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Motivation: nonlinear effcts & efficient computation

Biot — Darcy model — by homogenization of fluid-structure interaction

~V - (AV°u—Bp) =f°,
B:Vu—-V -KVp—f)+Mp=0,

Idea
...an extension of the first order theory, whereby the linear strain
kinematics still holds and the initial domain is taken as the reference.

@ Quasi-periodic structures: evolving locally with deformation
o Effect of deforming microstructure = homogenized coefficients (HC)

@ Using sensitivity analysis = linear expansion formulas for HC
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@ Quasistatic Biot — Darcy model by homogenization

@ Sensitivity and expansion formulas for the homogenized coefficients

[E.R. Sensitivity strategies in modelling heterogeneous media undergoing finite deformation.

Math. Comp. Simulation (2003) 61:261-270.]

@ Weakly nonlinear model of porous medium
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@ Outlook: nonlinear kinematics / Conlusions

E. Rohan, V. Lukes, Modeling flows in periodically heterogeneous porous media
with deformation-dependent permeability, in: Proc. of COMPLAS 2013, 2013,
p. http://congress.cimne.upc.es/complas2013/proceedings/.

E. Rohan, V. Luke$, On modelling nonlinear phenomena in deforming
heterogeneous media using homogenization and sensitivity analysis concepts,
in: Proc. of CST 2014, Coburg-Sax Publ., 2014, pp. 1-20.
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Micromodel of poroelasticity — fluid & solid

Domain split — matrix & channels ext
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Micromodel of poroelasticity — fluid & solid

micro—level

rX0):

ext

305

Domain split — matrix & channels ext
Q=0Q5,uUQure ot @

ot @ EJ

Quasistatic problem — decoupling
2 homogenization problems:

@ Porous (elastic/viscoelastic) skeleton + “static” (compressible) fluid
= Biot poroelastic coefficients A, B, M
o Stokes (steady) flow = Darcy flow, permeability K

Even for acoustic problem the poroelastic coefficients computed using the
same "“auxiliary” microscopic problems as for this quasistatic situation

J.-L. Auriault, C. Boutin. Transp. Porous Media, 10(2):153-169, 1993.
J.L. Ferrin, A. Mikeli¢. Math. Meth. Appl. Sci., 26:831-859, 2003.
E. Rohan, S. Shaw, J.R. Whiteman. Comp. Geosci., 2013.
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Micromodel of poroelasticity — fluid & solid

micro—level

rX0):

ext

305

Domain split — matrix & channels ext
Q=0Q5,uUQure ot @

ot @ EJ

1) Fluid-Structure interaction — static

—V - (D°V3uf) =f°, in QS ,
nl" . DEVous =g°, on Oext 25,
nl™ . D°Vou® = —p°nl™ | onTF,

mass conservation of the fluid filling the channels
— = —/ we - nldds, :/ @° - nllds, 4+ vp°|Q2|,
Oext Q2E o00Qe

Je .. . relative flow outside QE. v ... fluid compressibility.

4/29
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Weak formulation: Find (u®, 5°) € H(Q5,)/R(Q5,) x R such that

J

(]DEVSUE) : V5v+,55/ nl™ .y dS, :/ g®-vdSy,
e d

m oxt 25,

/ i - nldS, +vp°|Q| = -0, WeHY(Q).
o0¢

Convergence result: Ju(x) € H(Q), u™(x,y) € L*(Q; HL(Y')), and
pER

—

I

7

P

c

)
Vit 2 Vou + V,u!
X y )
= recovery sequences of test functions (displacements) v¢,
~ 2
vVé — v,

Vv 3 Vw4V,
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Convergence of traction forces on 02

/ v (—pnX + X5e°)dSy — [ g(p)-vdS,
o0 o

where  x5,8° = (1 —¢s5)g =8 ... effective traction related to solid

g8(p) =8 — pnos ... mean traction stress

Interface integrals on ¢
Let ¢5 and ¢ be the surface and the volume fractions, respectively, then

/veon[m]dSX% @5v~ndSX—/¢divxv+/][ vl nlmds,
re o0 Q QJIy

If ¢ = ¢s on 0N, then (Ty ...the interface within Y)

/ -nlmas, %/ v oJr/f n[m]dS
re My
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Two-scale limit problem

Find (u,ub) € HY(Q) x L3(Q; H;L(Y)) and p € R such that (no volume
forces)

]{2 (VEv+ Vi) D (VHu + Vi)
X m

- (MW_ /
A@&Wﬁ

for all v € HY(Q),v! € L2(Q; HL(Y)), where J* — J

vt nlm dSy> = / g(p) - vdSy,
o}

Y

u' -l dSy> +p76|Q| = —J,

Y

@ Local — Microscopic problems: take v =0, = problems in Y.

