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Compressible N-S system with entropy transport

Differential formulation
Let Ω ⊆ R3 be in C0,1 and T > 0.

∂tρ + div(ρu) = 0,
∂t(ρu) + div(ρu⊗ u) = div S(u)−∇p(ρ, s) + ρf ,

∂ts + u · ∇s = 0

 in (0,T )× Ω.

Initial and boundary conditions
ρ(0, x) = ρ0(x), ρu(0, x) = m0(x) and s(0, x) = s0(x).
No slip condition for velocity (u = 0) on ∂Ω and

S(u) = µ(∇u +∇u′) + (η − 2/3µ) div uI,
p(ρ, s) = ργT (s), for T continuous, non-negative and bijective.
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Weak solutions

Weak formulation of the system

For any η ∈ D((0,T )× Ω) (or η ∈ D((0,T )× Ω)3)∫
(0,T )×Ω

ρ∂tη +

∫
(0,T )×Ω

ρu∇η = 0∫
(0,T )×Ω

ρu∂tη +

∫
(0,T )×Ω

ρu⊗ u∇η +

∫
(0,T )×Ω

p(ρ, s) div η

− µ
∫

(0,T )×Ω

∇u∇η −
∫

(0,T )×Ω

(λ + µ) div u div η = 0∫
(0,T )×Ω

s∂tη +

∫
(0,T )×Ω

su∇η −
∫

(0,T )×Ω

s div uη = 0
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A couple of results

∂tρ + div(ρu) = 0,
∂t(ρu) + div(ρu⊗ u) = div S(∇u)−∇p(ρ, s) + ρf ,

∂ts + u · ∇s = 0

 in ∂Ω.

P. L. Lions, 1998, for p(ρ, s) = ργes and γ > 9/5
- stability of weak solutions,
E. Feireisl, 2004, for p(ρ, ϑ) = ργ + ϑρ, γ > 3/2 and equation
for thermal energy of parabolic type instead of the transport
equation
- existence of weak solutions.
It is possible to obtain a stability result for p(ρ, s) = (ρ/s)γ,
γ > 3/2 with s0 ⊆ [1/C ,C ] for some C > 0.
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On the road to existence

A priori estimates
We are able to control by ‖ρ0‖Lγ , ‖(ρu)0‖L2γ/(γ+1) and ‖s0‖L∞(Ω)

quantities

ρ in L∞((0,T ); Lγ),
ρu in L∞((0,T ); L2γ/(γ+1)), u ∈ L2((0,T );W 1,2

0 ),
s satisfies infΩ s0 ≤ infΩ s ≤ supΩ s ≤ supΩ s0.

Estimates on ρ can be improved in space. One can test the
momentum equation by Bog(ρβ) which leads to ρ ∈ Lγ+ε.

Weak stability
Let (ρn,un, sn) be a weak solution of NSwET with p(ρ, s) = (ρ/s)γ.
Let the sequence be uniformly bounded in spaces given by a priori
estimates and ρn ∈ L2(L2(Ω)) (not uniformly). Then the weak limit
(ρ,u, s) is also a weak solution.
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Renormalization

Transport equation
If s ∈ L2((0,T ); Lp(Ω)) and u ∈ L2((0,T );W 1,p/(p−1)(Ω)) satisfy

∂ts + u · ∇s = 0 in D′(Ω)

then
∂tB(s) + u · ∇B(s) = 0 in D′(Ω)

for any suitable function B .

Continuity equation
If ρ ∈ L2((0,T ); Lp(Ω)) and u ∈ L2((0,T );W 1,p/(p−1)(Ω)) satisfy

∂tρ + div(ρu) = 0 in D′(Ω)
then

∂tB(ρ) + div(B(ρ)u) = (B ′(ρ)ρ− B(ρ)) div u in D′(Ω)

for any suitable function B .
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Problems with renormalization

Question
Why is the case γ > 9/5 easier?

Answer
One can show that ρ ∈ L2((0,T ); L2(Ω)) and we can renormalize “for
free”.
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Makeshift density and isentropic case
We can take ρ̃n = ρn

sn
, then pn = ρ̃n

γ.

Also

∂tρn + div(ρnun) = 0,

∂t
1
sn

+ un · ∇
1
sn

= 0

 in D′(Ω)

implies

∂t ρ̃n + div(ρ̃nun) = 0 in D′(Ω).

Due to the isentropic theory we have ρ̃n → ρ̃ strongly in
C([0,T ]; Lγ(Ω)). And therefore

ρ ↼ ρn = snρ̃n ⇀ s ρ̃

and (ρ,u, s) satisfies the weak form of the momentum equation for
p(ρ, s) = (ρ/s)γ.
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Passing to limit in the transport equation

For any η ∈ D((0,T )× Ω) we have∫
(0,T )×Ω

sn∂tη +

∫
(0,T )×Ω

snun∇η −
∫

(0,T )×Ω

sn div unη = 0.

Letting n→∞ we obtain∫
(0,T )×Ω

s∂tη +

∫
(0,T )×Ω

snun∇η −
∫

(0,T )×Ω

sn div unη = 0.

Due to the Arzela-Ascoli theorem sn → s ∈ C([0,T ]; Lpω(Ω)) for
all p ∈ [1,∞) and therefore

snun ⇀ su in L2((0,T ); L2
∗
(Ω)).
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Effective viscous flux

p −∇4−1∇ : S(u)

Let us take as a test function φ ≈ ∇4−1σn in the momentum
equation for (ρn,un, sn). Then take φ ≈ ∇4−1σ for the limit of
momentum equations.

Let σn ⇀∗ σ in L∞((0,T )× Ω) with ∂tσn + div(σnun) = κn for
κn boudned in L2((0,T ); L2(Ω)).

Then after passing to a subsequence, if needed, we obtain

lim
n→∞

∫ T

0

∫
R3
φη (ρ̃γn − (2µ + λ) div un)σn dx dt

=

∫ T

0

∫
R3
φη
(
ρ̃γn − (2µ + λ) div u

)
σ dx dt

for any η ∈ D(Ω) and φ ∈ D((0,T )).
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Open questions

What should be a suitable approximation scheme?
Do we have pointwise convergence for ρn or sn?
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