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Homogenization in general

» operator with rapidly oscillating variables
—divA (g, u(x), Vu(x)) = g(x) in Q

A periodic in first variable

> equations on a domain with a shrinking microstructure

nnnnnn

—div(A(x, u(x), Vu(x)) = g(x) in Q. RN,
.

The aim is to establish equation without the dependence on the
microstructure whose solution is a good approximation of the
solution of an initial problem.



System of interest

€ ratio of the microscopic length and the characteristic length of
the porous medium

—ediv T(eDu®) 4+ Vp® =f in Q.
divu® =0in Q. (GSe)
u® =0 on 99,

Here T :RZXd — RZX? is nonlinear.



Generalization of the power law

well-known power law T(£) = |£[P72¢ (p # 2 non-Newtonian fluid)

generalized power law T(§) = SO,(IITé\')&

¢ :[0,00) = [0,00) is N-function if 3’ such that
1. ¢ is (right)continuous, non-decreasing,
2. ¢/(0) =0,
3. ¢/(t) >0 for t > 0.

Aj-condition Jc>0Vt > 0: ¢(2t) < cy(t)
examples:

P(t) = & p>0, 9(t) = oglereys #(t) = (t+1)log(t+1) — ¢t



Sobolev-Orlicz spaces

Let Q Cc RY be open.
Orlicz space

19(Q) = {u € 1L.(Q), /Q o(Ju]) < oo}

fullp =iof {0 [ o (1) <1}

Sobolev-Orlicz space
We(Q) = {u € LP(Q): Vu € L?(Q)}
ullre = llully + [Vl

1, o 1oyl
WO(,ﬁiv)(Q) - CO(,div)(Q) i



Geometry of a porous medium

Y =(0,1)4 d=2,3
Ys solid part of Y, Ys € C?
Yr fluid part of Y

Ye




Geometry of a porous medium

Y =(0,1)4 d=2,3
Ys solid part of Y, Ys € C?
Yr fluid part of Y

a periodic repetition of
Yi=e(Y +k), kez

fluid part of a porous medium Q € C91
Qg = Q \ UkGZd Yg




Known results

Tartar '80

Nguetseng '89

Allaire '91

Allaire '92

Bourgeat, Mikeli¢ '96

Nnang, Tachago '13

derivation of Darcy's law v = K(f — Vp) via
homogenization of Stokes problem

introduction and using of 2-s convergence

obstacle size affects the form of the homog-
enized system

homogenization of unsteady Stokes system

homogenization of stationary p-NS system,
the convective term vanishes

2-s convergence in Orlicz setting



The homogenized system

Theorem
Let u®, P, be a unique weak solution of

—div, T(|Dyu0(x,y)|)—|—vy7r(x,y) =f(x)—Vxp(x) in Q x Y

divyuonian Y, divx/u0:OinQ
Y

wW=0inQxYs, /u0:Oon6§2.
Y

Then ase — 0

2— 2— . 2—
ut =, eDut /2 Dyuo, p° (extended pf) = p.



Two-scale convergence |

Definition
We say that a sequence {v¢} C L?(2) converges in L¥(Q)
1. weakly two-scale to some v0 € L?(Q x Y)(v¢ EiN v0) if for
any w € L?(Q; Cper(Y)) (we(x) := w (x, %))

'€

Iim/st(x)we(x)dx:/Q/Yvo(x,y)w(x,y)dyds.

e—0

2. strongly two-scale to some v0 € L¥(Q x Y)(v¢ N v0) if for
any k > 0 and w € LP(Q; Cper(Y)) with
[v0 — w1 (2 x Y) < & there exists a > 0 such that for any
e€(0,a) [vo — wellpeq) < &



Two-scale convergence |l

Theorem
From any bounded sequence in L¥(§) one can extract a weakly
two-scale convergent subsequence in L¥(2).

Lemma
Let {v.},{eVv.} be bounded in L?(Q)=3v e L?(Q; Waif (Y)),
{Ve,} i ve N Vv, exVxVe, 27s, Vyv.

Lemma2
Let v¢ == V0 in L?(Q) then liminf_o [|v¥[| e () = V0] Le(@xy)-



Weak solution

Let f € L¥7(Q). v® € W&va(ﬂ) is a weak solution of (GS.) if

Vv e W()l,’dsfv(QE)
5/ T(sDua)Dv:/ fv

Apriori estimates

E|C17 >0 Ve

o(Du]) < & / 2 (If))

A .
e

©* (T (eDu?)) < c2/ ©*(If]).
Q.

