EXISTENCE, UNIQUENESS AND OPTIMAL REGULARITY RESULTS
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MIROSLAV BULICEK, LARS DIENING, AND SEBASTIAN SCHWARZACHER

ABSTRACT. We establish existence, uniqueness and optimal regularity results for very weak
solutions to certain nonlinear elliptic boundary value problems. We introduce structural
asymptotic assumptions of Uhlenbeck type on the nonlinearity, which are sufficient and in
many cases also necessary for building such a theory. We provide a unified approach that
leads qualitatively to the same theory as that one available for linear elliptic problems with
continuous coefficients, e.g. the Poisson equation.

The result is based on several novel tools that are of independent interest: local and global
estimates for (non)linear elliptic systems in weighted Lebesgue spaces with Muckenhoupt
weights, a generalization of the celebrated div—curl lemma for identification of a weak limit
in border line spaces and the introduction of a Lipschitz approximation that is stable in
weighted Sobolev spaces.

1. INTRODUCTION

We study the following nonlinear problem: for a given n-dimensional domain 2 C R™ with
n > 2, agiven f: Q — R™N with N € N arbitrary and a given mapping A : Q x R™N —
R™N to find u : Q — RY satisfying
—div(A(z,Vu)) = —divf inQ,
u=0 on 0f).

Owing to a significant number of problems originating in various applications, it is natural
to require that A is a Carathéodory mapping, satisfying the p-coercivity, the (p — 1) growth
and the (strict) monotonicity conditions. It means that

(1.1)

(1.2) A(-,n) is measurable for any fixed n € R,

(1.3) A(z,-) is continuous for almost all z € 2

and for some p € (1,00), there exist positive constants ¢; and cg such that for almost all
xz € Q and all 9y, n, € RPN

(1.4) calmP —co < A(z,m) -m p-coercivity,

(1.5) Az, m)| < ea(1+ | )P (p — 1) growth,

(1.6) 0 < (A(z,m)— A(z,m2)) - (m — n2) monotonicity.

If for all n; # n2 the inequality (1.6]) is strict, then A is said to be strictly monotone.

Under the assumptions 7, it is standard to show (with the help of the Minty
method, see [31]) that for any f € LP (Q; R™N), with p/ defined as p’ := p/(p — 1), there
exists u € VVO1 P(Q; RY) that solves in the sense of distribution. In addition if A is

strictly monotone then this solution is unique in the class of I/VO1 P(€Q; RY)-weak solutions.
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An important question that immediately arises is whether such a result can be extended
to a more general setting. Namely,

whether for any f € Lﬁ(Q;R”XN) with ¢ € ((p — 1), 00) there exists
a (unique) u € Wol’q(Q;RN) solving (1.1]) in the weak sense.

If ¢ # p, then we call the problem of existence and uniqueness to (|1.1]) beyond the natural
pairing. If ¢ > p and f € LY®=D(Q;R™N), then f € Lp/(Q;R”XN) and the standard
monotone operator theory in the duality pairing provides VVO1 P(Q;RY) solution to (T.1]).
Thus, in this case, (Q)) calls only for improvement of the integrability of Vu. If ¢ < p,

then the considered question is apparently more challenging as the existence of an object
to start any kind of analysis with is unclear. This is the reason why, for (p — 1) < g < p,

(Q)

I/VO1 9(€; RN)-solutions are called very weak solutions.
Our general aim is to establish, for a given f € LY/®=D(Q; R™*N) with ¢ € ((p—1),00) \p,
the existence of a (unique) VVO1 “4(Q; RY) solution to (T.1)—(T.6). In this paper, we address

this issue to a particular, but important case
p=2.

In general, the answer to is not affirmative yet even for p = 2. This is due to two
reasons:

(i) the way how the nonlinearity A(z,n) depends on 7,
(ii) the way how the nonlinearity A(x,n) depends on x.

We shall discuss each of these points from two perspectives: the available counterexamples
and so far established positive results (that were rather sporadic and had several limitations).

First, we consider (|1.1)) with A depending only on 7. If ¢ > p, then there always exists a
(unique) weak solution and the only difficult part is to obtain appropriate a priori estimates
in the space VVO1 “4(Q;RY). On the one hand, for general operators, such a priori estimates
are not true for large ¢ > p even in the particular case p = 2. This follows from the
counterexamples due Necas [35] and Sverak and Yan [47], where they found a mapping
A, which does not depend on x and satisﬁesﬂ f with p = 2, and showed that
the corresponding unique weak solution is not in C' or is even unbounded for smooth f.
This directly contradicts the general theory for ¢ > p. The singular behavior of solutions
in the above mentioned counterexamples is due to the fact that the mapping A depends
highly nonlinearly on the vectorial variable . On the other hand, if ¢ € [p,p + ¢) then the
VVO1 “(Q; RY) theory can be build for general mappings fulfilling only (1.2)-(L.6), where & > 0
depends on ¢, ¢o. For such ¢’s, it is known that if f € L‘Y/(p_l)(Q; R™N) | then there exists a
solution u € VVO1 (RN to . Such a result can be obtained by using the reverse Holder
inequality, see e.g. [26]. Further, based on the fundamental results of Uraltseva [46] (the scalar
case) and Uhlenbeck [45] (the vectorial case), for the particular choice A(x,n) := |n[P~2n, or
its various generalizations, the fully satisfactory theory can be built on the range ¢ € [p, 00),
see [28] for the case A(x,n) = |n[P~2n and [I1 [19] for more general mappings.