@ Global — Macroscopic problem: take vl = 0, = problems in Q.
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Local problems

fy Vit DV (ut 4 907w ) + b][r vionlmlds, =0 w! e HL(Y),
m %

“homog. deformation modes” ni = (I'IZ) I'Ig = Y0k, i, j, k=1,2,3

Corrector functions w/(y), wP(y) € H;E(Ym)

u'(x,y) = w’(y) O ui(x) = po"(y)
1. w¥ ... response to unit homog. strain

Micro-channel Y . ..
‘ f (va(w'f+n'f)) VSV =0, WeHL(Yn).

m

P

2. w" ...response to unit pressure in Y,

matrix Y,, — solid
f (DVyw?) : Vv :][ vonlmlds, | e HL(Y
Ym Iy
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Upscaled microlevel model — Homogenized problem

Homogenized coefficients (depend on correctors w?, w")

A :fy (]])V;S(wij 4 n’J)) . Vf(wk’ + nk/) :

m

By = ¢0j— f divyw?

m

M = fyqb—i—f (]DVfwP) : Vpr ,

m

where M = (N*) = (ys0;)
Macroscopic equations for u € H(Q)/R(Q) and p € R:

Su— SViov = — Y g vddy , v !
/Q(AWX pB) : V3 /Q(l o)f +/ g(p)-vdS,, VYveH{(Q)

oQ
d d :
B:V—u+|QM—p=—
/Q xq UM P =—J,

J = divw is the fluid content increase.
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2) Upscaling Stokes flow — Darcy law

Homogenization of the Stokes flow in Q5. For a while, any deformation
of the skeleton is disregarded. Flow velocity w® and pressure p satisfy:

€ micro-level
ExT2,,,E € € . € Qe
—n°VwE+Vp*t=Ff_, inQ, Sqt
. ex m
V-w®=0, inQf, "'8’
Q: O

we =0 onl*®,

ose e
—pnld el . vwe =g* . on Oext 25,
where 7° = £%7] is the viscosity (nonvanishing flow when & — 0).

Weak formulation

Find (w®, p?) € V(Q2) x L2(Q2) so that

/ EZﬁVWEZVV—/ p°V v = f5~v+/ g°-v YWeV(Ql,
Qs Qs o8 Dot Q2

/ gV -w =0 Vqge l*(Q).
Qg

[Sanchez-Palencia, Allaire,. . .]
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Limit model — Darcy law

Homogenized (mean) flow velocity w = f,, W satisfies

K . . .
w = —% (VxPO - f) ,  where Kj; :f Ul :jl Vo' 1 V4!
Y. Y.

is the intrinsic permeability depending on the local corrector problem:

Find (¢, 7') € HL(Ye) x L2(Ye), i = 1,2,3 such that

/vywk:vyv—/ WkV-v:/ v WweHL(Y.),
Ye Ye Y,

c

/ gV, -9p* =0 Vge [A(Y.).

c

channel Y,
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Coupled flow deformation problem

The Biot model of poroelastic media for quasi-static problems is
constituted by the following equations imposed in

-V-o=f, oc=AV°u—Bp,
K
B:VSa+tMp=-Vow, w=-=(Vp—F).
n
The homogenized coefficients can be perturbed by the deformation!
Boundary conditions:

u=0, ond,Q, n-o=g°, ond,Q,
p=ps, on0p2, n-w=w,, ond,Q,

whereby the decomposition of 99 into disjoint parts is considered

skeleton: 90 =0,QU09,2, 0,QNd,Q2=0,
flud: Q2 =0,QU08,2, 0,2N9p0=0.
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Conception of a weakly non-linear model

Linear theory approach:
@ poroelastic model (static problem, locally constant pressure) =
A B M
o flow in (rigid) porous medium = K

e "Biot's” coupling “flow & deformation”: through the mass
conservation eq.

