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1.Infinite layer with flat boundaries: Stability of parallel flow

e p=p(z,t), v=(v(z,t), - ,0"(z,t)), t >0,z € R" (n>2).

Orp + div (pv) = 0,
p(Ov + v - V) — pAv — (u+ p")Vdive + VP(p) = pg.

e P = P(p): pressure; smooth in p,
P'(p.) >0 for a constant p, >0

e 1, i/: const's,
w >0, gu +u' >0
n
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o p=p(x,t), v=(vi(z,t), - ,v"(x,t)), t >0,z €R" (n>2).

Orp + div (pv) = 0,
p(Opv +v - Vv) — pAv — (p+ p')Vdive + VP(p) = pg.

e Oy ={z=(2",z,);2' = (21, -+ ,2p_1) ER"L 0< 2, <}

. {z, =1{}

{xn = 0}
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Parallel Flow
e g=(9%x,),0,---,0,g"(x,)); bounded smooth
e (B.C) v|s,—0 =0, v|z,—¢ = (V1,0,---,0) (V!: const.)

Vl

{l'n = £}

T

g
Lo 9N S~

= 3 smooth stationary flow us(x,) = (ps(zn), vs(xn)):

1 ¢
inf s\4n >07 " s\4n d n — Px,
it e >0, g [ oo, =

vs = (vi(z,),0,--+,0)
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Esg.

plane Couette flow

.g:Ov

o v‘ﬂfn:e = (Vlvoa T 7O)r v‘xn=0 =0

1
Ty, —> {xn =1}
ps = ps >0,
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Poiseuille flow
e g=1(g%0,---,0) (g' = const. # 0)

® Vlp,—00 =0

{z, =0}
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e Stability of parallel flow us = (ps, vs)

e Large time behavior of the perturbation :

(@(1), w(t)) = (p(t) = ps, v(t) = vs).
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Stability under spatially periodic perturbations

looss—Padula (1998):

e Linear stability of parallel flow in a cylindrical domain under spatially periodic
perturbations with

/ ¢(z,t)dr =0 (Qper: the basic periodic domain)
Qper
° Ou+ Lu =0, uli—p = uo.

Re < dRe; = the parallel flow is linearly stable,

—5
lu(®)l|L2(0,.,) < e lluollr2(q,..)-
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e o(—L)N{X\ReX > —c} = {finite number of eigenvalues}.

finite number of eigenvalues

x with finite multiplicities
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Stability under local perturbations

Non-dimensionalization

=0F t=—1i, v=V0, p=p.p, P=p VP

m—+1

sup Z€k| o Vs(xn)]

(m = [n/2]+1)

V= ||Us||c;"+1[o,z]
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= (omitting tildes)

Qg%QEQl

Q={z= (2" 2,);2" = (21, ,2p_1) ER" L 0< 2, <1}

{z, =1}

{xn = 0}

Us = (Ps,'Us) - Us = (Psts)i

1
inf  ps(z,) >0, / ps(xp) day, =1,
zn, €[0,1] 0

Vs = (’U;(xn)voa T 70>7 |US|C"L+1[O,1] =1
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o u(t) = (6(t), w(t)) = (v*(p(t) — ps), v(t) — vs): perturbation

(2.1) 0 + vs - Vo +77div (psw) = f°,

dw — L Aw — 7 levw+V< %)
(2.2) ‘

—l—W’;‘f)’QAvS +vs - Vw4 w- Vo, = f,

(23) w‘a:n:O,l = 07 (¢7w)|t:0 = (¢07w0)7

e 9, f : nonlinearities

P P(ps) - ’
oy = P’(l)z VP L U= ij' U= z:}*“/
1 1
e Re = —: Reynolds number, Ma = —: Mach number
v ot
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Theorem 1 (Y.K., 2012)

Let m be an integer satisfying m > [n/2] + 1. Then 3 vy >0, 79 > 0, wg > 0
such that if

2
VEVOa 2707

v+v

|ps_1

then the following assertions hold:

Ccm+1(0,1] < wo,

ug = (¢o, wo) € (H™ N LY)(Q): |uo|(gmnrry) < 1 + compatibility condition,
= 31 global solution u(t) = (¢(t),w(t)) of (2.1)-(2.3).

The solution u(t) has the following properties.
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If n > 3, then L,
105 u(t)l| L2 = O™ "5 ~2) (t — o)

for { =0,1 and

1

lu(t) = (ou)(B)]z20) = O™ T “2mu(t)  (t = o0).
Here u(®) = u(©) (x,,); o0 = o(x',t): solution of
0o — 1118%10 —K'AN'o 4+ a10,,0 =0,

