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Finite elements for electrorheological fluids
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LMU & Electrorheological fluids

Discovered by Winslow '49

Electrical field changes viscosity significantly! [play movie]

(1000 V/mm <& viscosityx1000)

electrical field is OFF electrical field is ON

Lars Diening Finite elements for electrorheological fluids 2/29



UDWIG-

LMU & Electrorheological fluids — plug flow

Experiment by Wunder
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Conclusion: Extra stress (friction) depends on electrical field.
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LMU & Electrorheological fluids — model

MONCHEN

Model by Rajagopal and Rizi¢ka '96:
Ov —divS + Vg + [Vv]v = f,
divv =0,
with velocity v, pressure g, extra stress S, electric field E.

The equation for E decouples.

Moreover, S = S(E, e(v)) behaves like
S(E,e(v)) = (1 +[e(v)])P)%e(v)

with symmetric gradient e(v) = w and p(t,x) = p(|E(t, x)]).

Numerical analysis for finite element solutions.

Goal J
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—divS + Vg + [Vv]v =f,
divv =0,

S(E,e(v)) = (1 + |e(v)[)P)2¢(v).

Simplifications (to be removed later)
e Assume constant electric field p(x) = p € R. (= power law fluids)
o Neglect convection [Vv]v.
e Remove pressure Vg and incompressibility div v.
e Replace symmetric gradients £(v) by gradients Vv.

Reduced model
—div(|Vul’?Vu) = f (p-Laplacian)




Simplified problem: (constant p, no convection, no pressure, gradients)
~div(|Vu[P"?Vu) = f

(p-Laplacian)
v=0 on 9N
Weak solutions

J

Find v € WP with (S(Vv), V&) = (F, &) for all £ € WP, with $(Q) = |Q°*Q.
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LMU &= Finite elements for the p-Laplacian

MONCHEN

Simplified problem: (constant p, no convection, no pressure, gradients)

_diV(|Vu|p72vu) =f (p-Laplacian)
v=20 on 0N
Weak solutions
Find v € Wy with (S(Vv), V&) = (f, &) for all € € Wy*, with S(Q) = |of"2o.J

Discrete setting:
e Q C R? (or R?) polyhedral.
e T shape regular triangulation with mesh size h.

1 . . .
o Xy :={wp € Wy? : w, piecewise linear}.

Discrete solutions
Find vy, € Xp, with (S(Vvy), VE,) = (f,&,) for all £, € X,. J
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IMU & Measuring the error

MONCHEN

Equation of the error

(S(Vvh) —S(Vv),VE,) =0 forall &, € X,.

Natural measure for error is (S(Vvj) — S(Vv), Vv, — Vv) > 0.

Observation

[Vv — Vw][, is no good measure for the error,

Reason: —divS(V") is not uniformly elliptic with respect to [|-|; .

For p > 2:

2
, Vv —Vw|]
Vv —Vwl, < (S(Vv)-S(Vw), Vv—Vw) <

(Ivvll,+IIVwll,)>=+"

For p < 2:

Ve~ vwl, (S(Vv)—S(Vw), Vv—Vw) < | Vv — Vw|?”
(Vv ,+I[Vwll,)>=P ™~ ’ ~ P
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IMU & Natural quantities

MONCHEN

Recall: S(A) = |A|” *A. Define F(A) := |A|%2A. Then

Moreover, (S(A) — S(B)) - (A — B) = |F(A) — F(B)*.

Natural distance
(S(Vvh) — S(Vv), Vi — Vv) = [[F(Vvs) — F(VV)[3.

