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Korteweg type fluids

• Allow to model phase co-existence and phase
change phenomena (liquid-vapor)

• Allow to incorporate surface tension effects into
bulk equations of motion (e.g. Navier Stokes eq.)

• Diffuse interface type model (× sharp interface) -
i.e. interface between phases is a bulk region of
finite thickness (in reality typically ∼ 10Å)

• Order parameter = density - no extra equation for
order parameter (as e.g. in Cahn-Hilliard eq.)
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Korteweg type fluids

• Simplest Korteweg type model: van der Waals bulk
free energy + interface penalization by non-local
|∇ρ| term

F =
∫

Ω
ρ
(
W (ρ, ϑ) + σ

2ρ |∇ρ|
2
)
dx

W (ρ, ϑ) = −aρ+Rϑ log
(

ρ

b−ρ

)
−cϑ log

(
ϑ

ϑ0

)
−dϑ+e

• van der Waals eqution of state:

p = ρ2 ∂W

∂ρ
= Rϑρ

b

b− ρ
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Navier-Stokes-Korteweg system

• Coupling of surface tension effects with flow
• Additional stress - Korteweg stress tensor K

∂ρ

∂t
+ div (ρv) = 0

∂(ρv)
∂t

+ div (ρv⊗ v) = −∇p+ div T + div K + ρf

• Constitutive relations:

p = ρ2 ∂W

∂ρ
= Rϑρ

b

b− ρ
T = λdiv vI + 2µD(v)

K= σ

(
ρ∆ρ+ 1

2 |∇ρ|
2
)

I− σ∇ρ⊗∇ρ
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Korteweg type fluids

• First thermodynamic derivation - Dunn&Serrin (1983) - rational
thermodynamics

• We employ thermodynamic model in the bulk by Heida&Málek
(2010)

• Starting point - extension of this model (free parameter α ∈ 〈0, 1〉)

Heat flux: q = κ∇
(

1
ϑ

)
+ αρ2 ∂ε̂

∂∇ρ
div v

Entropy flux: ηΦΩ = 1
ϑ

(
κ∇
(

1
ϑ

)
− (1− α)ρ2 ∂ε̂

∂∇ρ
div v

)

• α = 1 - Dunn&Serrin (1983) (interstitial working contribution in q)
and classical entropy flux
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Integral balance, single continuum - general form

• Additive quantity Ψ

Ψ =
∫

Ω+∪Ω−

ΨΩ dx+
∫

Γ
ΨΓ dS

• Flux ΨF

ΨF =
∫

S+∪S−

ΨΦΩ · n dS +
∫

∂Γ

ΨΦΓ · ν dl

• Production ΨP

ΨP =
∫

Ω+∪Ω−

ΨΠΩ dx+
∫

Γ

ΨΠΓ dS

• Supply ΨS

ΨS =
∫

Ω+∪Ω−

ΨΣΩ dx+
∫

Γ

ΨΣΓ dS
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Integral balance, single continuum - generic form

• Integral form

d

dt
Ψ = −ΨF + ΨP + ΨS

• Generalized Reynolds’ transport theorem + Gauss theorem + diff.
geometry → local form

∂ΨΩ

∂t
+ div(ΨΦΩ + ΨΩv)− ΨΠ− ΨΣ = 0 in Ω+ ∪ Ω−

∂ΨΓ

∂t
+ divΓ(ΨΦΓ + ΨΓvΓ) −2KmΨΓv⊥Γ︸ ︷︷ ︸

geom. curvature effect

− ΨΠΓ − ΨΣΓ

= −
[ΨΦΩ + ΨΩ(v− v⊥Γ )nΓ

]+
− · nΓ︸ ︷︷ ︸

coupling with bulk

at Γ
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Local form of balance laws - bulk

• Mass balance

∂%

∂t
+ div(%v) = 0

• Momentum balance

∂(%v)
∂t

+ div(%v⊗ v) = div T + %f

• Energy balance

∂

∂t

(
%(e+ 1

2 |v|
2)
)

+ div
(
%(e+ 1

2 |v|
2)v
)

= div(Tv− q) + %(b · v + q)

• Entropy balance

∂(%η)
∂t

+ div(%ηv) + div Φ = ξ
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Local form of balance laws - interface
• Mass balance