Extension beyond the linear theory — ingredients:

@ 1st order approximation of the deforming local microstructures using
corrector result of homogenization
= convection material velocity field V,

@ sensitivity of the homogenized coefficients w.r.t. deformation by %

@ linearization schemes for inceremental formulation

13/29




Perturbation of microstructures

Using the corrector result of homogenization we introduce lj(x.,y):

affine part of displacement:  u(x,y) = I'Iij(y)e,?Jf(u(x))

p(x)

fluctuating part of displacement: u'(x,y) = w’j(y)eg(u(x))

<¢v

\]Z’\

total perturbation:  ii(x,y) = @i(x,y) + u'(x,y) =

(

5

where x € Q and y € Y,,.

i(x,y) = u(x,y) + ul(x,y)
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Perturbation of microstructures

Using the corrector result of homogenization we introduce lj(x.,y):

affine part of displacement:  ii(x,y) = M¥(y) e;i(u(x)),

)p(x)
V(x.y) .

fluctuating part of displacement: u'(x,y) = w’(y)ej(u(x)) — w"(y
total perturbation:  i{i(x,y) = @i(x, y) + ul(x,y) =7
where x € Q and y € Y,,..
Local perturbed homogenized coefficients:
o M(ii(x,-), Y) associated with domain »"/( ) =Y +{i(x,)}yey

o perturbed homogenized coefficients H(M(ii, Y)) can be
approximated using the sensititvity analysis:

—

H(M(i(x,-), Y)) = HM(Y),d) = HO(M(Y)) + SHO(M(Y)) 0 FV(x, )
= H° 4+ 5.H° : e(u) + 5PH°p .
where  (3oH°); = (260H? 0 8); = 6HO o (¥ + 117
5pHO := 9,0H 0 li = 6H® o (—w") .
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Sensitivity of microstructures

@ Convection velocity field = perturbed microstructure: V:Y —R3,
zily, ) =yi+™Vily), yeY,i=1,2,
@ Domain method of differentiation:
5(-) ... total (material) derivative

d-() ... partial (local) derivative w.r.t. "time" 7.
.. as used in shape optimization. . .

e General functional ®(p) = |Y|~! [Y ) where Yy BYP. @

Using the chain rule differentiation,

ID(p) = 0,P(p) 0 5o + 6:D () ,

where 6, ®(p) _]Lyd F(p) (Vy . V—]Lyvy . V)+ v 6-F () ,

0y can be eliminated due to the local corrector problems.
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Sensitivity of the permeability K

Recall K = 7CYC 1/)1’ hence:

5K = 5T][ ¢;+][ i
Ye Ye

Use the local corrector problem (and its differentiated form) to eliminate
o0t Finally

0Ki :fy (QM + 1/0’" - vy’/’i : qu/’i + 7r"Vy -+ ijy ' Q’bi) V-V
—f vy-vf V'V
Y Ye
+F (Orvoriiarvl -+ o oriorvl - mor.or - ooyl

...and similarly for 6 A, 0Bjj, 6 M
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Weakly nonlinear model of FSPM

Find the couple (u, p) € U(Q) x P(Q) satisfying

/Q<A~ke(u)—pl§>:e(\/):/Qfs,\,_~_/69gs.Vdsx7 YV eu)

~ d d - K

where the generic form holds: H = H® + .H° : e(u) + §,H%p.
Incremental formulation

Given (u’, p°) ~ (u(t — At,-), p(t — At,-)), compute (u, p) ~ (u(t,-), p(t, ")),
so that W*((u, p), (v, q)) = 0 for any (v, q) € Uo(Q) x Po(£2), where the
nonlinear residuum of the non-steady formulation is given as

V((u, p). (v.9)) = / (Ae(u) - pB) : e(v) + / q (Be(u—u’) + 1(p - p"))

2[R =0e)- Vo= [F0)v- [ g0y,
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Linearization scheme 1/IlI

Incremental step problem
compute (du, dp) € Up(2) x Po(R2) for a given (u, p),

oW ((@, p), (v, q)) o (6u,dp) = =W ((@, p), (v,q)) V(v,q) € Up(R2) x Po() .
where the differentiation of W yields
SV ((@.P). (v,)) © (6u.5p) = | (Ae(du) — 6B) : e(v)
- /Q (06F o e(5u) + 9pf* 0 6p) - v
- /B ) (Deg® 0 e(Ou) + Dpg® 0 6p) - v
+% /Q Vq- (KVép + G e(u) + Qdp)