Natural regularity

Difference quotient technique gives F(Vv) € W, ?: (not v € W2PIIN)

loc

h=2(7,S(VV), 7h V) = b2 || F(W) |2 2% ||[VF(WV))2.
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o(t)
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Shifted N-functions

t
Define p,(t) := / (max{a,s})P"%sds ~ (max{a, t})P~2t*>. Then
0

(S(A) —S(B)) - (A —B) = ¢a/(|A - B|) = |[F(A) — F(B)[*
IS(A) = S(B)| = ¢ (IA — BJ)

=} = = E E 9DaAe



LMU Best-Approximation (Cea's Lemma)

(S(A) —S(B)) - (A~ B) = ¢)a(|A — B|) = |[F(A) — F(B)|?
S(A) — S(B)| = /5 (|A - BJ)

Theorem (Liu, Barrett '94; Diening, Rizitka '07)
IF(9v) ~ F(9w)ll, S inf_[IF(Vv) ~ F(Vwi)]|.

Proof: Young's inequality ©,(s)t < dpa(s) + cspa(t) (generalizes st < %52+%t2)

[F(Vv) — F(Vva)[l3 = (S(VV) — S(Vvs), Vv — V)
= (S(Vv) — S(Vvh), Vv — Vw,)  equation of error

< ... Young's inequality for p|gy) ...
< 5 ||F(Vv) — F(Vvp) |2 + cs|[F(Vv) — F(Vwy)[|2.
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Theorem (Ebmeyer, Liu '05; Diening, Rizitka '07)

IF(Vv) = F(Vva)ll, < [F(VYw) = F(VI)l, < A [[VE(Vw)|,,

where My, : X — X, is Scott-Zhang interpolation (defined by local means).
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LMU| &&= Projection error (Interpolation error)

MONCHEN

Theorem (Ebmeyer, Liu '05; Diening, Razi¢ka '07)
IF(Vv) — F(Vva)l, < [F(Vw) = F(VT,v)|, S h[|[VF(Vw)

27

where Ny, : X — Xy, is Scott-Zhang interpolation (defined by local means).

Proof:

Due to |[F(A) — F(B)|* = ©|a(JA — B|) problem reduces to stability of M in
Orlicz spaces.

Use Wl’l—stability][Ww — VN,w]| dx 5][|Vw\ dx with St = T U neighbors
T Sr

and Jensen's inequality <pa<][ |Vw| dx> g][cpa(\VwD dx.
St

St
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Numerical experiments for p-Laplacian

’LMU

v=|x|*"(2),8 = 0.00001,Q = (~1,1)2, Py-element
with « such that F(Vv) € W2

Table with EOC of ||F(Vv) — F(Vvy)]|,:

p
h 11 [1.2 [1.33[ 15 [ 1.8 [ 2.0 [[ 3.0 [ 4.0 [ 50 [ 6.0
1.76e-01 [ 0.84] 0.85] 0.84] 0.84] 0.84] 0.84] 0.86] 0.88] 0.90] 0.93
8.83e-02 || 0.88] 0.87] 0.87| 0.87| 0.87| 0.87 0.89] 0.91| 0.92] 0.92
4.41e02 || 0.90] 0.89] 0.89] 0.89] 0.89]| 0.89] 0.91] 0.92] 0.94] 0.95
2.20e-02 || 0.92] 0.91] 0.90] 0.90] 0.91]| 0.91] 0.92] 0.93] 0.95[ 0.96
1.10e-02 [ 0.93] 0.92] 0.92] 0.92] 0.92][ 0.92][ 0.93] 0.94] 0.95] 0.89
5.52e-03 || 0.93[ 0.93] 0.93 0.93] 0.93] 0.93] 0.94 0.95/ 0.96] 0.95

[ Theory || 1.00] 1.00] 1.00] 1.00] 1.00] 1.00] 1.00] 1.00] 1.00] 1.00|

Lars Diening Finite elements for electrorheological fluids

12/29



LMU e Finite elements for p-Stokes

Include pressure, incompressibility and symmetric gradients:

—div(S(e(v))) + Vg =T,
divv = 0.

Weak formulation
Findve X := Wol’p andge Qe Lg, with

(S(e(v)),(§)) — (q.divE) = (F.§)  for£e X,
(divw,n) =0 forn € Q.

