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The equations
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Viscous barotropic flow

Newtonian fluid

Isentropic pressure relation



The equations

Lipschitz domain

⌦ ⇢ R3 t 2 [0, T ], T � finite
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Goal: Construct and prove convergence of a numerical method



What is known analytically

%t + div(%u) = 0,

(%u)t + div(%u⌦ u) +
1

Ma
rp(%) =

1

Re
�u

• Lions proved existence of global weak solutions for � > 9
5 .

• Feireisl et. al. proved existence for � > 3
2 .

%t + div(%u) = ↵�%

(%u)t + div(%u⌦ u) +r(p(%) + �%4) = �u

Proof is accomplished by sending ↵, � ! 0 in

So, do the same for a numerical method and DONE?



What is known numerically

Gallouet et. al (2008-2012):

div(%u) = 0

��u+rp(%) = f

MAC Finite Volumes, Crouzeix-Raviart FEM, FVM for continuity

Karlsen-K. (2009-2011):

%t + div(%u) = 0,

ut ��u+rp(%) = f

Nedelec elements, Crouzeix-Raviart, FVM for continuity



What is known numerically

K. (2013):

%t + div(%u) = 0,

(%u)t + div(%u⌦ u) +rp(%) = �u

Crouzeix-Raviart finite elements

� > 3

Now, things starts to become clear!



Why is this problem difficult?

Ma small Re large

%t + div(%u) = 0,

(%u)t + div(%u⌦ u) +
1

Ma
rp(%) =

1
Re

�u



Discretization of the Euler equations

%t + div(%u) = 0,

(%u)t + div(%u⌦ u) +rp(%) = 0

Let us look at the Euler equations:

An Euler person will tell you that you should write

Ut + divF (U) = 0
U =

✓
%
%u

◆

F (U) =

✓
0 %u

p(%) %u⌦%u
%

◆



Discretization of the Euler equations

Now, you discretize this as any system of conservation laws

U
t

+ d
u

F (U) ·r
x

U = 0

- Find eigenvalues and eigenvectors of duF and upwind accordingly

In particular,

% and u are approximated similarly

- Same order polynomials

- No dual mesh

- No staggered grids



Discretization of the Euler equations

%t + div(%u) = 0,

(%u)t + div(%u⌦ u) +
1

✏
rp(%) = 0

Now, let us look at the low Ma case

� = u± 1

✏

p
p0(%)

Eigenvalues are of the form:

The usual strategy will fail!

Instead, people now use methods where

div uh ⇠ p(%h)

(uh, %h) 2 P 1 ⇥ P 0, dual meshes, staggered grid

Pressure is IMPLICIT!Pressure is IMPLICIT!Pressure is IMPLICIT!



Discretization of the incompressible NS

div Vh ⇠ Qh



Back to our equation



Back to our equation



The convergent method!



The continuity method



Average upwinding



On the down-side



The method reads



To prove convergence….



Main result

Let {(%h, uh)}h>0 be a sequence of solutions of the method.

%t + div(%u) = 0,

(%u)t + div(%u⌦ u) +rp(%) = �u

As, h ! 0, %h ! % and uh * u, where (%, u) satisfies

in the sense of distributions.



The energy



How to prove convergence?



Consistency formulation of the continuity equation 



Consistency formulation of the continuity equation 



For this method, one can prove



Convergence of the continuity equation



The momentum equation



Here is where things become difficult



Higher integrability



Thank you!!