+/Qq(ﬁ:e(6u)+ﬁ6p),

18/29
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Linearization scheme I1/Il1

Coefficients for the corrector step — based on the sensitivity analysis
involving deformation of the microstructures
IA® = 9. A% oe(d) + 9pA°0p, OB’ =0.B oe(d)+8,B°0p,
OM° = 9:M° o e(@a) + 9,M° 0B, OK® = 0K° oe(di) + 9K’ 0 p,

)

(i1, p) = B® + 9B” + 9,(B°p) o ( ), — 0p(A’(@)) © ( )

(.5, u’, p°) = B’ + 9B” + 3uB” : (e(@) — e(u)) o { Jo + M (B — p°) o ( )o
)= M+ DM + 9,M°(B — p°) o { )+ 0,B° : (e(@) — e(u’)) o ( ),
)
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Linearization scheme I11/111

Given (u’, p°) ~ (u(t — At,-), p(t — At,-)), compute (u, p) ~ (u(t,-), p(t,")):
e step 0 set (@i, p) = (u°, p°)

e step 1: use (0, p) to define the perturbed homogenized coefficients
H(u, p) and residual r(-) := W*((a, p), ),
and compute (du,dp) € Uo(2) x Po(2):

SWE((@, p), (v, q)) o (6u,dp) = —r(v,q) V(v,q) € Uo(Q) x Po(Q) .
e step 2: update
u:=u=1u+du,
p:=p=p+dp,
residual  r() := V'((a,p),-),
and GOTO step 1, unless residuum |r(-)| is “small enough”
e step 3: GOTO the next time level with

wWi=u, p’:=p.
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Example: perfused block / confined compression P

UNIVERZITY
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“macro” Q2 fluid channels Y. in “micro-cell” Y

@ compression by ramp-and-hold test displacements i
@ material properties:
> matrix = polystyrene: E = 3.0 x 10°, v = 0.34
> fluid = glycerine: v~ 107°, n = 0.95
@ scale: g9 = 0.001
@ SW: in-house FEM in Python: SfePy, sfepy.org
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Example: comparison: lin. / non-lin.

Jole-1 Porosity along z 941 Porosity along = VPLZN
o
6.8
o
s
6.6
6.5
82
N E’ "
6.3 78
0.00 0.02 0.04 0.06 0.08 0.10 0.00 0.02 0.04 0.06
z[m] z[m]
porosity along the central axis z in domain Q (steady state)
ysle-l1 Components of K/7 along z 14le-12 Components of K/ along =
— () — (u
30 == Oz 12 == ()2
)z ()=
1.0
25 O O™
7 == On 7 os == On
520 () o e
< < o6
Eas 2 S N SRR
= = o4
e g
1.0
L ey T U e S R
Y R F SR R
0.0 -0.2 "
0.00 0.02 0.04 0.06 0.08 0 0.02 0.04 0.06
z[m] z[m]

permeability Kj;/7 along the central axis z in domain Q (steady state)
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Example: comparison: lin. /

1

le-2

Deformation at point A: linear x nonlinear model

— linear,,

-~ nonlinear,

linearc

nonlinear,

non-lin.

Lle—2_Deformation at point B: linear x nonlinear model
— linear,,
-~ nonlinear,
N o

-1

linearc

nonlinear,

=
. ha
—— 2
time [s]_ . . Ume.[ 1
deformation es3 at points A and B in domain Q
0p1e=3 Flow velocity along Lgle8 Pressure at point A: linear x nonlinear model
— linear,
0.0} -~ nonlinear,
linear,
—02 nonlinear,.
7 o4 —-
£ / E
= 06 l.' =
—0.8} II
1 S
02 x‘_\‘
-1.2 0.0 ——
0.00 0.02 0.04 0.06 0.08 0.0 0.5 1.0 15
z[m] time [s]
fluid perfusion flow along central axis z pressure at point A
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Example: effects of microstructure P

UNIVERZITY
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micro: solid skeleton micro: fluid channel

| 7690407

b
Eée+7 Ameomi
*:48+7
E -
0 :
pressure / velocity strain pressure / velocity
“‘ 1249+08*E
o
i _—

non-symmetric flow!
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Eulerian formulation — “residual-based formulation”
Weak formulation
Admissibility sets (Dirichlet BCs)
V(t) = {v|v=u? on 9,Q(t) C 9Q(t)} ,
Q(t) = {q| g = p° on 9,Q(t) C (L)} .
Define:

&¢((u, p); (v.0)) = /

UZVV*/ pb-v VVy(t),
Q(t) Q(t)

o:((u, p): (0, )) /Q (V-9 - KTp- Vo) - 7(q) ¥a € Qu(e).