(p-Stokes)

Discrete setting formulation
For suitable X, € X and Q, C Q find v, € X}, and g, € Q) with
(S(e(vn)),e(&h)) — (an div€,) = (£, &) for &, € Xp,
<diV Vp, 77h> =0 for Nh € Q.

Attention: div vy, # 0 pointwise!
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MONCHEN

LMU| &&s  Inf-sup condition (pressure reconstruction)

a4
Classical inf-sup condition:  sup lig. divé)] ~ llqllo for all g € Q.
gex ||£||X
Discrete inf-sup condition:
,div
sup Kan diven)| lanllq ~ forall gn € Qn.
gexn  |I€nllx
Examples:
’ X (large) | Qn(small) [ Name ‘
P> Po P2 —Poy
P> + Bs-bubble | discont.-P; | Crouziex-Raviart
P1 + Bz-bubble P MINI element
P> P1 Taylor-Hood
Divergence preserving projection
The existence of MY : X — Xj, with (div ¢ Vw, n,) = (divw,n,) for 7, € Qp
implies the discrete inf-sup condition.
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Theorem (Berselli, Diening, Rizicka '12)

IF(e(v) = Fea)ll; 5, inf IIF((v)) — F(e(wn))I3

inf “(1g — ual) dx,
+ 0t [ (o) (la = ) o
with Xh,div = {Wh e Xy

(divwp,np) =0 for all n, € Qpt.

Recall: [F(e(v)) — F(e(vh))]* = @jew) (V) — e(va)))
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Theorem (Berselli, Diening, RiZitka '12)

IF(e(v) = Fea)ll; 5, inf IIF((v)) — F(e(wn))I3

inf “(1g — ual) dx,
+ 0t [ (o) (la = ) o
with Xh,div = {Wh e Xy

(divwp,np) =0 for all n, € Qpt.

Recall: |F(e(v)) — F(e(vi))l’ = @1equ(1£(v) — e(va)])

Note that divv = 0 implies M{Vv € Xj, 4;,, so
inf
wpEXp div

IF(e(v)) — F(e(wn))ll, < [IF(Vv) = F(VIETV)]l,.
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LMU = Divergence preserving projection

Theorem (Berselli, Diening, RiZi¢ka '12)

There exists MY X — X, with (div1$iVw, ) = (divw, n5) for ny € Qp

IF(e(w)) — F(e(N5™w))ll, < h[[VF(e(w))ll-

Local correction of divergence:

Define N%Vw := Myw — MY (w — Mjyw) like in [Brezzi-Fortin).

Show ][apa(|VI'I‘,fin|) dx 5][<pa(\Vw|) dx (based on Jensen's inequality)
T St

Local Korn inequality [Diening, RiZi¢ka, Schumacher '10]:

Feal19w = (Tw)sel) e S f oa(lelow) ~ (e(w)s; ) .

St St
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Theorem (Berselli, Diening, RiZi¢ka '12)

IF(e(v)) = Fe(wa)ll3 S AIVF(e)I5 + inf) / (Prec)" (1a = pn]) dx.
wh€QRN J

Note that (¢,)*(t) =~ (max{a, t})? ~2t2 with sty =1

Corollary (Berselli, Diening, Razitka '12)
IfF(e(v)) € W2 and g € WP, then

IF(e(v)) — F(e(wn)ll, < Amn (15,
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LMU e Pressure error

MONCHEN

~div(S(e(v))) + Vg =,

divv = 0. (p-Stokes)
Pressure error
llg = anllyy < inf llg = pally +11S(=(v)) = S(e(vn))ll,-

Problem:
Error of F(e(v)) does not match error of S(g(v)):

p<2:  |S(e(v) = S(e(wa)llp S IF(e(v)) — F(e(va))l3 <

p>2:  |S(e(v) = S(e(a)ll, S (.- ) IF(e(v)) = F(e(vn))ll, S h%.
Corollary (Berselli, Diening, Razi¢ka '12)
For F(e(v)) € W2 and g € W' we have ||q — anlly S prin G5},
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Velocity as predicted

