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Compressible N-S system with entropy transport

Differential formulation
Let Q CR3 bein C% and T > 0.

Op + div(pu) =0,
d¢(pu) + div(pu ® u) = divS(u) — Vp(p, s) + pf, » in (0, T) x Q.
0is+u-Vs=0

Initial and boundary conditions
p(0,x) = po(x), pu(0, x) = my(x) and s(0, x) = sp(x).
No slip condition for velocity (u = 0) on 02 and
m S(u) = u(Vu + Vu') + (n — 2/3p) div ul,
m p(p,s) = p?T(s), for T continuous, non-negative and bijective.
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Weak solutions

Weak formulation of the system
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Weak solutions

Weak formulation of the system
For any n € D((0, T) x Q) (or n € D((0, T) x Q)3)

/ PO +/ puVn =0
(0, T)xQ (0,T)xQ
/ pudem + / pu @ uVn + / p(p,s)divn
(0, T)xQ (0, T)xQ (0, T)xQ
—,u/ Van—/ (A + p)divudivyp =0
(0,T)xQ (0, T)xQ

/ sOm + / suVn — / sdivun =0
(0, T)xQ (0, T)xQ (0, T)xQ
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A couple of results
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O¢(pu) + div(pu ® u) = divS(Vu) — Vp(p, s) + pf, in 09Q.
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m P. L. Lions, 1998, for p(p,s) = p’e® and v > 9/5
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A couple of results

O¢p + div(pu) = 0,
O¢(pu) + div(pu ® u) = divS(Vu) — Vp(p, s) + pf, in 09Q.
0is+u-Vs=0

m P. L. Lions, 1998, for p(p,s) = p?e* and v > 9/5
- stability of weak solutions,

m E. Feireisl, 2004, for p(p,9) = p” + ¥p, v > 3/2 and equation
for thermal energy of parabolic type instead of the transport
equation
- existence of weak solutions.

m It is possible to obtain a stability result for p(p,s) = (p/s)”,
~v > 3/2 with sy C [1/C, C] for some C > 0.
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On the road to existence

A priori estimates

We are able to control by || pol|v, [|(pu)ol|12+/6+1 and [|sp]| oo (q)
quantities
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On the road to existence

A priori estimates

We are able to control by || pol|v, [|(pu)ol|12+/6+1 and [|sp]| oo (q)
quantities

m pin L2((0, T); L7),
m pu in L°((0, T); L2/GHD) u e L2((0, T); W, ),
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On the road to existence

A priori estimates

We are able to control by || pol|v, [|(pu)ol|12+/6+1 and [|sp]| oo (q)
quantities

m pin L2((0, T); L7),
m pu in L°((0, T); L2/GHD) u e L2((0, T); W, ),

m s satisfies  infq sy < infqs < supgs < supq So.
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On the road to existence

A priori estimates

We are able to control by || pol|v, [|(pu)ol|12+/6+1 and [|sp]| oo (q)
quantities

m pin L>((0, T); L"),
m pu in L°((0, T); L2/GHD) u e L2((0, T); W, ),
m s satisfies  infq sy < infqs < supgs < supq So.

Estimates on p can be |mproved in space. One can test the
momentum equation by Bog(p”) which leads to p € L7*<.
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On the road to existence

A priori estimates

We are able to control by ||pol|7. [|(pu)o]| 2/ and ||so| Lo (e)
quantities

m pin L2((0, T); L),

m pu in L°((0, T); L2/GHD) u e L2((0, T); W, ),

m s satisfies  infq sy < infqs < supgs < supq So.
Estimates on p can be improved in space. One can test the
momentum equation by Bog(p”) which leads to p € L7*<.

Weak stability

Let (pn, un,s,) be a weak solution of NSWET with p(p,s) = (p/s)".
Let the sequence be uniformly bounded in spaces given by a priori
estimates and p, € L?(L?(Q2)) (not uniformly). Then the weak limit

(p,u,s) is also a weak solution.
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Renormalization

Transport equation
If s € L2((0, T); LP(Q)) and u € L2((0, T); Wr+/(P=1)(Q)) satisfy

Os+u-Vs=0 inD(Q)
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Renormalization

Transport equation
If s € L2((0, T); LP(Q)) and u € L2((0, T); Wr+/(P=1)(Q)) satisfy

Os+u-Vs=0 inD(Q)
then
0:B(s)+u-VB(s) =0 inD'(Q)

for any suitable function B.
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Renormalization

Transport equation
If s € L2((0, T); LP(Q)) and u € L2((0, T); Wtr/(P=1)(Q)) satisfy

Os+u-Vs=0 inD(Q)
then
0:B(s)+u-VB(s) =0 inD'(Q)

for any suitable function B.
Continuity equation
If p € L2((0, T); LP(R)) and u € L2((0, T); Whr/(P~1)(Q)) satisfy

Otp + div(pu) =0 in D'(Q)
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Renormalization

Transport equation
If s € L2((0, T); LP(Q)) and u € L2((0, T); Wtr/(P=1)(Q)) satisfy
Os+u-Vs=0 inD(Q)

then
0:B(s)+u-VB(s) =0 inD'(Q)

for any suitable function B.