£



Extensions |

» u® =0 on JQ. = u® extended by zero in Q\ Q. is bounded
uniformly with respect to ¢ in Wolgfv(Q)

» Extension of p® is not obvious. We want this extension to be
bounded in L¥"(Q)!



Extensions |

» u® =0 on JQ. = u® extended by zero in Q\ Q. is bounded
uniformly with respect to ¢ in W(igfv(ﬂ)

» Extension of p® is not obvious. We want this extension to be
bounded in L¥"(Q)!
Extension solved by L. Tartar who introduced and applied the
restriction operator.



Restriction operator

Lemma
There exists a restriction operator R. : Wy (Q) — Wy ¥ () with
properties:

R. is linear

R-(w)=w for we W, #(Q.) extended by 0 on Q\ Q.
divw=0 in Q = div R.(w)=0 in Q.

[R:(W)llgia. < c([lwllpn + el VWiipa)

1
IR0, < ¢ (ZIwloa + [Twlaa)



Extensions I

Define G. € (W, ¥(Q))*

(G Vh e @y g @) = (VP RV ey we o @)



Extensions I

Define G. € (W, ¥(Q))*

(G Vh e @y g @) = (VP RV ey we o @)

There is p° € L?(Q2) such that G. = Vp© and
> p*=p°in

~e 1 o €
= Ive fYE- p° in each Y§

> p

> [[Bfllper < c



Sketch of the proof
After applying extensions

5/ T(eDue)Dv—/f)Edivv:/fv Yv € W&"P(Q).
Q Q Q



Sketch of the proof
After applying extensions

5/ T(sDue)Dv—/f)Edivv:/fv Yv € W&"P(Q).
Q Q Q

Choose w € D(2; Cp5,(Y)), divyw =0in Q, put

v(x) :=w (x, g) ¢ — 0 and apply
ut 25y in L¥(Q)
eDu® 2= Dl in L9(Q)
T(cDuf) 2= T%in 1#7(Q)
p"—pin L7(Q)

/Q/YTODyw—/Q/YpdiVWZ/Q/YM

to obtain



Sketch of the proof
After applying extensions

5/ T(sDue)Dv—/f)Edivv:/fv Yv € W&"P(Q).
Q Q Q
Choose w € D(Q2; C,

per(Y)), divyw =0in Q, put
v(x) :=w (x, g) ¢ — 0 and apply

ut 25y in L¥(Q)
eDu® 2= Dl in L9(Q)
T(cDuf) 2= T%in 1#7(Q)
p*— pin L7(Q)
to obtain

/Q/YTODyw—/Q/YpdiVWZ/Q/YM

Minty's argument: To(x,y) = T(Dyuo) = go/(|Dyu0|)#:Z|



Nonstationary Stokes

u; —ediv T(eDu®) + Vp® =fin (0, T) x Q.
divu®=0in (0, T) x Q¢

u(0) =a® in Q.

u® =0 on 99,



Nonstationary Stokes

u; —ediv T(eDu®) + Vp® =fin (0, T) x Q.
divu®=0in (0, T) x Q¢

u(0) =a® in Q.

u® =0 on 99,

assumptions
1. a restriction on N—function which allows
L?((0, T) x Y) = L¥(I; L*(Q2))
2. an embedding L¥(Q) — LZ(Q)

3. more regular uniformly bounded data = [|ug[|;2(0,7)x0) < €
consequences

> us 2= 0 in L2((0, T) x Q)
> flugllieo, iz < € = (1Pl e (0,1)x0) < €



Homogenized nonstationary NS

u) — div, T(Dyu®) + V,m =f —V,pin (0, T) x Q x Yr
uw(0)=a’inQxY
divyu®=0in (0, T) x Qx Y
divX/uO:Oin (0, T) x Q
Y

uw=0in(0,T)xQx Ys



Homogenized nonstationary NS

u) — div, T(Dyu®) + V,m =f —V,pin (0, T) x Q x Yr
uw(0)=a’inQxY
divyu®=0in (0, T) x Qx Y

divX/uO:Oin(O,T)xQ
Y

uw=0in(0,T)xQx Ys

Thank you for attention!