’LMU

v = |x|a_1( 2),q=x|",6 =0.00001,Q = (—1,1)?, MINI element
with a7 such that F(e(v)) € W2 g e WP

Table of EOC of [|[F(e(v)) — F(e(va))|l,:

P

h 125 | 1.33 | 15 167 | 1.8 2.0 25 3.0

1.77e-01 0.86 | 090 | 0.85 | 091 | 0.86 || 0.85 || 0.26 | 0.66
8.84e-02 0.88 | 0.90 | 0.87 | 091 | 0.88 || 0.88 || 0.84 | 0.74
4.42e-02 0.89 | 091 | 089 | 092 | 090 || 0.90 || 0.85 | 0.75
2.21e-02 091 {092 | 091 | 093 | 091 || 091 || 086 | 0.76
1.10e-02 092 | 093 | 092 | 094 | 092 || 092 || 0.85 | 0.76
5.52e-03 0.93 | 0.94 | 0.93 | 0.94 | 0.93 || 0.93 || 0.85 | 0.76
min {1, % 1.00 | 1.00 | 1.00 | 1.00 | 1.00 || 1.00 || 0.83 | 0.75
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Pressure is better than predicted

v=x|"""(_2),q=[x]",d = 0.00001,Q = (—1,1)%, MINI element
with a such that F(e(v)) € W12 g e WP

Table with EOC of [|g — gx|

P

h 125 | 1.33 | 15 167 | 1.8 2.0 25 3.0

1.77e-01 1.02 | 1.05 | 1.06 | 1.01 | 0.98 || 1.24 || 0.90 | 0.91
8.84e-02 058 | 0.68 | 0.86 | 0.96 | 0.99 || 1.07 || 0.99 | 1.00
4.42e-02 049 | 061 | 082 | 095 | 099 || 1.05 || 1.01 | 1.02
2.21e-02 0.45 | 057 | 0.78 | 0.94 | 0.99 || 1.03 || 1.01 | 1.02
1.10e-02 042 | 054 | 075 | 093 | 099 || 1.02 || 1.01 | 1.02
5.52e-03 0.41 | 0.52 | 0.73 | 0.92 | 0.99 | 1.02 || 1.01 | 1.01
min {2 o 2/ 0.40 | 0.50 | 0.67 | 0.80 | 0.89 || 1.00 || 0.83 | 0.75

lg = anlly S inf lla = pnll dx +S(e(v)) = S(e(va))l,
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’LMU

Conjecture on the stress

v= |x|0‘_1(_§f)7 g = |x|”,0 = 0.00001,Q = (—1,1)2, MINI element
with a such that F(e(v)) € W12 g e WP

Table with EOC of [|S(e(v)) — S(e(vn))ll,,:

P

h 125 | 133 | 15 167 | 1.8 2.0 25 3.0

1.77e-01 0.40 | 050 | 0.63 | 0.77 | 0.79 || 0.85 || 0.36 | 0.88
8.84e-02 0.40 | 0.50 | 0.65 | 0.78 | 0.81 || 0.88 || 1.02 | 0.98
4.42e-02 0.40 | 0.50 | 0.66 | 0.78 | 0.83 || 0.90 || 1.03 | 1.01
2.21e-02 0.40 | 050 | 0.66 | 0.79 | 0.84 || 0.91 || 1.04 | 1.01
1.10e-02 0.40 | 0.50 | 0.67 | 0.80 | 0.85 || 0.92 || 1.03 | 1.02
5.52e-03 0.40 | 0.50 | 0.67 | 0.80 | 0.86 || 0.93 || 1.03 | 1.02
min {%, 1} 0.40 | 0.50 | 0.67 | 0.80 | 0.89 || 1.00 || 1.00 | 1.00

Note that S € Wh™ {771} iy this example.
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Electrorheological fluids require extra stress of form
S = (L+ |e(v))P?)?e(v),
where p(x) = p(|E(x)]|) is smooth and 1 < inf p < supp < cc.