∂%Γ
∂t

+ divΓ(%ΓvΓ)−2Km%Γv⊥Γ = −[%(v− vΓ)]+− · nΓ

• Momentum balance
∂(%ΓvΓ)

∂t
+ divΓ(%ΓvΓ ⊗ vΓ)−2Km%ΓvΓ − divΓ TΓ − %ΓfΓ

=
[
%v⊗ (v− v⊥Γ nΓ)− T

]+
−
· nΓ

• Energy balance

∂

∂t

(
%Γ(eΓ+1

2 |vΓ|2)
)

+ divΓ

(
%Γ(eΓ+1

2 |vΓ|2)vΓ

)
−2Km%Γ(eΓ+1

2 |vΓ|2)v⊥Γ

−divΓ(TΓvΓ−qΓ)−%Γ(bΓ · vΓ + qΓ)=−
[
%(e+1

2 |v|
2)(v−vΓ)−Tv+q

]+

−
· nΓ

• Entropy balance

∂(%ΓηΓ)
∂t

+ div(%ΓηΓvΓ)−2Km%ΓηΓv⊥Γ − divΓ ΦΓ +
[
Φ + %η(v− v⊥Γ nΓ)

]+
−
· nΓ = ξΓ
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Local form of balance laws - interface
• Mass balance

∂%Γ
∂t

+ divΓ(%ΓvΓ)−2Km%Γv⊥Γ = −[%(v− vΓ)]+− · nΓ

• Momentum balance

%Γ
dΓvΓ
dt
− divΓ TΓ − %ΓfΓ =

[
%(v− vΓ)⊗ (v− v⊥Γ nΓ)− T

]+
−
· nΓ

• Internal energy balance

∂

∂t
(%ΓeΓ) + divΓ (%ΓeΓvΓ)−2Km%ΓeΓv⊥Γ − divΓ qΓ − %ΓqΓ

−
(

TΓ : ∇Γ vΓ +
[
%

2 (vΓ − v)2(v− v⊥Γ nΓ)− T(vΓ − v)
]+

−
· nΓ

)
= −

[
%e(v− v⊥Γ nΓ) + q

]+
−
· nΓ

• Entropy balance

∂(%ΓηΓ)
∂t

+ div(%ΓηΓvΓ)−2Km%ΓηΓv⊥Γ − divΓ ΦΓ +
[
Φ + %η(v− v⊥Γ nΓ)

]+
−
· nΓ = ξΓ

Liblice 2014 O. Souček B.C. for Korteweg type fluids
10/23



Local form of balance laws - interface

• Key observation: Boundaries are just special interfaces
• Second law: ξ ≥ 0, ξΓ ≥ 0
• Constitutive procedure:

1 Assumption on thermodynamic potential in its natural variables
2 Identification of the bulk and surface entropy flux
3 Identification of the bulk and surface entropy production terms
4 Constitutive ansatz or "maximization of the rate of entropy

production"-derivation which ensures the fulfillment of the
second law
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Example - boundary conditions for Korteweg type
fluids

• 3 models of different complexity

ε̃Γ = ε̃Γ(η̃Γ, ρ) , ε̃Γ = ε̃Γ(η̃Γ) , ε̃Γ ≡ 0, η̃Γ ≡ 0

• Boundary considered as a static membrane, non-penetrating

v+ = 0 vΓ = 0 v− · nΓ = 0

• Surface momentum balance

−divΓ TΓ = [T] · nΓ

• Membrane model - only constant surface tension constitutes the
surface stress tensor:

divΓ TΓ = 2KmσnΓ ⇒ ([T] · nΓ)τ = 0,

• Friction: [
TTv

]
· nΓ = (TnΓ)τ · [vτ ] = −(TnΓ)τ · v−τ .
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Example - boundary conditions for Korteweg type
fluids

• Heat flux from the bulk

q− = κ∇
(

1
ϑ

)
+ α(ρ−)2 ∂ε̂−

∂∇ρ−
div v−

• Entropy flux from the bulk

ηΦΩ = 1
ϑ

(
κ∇
(

1
ϑ

)
− (1− α)(ρ−)2 ∂ε̂−

∂∇ρ−
div v−

)

