4

{
Re[cmr

−εi]R2,m(θ) − Im[cmr
−εi]S2,m(θ)

}
+ F2,

R2,m(θ) =⎛
⎜⎝

(
κ+

2m−1
4

)
cos

2m−1
4 θ − (

(−1)m
√
κe−2εθ − ε

)
sin

2m−1
4 θ − 2m−1

4 cos
2m−9

4 θ − ε sin
2m−9

4 θ(
κ− 2m−1

4

)
sin

2m−1
4 θ − (

(−1)m
√
κe−2εθ − ε

)
cos

2m−1
4 θ +

2m−1
4 sin

2m−9
4 θ − ε cos

2m−9
4 θ

⎞
⎟⎠

S2,m(θ) =⎛
⎜⎝

(
κ+

2m−1
4

)
sin

2m−1
4 θ − (

(−1)m
√
κe−2εθ + ε

)
cos

2m−1
4 θ − 2m−1

4 sin
2m−9

4 θ + ε cos
2m−9

4 θ

−
(
κ− 2m−1

4

)
cos

2m−1
4 θ +

(
(−1)m

√
κe−2εθ + ε

)
sin

2m−1
4 θ − 2m−1

4 cos
2m−9

4 θ − ε sin
2m−9

4 θ

⎞
⎟⎠

F2 =

(
αr sin θ + β1

−αr cos θ + β2

)
and ε :=

log κ

4π
. The series is con-

vergent, absolutely in H1(BR) and generalized uni-

form. Form ≥ 1, it holds |cm| ≤ c
R−m

2 +1
4

√
2m− 1

‖∇u‖L2(BR).



Remark 2 [Irwin’s formula]

Using smooth perturbation method, it holds that

Π′(u) = J

= −
∫
S

1

2
σij(u)n1

∂

∂xj
ui − σij(u)njui,1 − ασ2j(u)nj dSx

where S is any closed curve around the tip O of the

rigid inclusion which does not contains another tip in-

side of S.

For Problem 1 J =
πκ(λ+ 2μ)

2μ(λ+ μ)
(P 2

1 +Q2
1) .

For Problem 2

J = −π(λ+ 2μ)
√
κ

4μ(λ+ μ)

{
(3 + 16ε2)Im[c1c2] − 8εRe[c1c2]

}
.



5.Summary

Case singular

point

material boundary

condition

order of singu-

larity

1 a linear

crack tip

homogeneous,

anisotropic

traction-free n

2
2 a tip of a

linear in-

terfacial

crack

two dissimilar

homogeneous

and isotropic

media

non-

penetration,

Coulomb’s

friction

n + 1 − α

open crack:

α = 1
2 + iε,

stick state:

α = 0,

slip state:

cot (πα) = ∓fβ
3 a tip of a

rigid line

inclusion

homogeneous,

isotropic

rigidity

traction-free

& rigidity

n/2
2n− 1

4
− εi



6. Future works

• 3D case

• Nonlinear elasticity

• Elastodynamics (thermoelasticity)