Natural quantity of solution is

/ e(w)[P dx,

which requires Lebesgue spaces with variable exponents.

Variable exponent spaces

p(x)
Define ||f]|,() := inf{)\ >0: /‘@ dx < 1}.

Then LPO) = {f : [£]l,5.y < oo} is a Banach space.




p(x)

f
1Fllpgy = inf{/\ >0: /'@ dx < 1} and LP0) .= {f : [fllpy < oo}

Basic properties

Let 1 <infp <supp < oo. Then
0 LPO) s uniformly convex and reflexive.

Q@ Cg°(R") is dense.
Q (LPO)* = LP'0) (dual space).

Q@ Hoalder's inequality: [|f gl[s.y < 2|[f]l,(,)llgll4) with % =

_ 1 1
50 T a(y

u]
]
1l
n
it
N
el
Q



Existence theory for electrorheological fluids requires:
Q Vvl = clle(v)ll,) (Korn's inequality)
@ sharp embeddings W1P() — [90) with L = L

-1 _1
() = p()  n
@ singular integrals on LP(")

This can be reduced to boundedness of maximal operator M on LP()

(MF)(x) = Zuag][ If dy.
B

We need regularity assumption on p (no jumps!)
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We say that 5 € C'*8(R") if and only if

Local: ‘ LI ’ < C|°g(p)1 [Zhikov '87, Diening '02]
p(x)  p(y)| ™ log(e+ 1)
Global: ‘L - i‘ < Coglp) [Cruz-Uribe+F-+N '03],
p(x)  poo| ~ log(e+ |x|)
Less than the “usual” Holder continuity.

Theorem (Diening '02, Cruz-Uribe+FN '03, DHHMS '09)
% € C'° and inf p > 1, then [|MF]| .y < [Ifll,-
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Let - € C'°6. Then for all balls B with |B| <1

Ixglly) = IBIFE“ for all x € B.

Key estimate: [Diening '02, DHHMS '09, DHHR '11, DSch '13]
Let % € C'¢. Then for all m > 0 and all balls B with |B| < 1,

p(x)
<][|f|dy> gcm][|f|"<y)dy+crg’
B B

for all f with |[f]| ), ,~ < 1 andall x € B.

This is a substitute for Jensen’s inequality!
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Key estimate: [Diening '02, DHHMS '09, DHHR '11, DSch '13]
Let % € C8. Then for all m >0

p(x)
(][|f| dy) < cm][|f|”‘” dy +crg.
B B

for all B with [B] < 1, all £ with [|f[|p), s

<1andall xeB.

Projection error — intermediate

Let % € C"8 then for m > 0

IF (. e(v)) — FC,e(Miv)|; < Z/ IF(-,e(v)) = F(-, (e(v))s,)[* dx + A™.
T or
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Projection error — intermediate
Let % € C'8 then for m > 0

[Foe) el £ 3 L IFCe) ~ FC (e ) e 7

Projection error — final
Let p € C%“ then

IF(,e(v) = F(e(M™ )|, S hIVF(eW)I, + h°
e h* is due to F(-, (e(v))s;) vs. (F(-,e(Vv)))s,

e It is possible to freeze p(-) on each triangle
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Combining the above techniques we get
A priori estimates electrorheological fluids

[F(e(vn) ~ Fe)l, S #* with 5= min {1, 227

’a}’

2 H f / /

with = min (210 w0
u u

llg — qh“p() Sh
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Combining the above techniques we get:
A priori estimates electrorheological fluids

IF(e(va)) — Fe()I, < b

/
with 8 = min {1, Pl

2 aa}a

2 H f / /
with = min (210 w0
u u

g —anllyy S A

Outlook — Open problems

e Convection + instationary.

o Higher order elements (already problem for p-Laplacian: C1:®)
o Optimal estimate for error of extra stress S.
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