Find (u, p) € V(t) x Q(t) such that
®:((u,p); (v,q9)) =0 V(v,q) € Vo(t) x Qo(t) .
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Eduard Rohan, Vladimir Luke$: H ization and



Eduard Rohan, Vladimir Lukes: H. ization and i ity in Deforming Heterogeneous Media

Differentiation of residual — “moving configuration”

Incremental (Updated Lagrangian) formulation (ULF)
Given (u, p) at time t > 0, compute a new state (u, p) at time t + dt
such that

¢t+5f((u7 p)’ (Va q)) ~ q)t((l_"a l_))’ (Vv q)) + (Sq)l”((‘_J :5)’ (Va q)) © (6U, 5p? 5tV) ’

where 60.((u, p); (v, q)) o (du, dp, tV) is the increment due to the
material derivative associated with convection field V,

u=u+du,p=p+dp,
where  du =uadt, JIp= pdit, &
Q(t+0t) = Q(t) + 5t{V}ae
Lie derivative of the Cauchy stress o = J"'FSF' = o° — pl
6=—-0V-V+VVo+a(VV) +£y0o,

£yaP =p(VV+(VV)T) - pV-VI—pl,
£y = J7IFSFT = D e(u) .
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ULF — perturbed residuals
reference state (4,p)
test fields (v,q)
state and domain perturbation rates  (u, p, V)

®.((0,p); (v,0)) o (0,p,V) =

/ D e( / VYo : Vv

7/(p(V~v)(V~V)fvaVV:|+,bV~v)f/pl.)~v,
Q Q

50:((a,5): (0,9)) o (1, p, V) =

/(q 0)(V - V) — gVavy : 1+ gV - ii)

Q

+ | (KVp-Vq) V- V+/(KVb-Vq)
Q

K(VpVYV) - / KVp - (VqVV) —I—/ KVp Vg — jt(q) .
Q Q

:>\:>\
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Incremental formulation — nonlinear kinematics

For a given new load functional L“*(.), find increments
(u, p) € U(Q(tk+1)) X 6P(Q(tk+1)) which satisfy

/QAE e(u) : e(v) +/Q}:e 1 (Vu)' Vv —/Qp[B + By (@)] : e(v)
= /ﬂf)[é + By (d)] : e(v) + /Q poB :e(v) — /sz e(v) + L (v)
for all v € §Uo(Q2(t«)) and
/Qq[fs + Bo(@)] : e(u) + /Q g(W1 + s (@))p + 5r./ﬁ (R + Rv(a)) Vp-Vg
— / q [é - 53]  e(@) +/ q(M — §M)p + 6t7""(q)
Q Q

—5t/9(f<+kv(a)+5K)Vﬁ~Vq,

for all g € 3Po((tx)) where H depend on the perturbed microstructure and
By(v) =B(V-v—(W)"),
Ky(v) = (V-v)K - K(Vv)" — (Vv)K",
Mv(v) =MV v,
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Conclusions

@ Proposed a Weakly Nonlinear “Biot" model (WNB) which provides
correction of effective material parameters w.r.t. state variables

o WNB is based on sensitivity and linear expansions of the poroelastic
coefficients & permeability w.r.t. state variables;

e WNB:

> accounts for important nonlinear effects (depends on micro-geom.!)
> well adaptable for modelling of functionally graded materials

Outlook
e Time integration / linearization / dissipation ...to be checked;
@ Adaptation of this approach for nonlinear kinematics (ULF);

e Extensions: dynamics / wave propagation electrochemical
interactions, multi-porous media

Thanks for your attention

Eduard Rohan, Vladimir Lukes: H. ization and i ity in Deforming Heterogeneous Media 29/29



	Nonlinear model



