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Korteweg type fluids

e Allow to model phase co-existence and phase
change phenomena (liquid-vapor)

e Allow to incorporate surface tension effects into Lo
. . . Diederik Korteweg (1848 - 1941
bulk equations of motion (e.g. Navier Stokes eq.) ' -

o Diffuse interface type model (x sharp interface) -
i.e. interface between phases is a bulk region of
finite thickness (in reality typically ~ 10A)

e Order parameter = density - no extra equation for
order parameter (as e.g. in Cahn-Hilliard eq.)

ohannes Diderik van der Waals - (1837-1923)
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Korteweg type fluids

® Simplest Korteweg type model: van der Waals bulk
free energy + interface penalization by non-local

|[Vp| term
Fo= oW+ Vo) do
Q 2p }
9 0 02 04 06 08 1
Wi(p,9) = —ap+Rdlog (L)—cﬁlog (—)—dﬁ—l—e 4
b—p )

® van der Waals eqution of state:
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[Vp| term e
Fo= oW+ Vo) do
Q 2p 0.6 4
9 0 02 04 06 08
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Navier-Stokes-Korteweg system

e Coupling of surface tension effects with flow

e Additional stress - Korteweg stress tensor K

o _
E—i—dlv(pv) =0
%-Fdiv(;w@v) = —-Vp+divT + divK + pf

e Constitutive relations:

oW b
2

= — 19—
P=r, pr_p

T = AdivvI+ 2uD(v)

1
K=o <pAp+ §|Vp|2> I-0Vp®Vp

Liblice 2014 0. Soucek B.C. for Korteweg type fluids

4/23



Korteweg type fluids

e First thermodynamic derivation - Dunn&Serrin (1983) - rational
thermodynamics

e We employ thermodynamic model in the bulk by Heida&Malek
(2010)

e Starting point - extension of this model (free parameter a € (0, 1))

[
=
<

1 5 08
<5> + ap v, divv

1 1 3
Entropy flux:  "®q = 3 <I-€V <5> —(1—a)p? OaVE divv)
p

Heat flux: q

e o =1 - Dunn&Serrin (1983) (interstitial working contribution in q)
and classical entropy flux
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Integral balance, single continuum - general form

® Additive quantity ¥

\II:/ \I/de—i—/\IlrdS
QtuQ- T

e Flux YF

‘I’]-':/ %Q-nds+/ Yor . vdl
Stus— aor

e Production YP

v v w
P = / Mg dx + / I as from Mueller (1985)
Q+uQ- T (edited)

e Supply 'S

“1”3:/ ‘I'Egdx—f—/q'zpds
QtuQ-— T
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Integral balance, single continuum - generic form

e Integral form

d ] w N
2= —
; F+ "P+7S

e Generalized Reynolds’ transport theorem + Gauss theorem + diff.
geometry — local form

8559‘ +div(Y®g 4+ Ugv) - II- Y2 =0 inQtuQ-

ov
=t + din(\pq)r + Upvr) —2Km\I/FV1J—T — ‘PHF — ‘IIZF
—_—

ot

geom. curvature effect

= — [‘I’@Q—F\I’Q(v—v#)np]i -np at T’

coupling with bulk

/a3
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Local form of balance laws - bulk

e Mass balance

L

9 +div(ev) =0

e Momentum balance

@ +div(ov @ v) = div T + of

e Energy balance

i (ete 5vP)) +aiv (ole-+ 5w ) = aiv(Tv—a)+ ofb-v-+9)

e Entropy balance

@ +div(onv) +div® =¢

8
Liblice 2014 0. Soucek B.C. for Korteweg type fluids /23 y



Local form of balance laws - interface

® Mass balance

0 .
% + divr (var)—Qngpvf: = —[o(v— vr)]t -nr

® Momentum balance

d(orv . .
% + ler(ngr ® V[‘)—2ngrVr —divp Tr — orfr

= [gv®(v7v#nr)7T]J_r~nr

® Energy balance

ot

0 1 . 1 1

o (Qr(6r+§|vr|2)) +divp (Qr(6r+§|vr|2)vr) *2KmQF(eF+§|VF|2)V%
. 1 +

—divp(Trvr—qr)—er(br - vr +¢r)=— |:Q(e+§|v|2)(V—VF)_TV+qj| -nr

® Entropy balance

0 : i ’
(Qgtnp_) +div(ernrvr)—2Kmernevi — dive @r + [® + on(v — vinr)] | nr

B.C. for Korteweg type fluids
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Local form of balance laws - interface

® Mass balance

der
ot

® Momentum balance

+ divp (QFVF)—2KmQFVIJ: = —[Q(V — Vr‘)]t -nr

dr vr
dt

® Internal energy balance

) +
or —divp Tr — orfr = [Q(V*VF)®(V*V%UF) *T]7 -nr

o} . .
¢ (erer) +divr (erervr) —2Kmorervi — divr qr — orgr

Q 2 L +
—(Tr:Vrvr+ [i(VF —v)*(v—vyrnr) — T(vp — V)] -nr

=— [ge(vaﬁnp)Jrq]f -np

® Entropy balance

O(ornr)