J|t:0 = fol ¢0(1'/3 ‘rn) dfﬂn,

where A" =92 +---+ 02 k1 >0k" >0, ar: constants; 1, (t) = 1 when
n >4 and n,(t) = log(1 4+ t) when n = 3.
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Ifn =2, then L,
108, u(t)||p2(@) = Ot 77 2) (t — o)

for  =0,1 and
lu(t) = (u!) ()l 2@) = O H79), >0, (= o0).
Here u(9) = u(9)(25); 0 = o(x1,t): solution of
o — K102 0 + 4104, 0 + a20,,(0%) = 0,
Olt=0 = fol po(z1,2) da,

where k1 > 0, a; (j =1,2): constants.
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Remarks.
(i) Cylindrical Domain of R3 (R. Aoyama, 2014)
(i) Time periodic parallel flow (J. Brezina, 2013) :

g=(g"(@n,1),0,-+,0,9"(wn)), VI = V(t):
9 (@n,t +T) = g'(zn,t), V(E+T)=V(2).
= 3 time-periodic parallel flow (pp,vp) = (pp(xn), vp(xn, 1)) s.t.
Up(Tn, t) = (U;(xn,t),O, - 0), vll,(xn,t—k T) = U;(mn,t).
Similar results hold
u(t) ~ (cu@)(t) + Ot~ "7 ) in L2(Q) (t — 00).

Here 0 = o(2’,t) as before; u(® = u(® (z,,,t): O (z,,t +T) = u® (z,,1).
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Instability of parallel flow

us = ' (ps,vs): Poiseuille flow

Theorem 2 (T. Nishida - Y.K., 2014)

Ify* < 55 and 202 + v < 3092 (555 — 7).
= o(=L)N{Re\ >0} # 0, i.e., Poiseuille flow us = " (ps,vs) is linearly

unstable.

Remarks.

e Incompressible case: Critical Reynolds number R, ~ 5772.

e Let, for example, ¥ = 0.05, v = 1/173 and 7 = v/3. Then, by Theorem 2,
plane Poiseuille flow is unstable. In this case, the Reynolds number

R =1/(16v) ~ 10.81 and the Mach number M = 8/~ = 160.
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2. Asymptotic behavior on spatially periodic layer

e () Periodic Layer:

Xn
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Xn

Q={r= (2" 2,);2" = (21, ,2n_1) ER" Ly (2) < 2, < wa(z')}
Here

wi(2'), wa(a'): smooth, Q-periodic in 2/, Q =II}— [, T,

.Y .
aj’ Qg

. 2m 2m
ie, wi(a'+—e)) =wi(a), wa(z' +—e)) =ws(a),
Qj aj
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e Asymptotic behavior around the motionless state u, = ' (p.,0)

Linearized Problem

Ou+ Lu =0, u|t=g = ug.

Here u = " (¢, w), L: L%(Q) — L3(Q),
D(L) = {u= T(p,w) € L*(Q);w € HI(Q), Lu € L*(Q)},

0 ~vdiv
L =
YV —vA —Vdiv

e e tL: C\ semigroup on L2()
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Theorem 4 (N. Makio - Y.K.,2014)

et js decomposed as

et = eI 4 e 7T — 1),
where TI2 =TI, e tLTI = e tL; it holds that
[0e™ Tug 2@y < CUL+DTT 75 JuolLiy, (Ja] =0,1),
le™ (I —=Muoll2) < Ce P |luoll L2

with some 8 > 0.
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Furthermore,

- - _n-1_1
Ile tLH’LLO —le tHO—O}u(O)”LZ(Q) <CtT T 72 ||UO||L1(Q).
Here
72 n—1
Ho = - Z 10z, 0z, 0,
J.k=1
n—1
Y an€ién = rold' (€ e R
J,k=1

with some kg > 0,

wa(z”)
0'0(33/)2/( ) do(x, zn)dz,, u® =T(1,0).
wi (x/
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Ajk (j,k=1,---,n—1) are given by

ajk = (Vw(j),Vw(k))Lz(pr),
|Q;DBT’|
where w) (¢ =1,--- ,n —1) satisfy:
div w(‘f) = 0 in Qperv
—Aw® Ve = e, in Qpers
w®, ¢ Q-periodic in 7/,
WO, —wy = 0 (2" €Q, £=1,2), <¢® >=0

with some ¢(0).
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Nonlinear Problem

Ou+ Lu = F(u), uli=o = up. (1)

Theorem 5

meZ, m>[n/2]+1,
Ug € Hm(ﬂ) ﬂLl(Q) + c.c, ||’U,0HHm(Q)ﬁL1(Q) < 1.

= 31 u € C([0,00); H™(QY)) : solution of (1);
_n—-1_lof
[07u)z2() < CA+1)" T 2 [Juollmm(@)nrr ()

Ju(t) = e P ao)u® |2 < Ct_%_%g(t)HUOHHm(Q)ﬂLl(Q)~

Here || = 0,1, ((t) =1 (n > 3) and {(t) = log(1 +t) (n =2).
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Stability of spatially periodic stationary solutions

Orp + div (pv) = 0,
p(Ov + v - Vo) — pAv — (p+ p')Vdive + VP(p) = py,
v]on =0,
(P, v)]t=0 = (po, vo)-
Here g = g(2’,x,) : Q-periodic in 2.

gl zm (@) <1,
= 7 stationary solution us = ' (ps,vs): Q-periodic, us ~ T (ps,0).

Theorem 6 (S. Enomoto - Y.K., 2014)

If Re < 1 and Ma < 1, then similar results hold for the linearized semigroup
around .
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