Continuity equation
If p € L2((0, T); LP(R)) and u € L2((0, T); Whr/(P~1)(Q)) satisfy
Otp + div(pu) =0 in D'(Q)
then
9:B(p) + div(B(p)u) = (B'(p)p — B(p))divu in D'(Q)
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Problems with renormalization

Question
Why is the case 7 > 9/5 easier? \
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Problems with renormalization

Question
Why is the case 7 > 9/5 easier?

Answer

One can show that p € L2((0, T); L>(2)) and we can renormalize “for
free".
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Makeshift density and isentropic case

We can take g, = £2, then p, = g,

Sn
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Makeshift density and isentropic case

We can take g, = £2, then p, = g,

Also K
depn + div(pnus) =0,
Oti +u, - Vl =0 in D)
n Sn
implies
Oepn + div(Foun) =0 in D'(Q).
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Makeshift density and isentropic case

We can take g, = £2, then p, = g,

Sn

Also
Otpn + div(pyu,) = 0,
1 1 in D'(Q
at——l—un-v—zo ! ( )
n sn
implies

Oefin + div(Fau,) =0 in D'(Q).

Due to the isentropic theory we have j, — p strongly in
C([0, T]; L7(€2)). And therefore

P “= Pn = SpPpn — SP

and (p, u, s) satisfies the weak form of the momentum equation for
p(p,s) = (p/s).
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Passing to limit in the transport equation

For any n € D((0, T) x Q) we have

/ S0 + / s,u,Vn — / s,divu,n = 0.
(0, T)xQ (0, T)xQ (0, T)xQ

Martin Michalek Compressible Navier-Stokes system with entropy transport 25. 9. 2014 9/11



Passing to limit in the transport equation

For any n € D((0, T) x Q) we have

/ S0 + / s,u,Vn — / s,divu,n = 0.
(0, T)xQ (0, T)xQ (0, T)xQ

Letting n — oo we obtain

/ som + / s,u,Vn — / spdivu,n = 0.
(0, T)xQ (0, T)xQ (0, T)xQ
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Passing to limit in the transport equation

For any n € D((0, T) x Q) we have

/ S0 + / s,u,Vn — / s,divu,n = 0.
(0, T)xQ (0, T)xQ (0, T)xQ

Letting n — oo we obtain

/ som + / s,u,Vn — / spdivu,n = 0.
(0, T)xQ (0, T)xQ (0, T)xQ

m Due to the Arzela-Ascoli theorem s, — s € C([0, T]; LP(R2)) for
all p € [1,00) and therefore

ssu, — su in L2((0, T); L*°(Q)).
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Effective viscous flux

p—VATIV: S(u)
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Effective viscous flux

p—VATIV: S(u)

Let us take as a test function ¢ ~ VA~lg, in the momentum
equation for (p,, up,s,). Then take ¢ & VA™1q for the limit of
momentum equations.
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Effective viscous flux

p—VATIV: S(u)

Let us take as a test function ¢ ~ VA~lg, in the momentum
equation for (p,, up,s,). Then take ¢ & VA™1q for the limit of
momentum equations.
m Let o, =% o in L>((0, T) x Q) with 0;0, + div(c,u,) = k, for
K, boudned in L2((0, T); L2(R)).
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Effective viscous flux

p—VATIV: S(u)

Let us take as a test function ¢ ~ VA~lg, in the momentum
equation for (p,, up,s,). Then take ¢ & VA™1q for the limit of
momentum equations.
m Let 0, =% o in L*((0, T) x Q) with 0;0, + div(o,u,) = K, for
Kk, boudned in L2((0, T); L2(Q)).
Then after passing to a subsequence, if needed, we obtain

n—oo

:/OT/ngbn (ﬁ_Z—(2,u+)\)divu>adxdt

for any n € D(Q) and ¢ € D((0, T)).
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Open questions
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Open questions

m What should be a suitable approximation scheme?
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Open questions

m What should be a suitable approximation scheme?

m Do we have pointwise convergence for p, or s,?
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