. . +
5 + div(ernrvr)—2Kmornrvi — dive ®p + [tI- + on(v— vf:np)] _-np

Liblice 2014
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Local form of balance laws - interface

e Key observation: Boundaries are just special interfaces
e Second law: £ >0, &0 > 0
e Constitutive procedure:
@ Assumption on thermodynamic potential in its natural variables
@ |dentification of the bulk and surface entropy flux
© ldentification of the bulk and surface entropy production terms
@ Constitutive ansatz or "maximization of the rate of entropy
production"-derivation which ensures the fulfillment of the
second law
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Example - boundary conditions for Korteweg type

fluids

e 3 models of different complexity

ér =&ér(fr, p) » ér =&r(fr) , er=0,7r=0

Boundary considered as a static membrane, non-penetrating

vt=0 vr =0 v -npr =0

Surface momentum balance

— din TF = [T] -nr

Membrane model - only constant surface tension constitutes the
surface stress tensor:

divp Ty = 2K,,onr = ([T] . HF)T =0,

Friction:

[TTV} np = (Top)y-[ve]=—(Tor), -vy.
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Example - boundary conditions for Korteweg type

fluids

e Heat flux from the bulk

Entropy flux from the bulk

10q = % (K)V (%) —(1—- a)(p*)zaavs/; divv)

Identity

ov _ . _Ov ) _
an; +2K,,v_ -nr +divp v, = (‘3n111 + divp v

divv™ =

Surface energy balance

Surface entropy balance
13 / 23
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Example - boundary conditions for Korteweg type

fluids

e |dentification of surface entropy supply

_ prrT
Ir

e

e |dentification of surface entropy flux

e |dentification of surface entropy production as a product of
thermodynamic fluxes and affinities

nHI‘ = Z joch

e Linear Irreversible Thermodynamics closure relations - positive
definiteness of entropy production
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Boundary conditions for Korteweg type fluids -

general form

e Heat transfer along 1

1
ar = c1Vr (—) + v,
Jr

e Generalized slip

1
(TDF)T = C3V; + C4V]_" (E) + C5(Vp_)-,—

e Kapitza resistance (“temperature slip")

O (1Y _ 1
"oy \ v - %y 9

e Dynamic contact angle

0 0
@ _ cr + cs AL codivv™
Bnp anp
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Dynamic contact angle - numerical experiments

e Dimensionless formulation according to Gomez et al. (2010)

% +div(pv) =0
" 1. o )
a(gty) +div(pv @ v —pI) = ﬁdiVTU — Ca?pV(Ap) + pf
e Constitutive relations:
o8 Up
P=w1—;

ola h LobVab _
Ca = = — Re= — =aCa
Lo Ly H
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Dynamic contact angle - numerical experiments

Liblice 2014

Isothermal compressible Navier-Stokes-Korteweg system
Implementation: FEM package FEniCS (www.fenics.com)
Non-conservative form of the K. tensor: divK = opVAp
SUPG stabilization of mass transport eq.

Py (P)-Py(p,Ap,v) space discretization

Backward-Euler time-discretization

Domain 2 = (0,3) x (0,1), 100 x 100 x4

free-slip + no-slip b.c.

0. Soucek B.C. for Korteweg type fluids
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Numerical experiments

e Static contact angle - no gravity, ¥ = 0.859"%

(P—sz‘n) (pmaz —P) Pmazx—Pmin
4 1)

o
8nr

= —cosy|Vp| ~ —cos~y

Denisity
0.634998
0.6

04
0.2
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Numerical experiments

e Static contact angle + gravity, ¥ = 0.859°"%

@ = —cosy (P—Pmin)(/’maz—ﬁ) Pmazx —Pmin
8nr 4 (5

Denisity
0.634998
0.6

04
0.2
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Numerical experiments
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Numerical experiments

e Dynamic contact angle + gravity, ¥ = 0.859¢"%

Q = —cosy (P—Pmin)(Pmaz—P) Pmazx —Pmin
8111* 4 o

—vydivv

Density
0.622413
0.6

0.4
0.2
0.09832

"
0.317385
-0.3

|D.2
0.1

0
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Numerical experiments

® Comparison - dynamic (white contour) v.s. static (black contour) contact
angle + gravity, ¥ = 0.859°""
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Numerical experiments

® Comparison - dynamic (white contour) v.s. static (black contour) contact
angle + gravity, ¥ = 0.859°""
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Conclusion

Liblice 2014

We presented a self-consistent thermodynamic framework for
the treatment of boundary conditions

For Korteweg fluid model the general class of b.c. represents a
generalization of Xu et al. (2012)

A particular interesting result is the class of dynamic contact
angle conditions

Preliminary numerical experiments indicate possible interesting
dynamical effects

22
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Thank you for your attention!
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