• Identity

div v− = ∂v−n
∂nΓ

+ 2Kmv− · nΓ + divΓ v−τ = ∂v−n
∂nΓ

+ divΓ v−τ

• Surface energy balance
• Surface entropy balance
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Example - boundary conditions for Korteweg type
fluids

• Identification of surface entropy supply

ηΣΓ = ρΓrΓ

ϑΓ
,

• Identification of surface entropy flux
• Identification of surface entropy production as a product of

thermodynamic fluxes and affinities

ηΠΓ =
∑
α

JαXα

• Linear Irreversible Thermodynamics closure relations - positive
definiteness of entropy production
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Boundary conditions for Korteweg type fluids -
general form

• Heat transfer along Γ

qΓ = c1∇Γ

(
1
ϑΓ

)
+ c2v−τ

• Generalized slip

(TnΓ)τ = c3v−τ + c4∇Γ

(
1
ϑΓ

)
+ c5(∇ρ−)τ

• Kapitza resistance (“temperature slip”)

κ
∂

∂nΓ

(
1
ϑ

)−
= c6

(
1
ϑΓ
− 1
ϑ−

)
• Dynamic contact angle

∂ρ−

∂nΓ
= c7 + c8

∂v−n
∂nΓ

+ c9 div v−
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Dynamic contact angle - numerical experiments

• Dimensionless formulation according to Gomez et al. (2010)

∂ρ̃

∂t̃
+ d̃iv(ρ̃ṽ) = 0

∂(ρ̃ṽ)
∂t̃

+ d̃iv (ρ̃ṽ⊗ ṽ− p̃I) = 1
Red̃ivT̃v − Ca2ρ̃∇̃(∆̃ρ̃) + ρ̃f̃

• Constitutive relations:

p̃ = 8
27

ϑ̃ρ̃

1− ρ̃ − ρ̃
2

T̃v = −1
3 d̃ivṽI +

(
∇̃ṽ + ∇̃T ṽ

)
• Dimensionless parameters:

Ca =
√
σ/a

L0
= h

L0
Re = L0b

√
ab

µ
= αCa−1
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Dynamic contact angle - numerical experiments

• Isothermal compressible Navier-Stokes-Korteweg system
• Implementation: FEM package FEniCS (www.fenics.com)
• Non-conservative form of the K. tensor: div K = σρ∇∆ρ
• SUPG stabilization of mass transport eq.
• P1(P )-P2(ρ,∆ρ,v) space discretization
• Backward-Euler time-discretization
• Domain Ω = (0, 3)× (0, 1), 100× 100 ×4
• free-slip + no-slip b.c.
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Numerical experiments

• Static contact angle - no gravity, ϑ = 0.85ϑcrit

∂ρ

∂nΓ
= − cos γ|∇ρ| ∼ − cos γ (ρ−ρmin)(ρmax−ρ)

4
ρmax−ρmin

δ
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Numerical experiments

• Static contact angle + gravity, ϑ = 0.85ϑcrit

∂ρ

∂nΓ
= − cos γ (ρ−ρmin)(ρmax−ρ)

4
ρmax−ρmin

δ
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Numerical experiments

• Static contact angle + gravity, ϑ = 0.85ϑcrit

∂ρ

∂nΓ
= − cos γ (ρ−ρmin)(ρmax−ρ)

4
ρmax−ρmin

δ

Liblice 2014 O. Souček B.C. for Korteweg type fluids
19/23



Numerical experiments

• Dynamic contact angle + gravity, ϑ = 0.85ϑcrit

∂ρ

∂nΓ
= − cos γ (ρ−ρmin)(ρmax−ρ)

4
ρmax−ρmin

δ
−γ div v
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Numerical experiments
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Numerical experiments
• Comparison - dynamic (white contour) v.s. static (black contour) contact

angle + gravity, ϑ = 0.85ϑcrit
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Conclusion

• We presented a self-consistent thermodynamic framework for
the treatment of boundary conditions

• For Korteweg fluid model the general class of b.c. represents a
generalization of Xu et al. (2012)

• A particular interesting result is the class of dynamic contact
angle conditions

• Preliminary numerical experiments indicate possible interesting
dynamical effects

Liblice 2014 O. Souček B.C. for Korteweg type fluids
22/23



Thank you for your attention!
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