For ¢ < p the situation is even more delicate. In this case, the existence of any solution
is not straight forward at all. Indeed, a general existence theory for operators satisfying
f alone might be impossible to get. Up to now the only general result holds for
q € (p—e,p+¢) with € depending only on ¢; and c¢o. It may be shown with the help of the
technique developed in [10] that any very weak solution to ([1.1]) satisfies the uniform estimate

(1.7) /|Vu|qu§0(cl,02,q,ﬂ)/ ]f\f'%l dz forall g € (p—e,p+e).
Q Q

INot only the mapping A satisfies (1.2)—(1.6), it has even more structure. It is given as a derivative of a
uniformly convex smooth potential F', which makes the counterexamples even stronger.
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In addition, if p = 2 and A is uniformly monotone and also uniformly Lipschitz continuous,
i.e., for all 51,72 € R™¥ and almost all = € Q there holds

(1.8) [A(z,m) — Az, n2)| < calm — nal,

then for all f € L9(£2; R™*Y) there exists a unique solution u € VVO1 A RY) to whenever
q € (2—e,2+¢), see [10], and we also recall [27] for the result in the so-called grand Lebesgue
spaces L(Q(Q). However, any existence theory for ¢’s “away” from p is either missing or
impossible.

More positive results are available in the scalar case N = 1 and for the smoother right hand
side, i.e., the case when f € WH1(Q;R™) or at least f € BV (£2;R™). Then the existence of a
very weak solution is known, see the pioneering works [5] and [39]. Even more, one can study
further qualitative properties of such a solution, see [30]. Moreover, in case f € W11(Q;R"?),
the uniqueness of a solution can be shown in the class of entropy solutions, see [4} 6, [15], [16].
On the other hand, in case that f € BV (€;R™), or more precisely, if div f is only a Radon
measure, the uniqueness is not known. An exception is the case when div f is a finite sum
of Dirac measures. In that case the study on isolated singularities by Serrin implies the
uniqueness for very general non-linear operators including the p-Laplace equation, see [38] 25]
and references therein. Further, this theory for measure-valued right hand side cannot be
easily extend to the the case when N > 1, where the only known result, fully compatible with
the scalar case, is established for A(z,n) := |n|P~2n in [22]. To conclude this part we would
like to emphasize that all results for smoother right hand side surely do not cover the full
generality of the result, we would like to have, which may be easily seen in the framework of
the Sobolev embedding. Indeed, if f € Wh1(Q;R"), then f € Lﬁ(Q;R”) and we see that
the case g € (p — 1,n/(p — 1)) remains untouched even in the scalar case.

The second obstacle, related to (ii), is the possible discontinuity of the operator with
respect to the spatial variable. To demonstrate this in more details, we consider the following
linear problem

—div(a(x)Vu) = —div f in

(1.9) u=0 on 0f)

with a uniformly elliptic matrix a. Note here, that is a particular case of with
A(z,m) := a(z)n and A fulfilling (L.2)—(1.6) with p = 2 and N = 1. In case a is continuous
and Q is a C'-domain, one can use the singular operator theory and show that for any
f € LY(2;R") there exists a unique weak solution u € W&’q(ﬂ) to (1.9), see [23, Lemma 2].
This can be weakened to the case when a has coefficients with vanishing mean oscillations,
see [29] or [I7]. However, the same is not true in case that a is uniformly elliptic with general
measurable coefficients. Even worse, it was shown by Serrin [37], that for any ¢ € (1,2) and
f = 0 there exists an elliptic matrix a with measurable coefficients such that one can find
a distributive solution (called a pathological solution) v € Wol’q(Q) \ WOLQ(Q) that satisfies
. These pathological solutions should be excluded as only the zero function itself is the
natural solution, which of course is the unique weak solution u € WO1 2(Q) in case f = 0.
This indicates that any reasonable theory for ¢ € (1,2) must be able to avoid the existence
of such pathological solutions.

Thus, to get a theory for all ¢ € ((p—1), 00), the counterexamples mentioned above indicate
that we need to assume more structural assumptions on A, which we shall describe in details
in the next section, where we recall our problem, introduce the structural assumptions on A
and formulate the main results of this paper.
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2. RESuLTS

As discussed above, we study the problem (|1.1)) with a mapping A fulfilling ((1.2)—(L.6))
with the particular choice p = 2. In this case, the assumptions ((1.2)—(1.6) reduce to

(2.1) A(-,n) is measurable for any fixed n € R™*,
(2.2) A(z,-) is continuous for almost all z €

and to the existence of constants c1,cy > 0 such that for all n;,72 € R

(2.3) 01|771|2 —co < A(z,m) - m,
(2.4) |A(z,m)| < e2(1 + [ml),
(2.5) 0 < (A(z,m) — A(z,nm2)) - (m — n2).

Further, inspired by the counterexamples recalled in the previous section and also by the
available positive results, we shall assume in what follows that the mapping A is asymptotically
Uhlenbeck, i.e., we will assume that there exists a continuous mapping A : Q — RV x RN
fulfilling the following;:

For all € > 0 there exists k > 0 such that for almost all z € Q and all n € RV

2.6 -

(26) satisfying |n| > k there holds |A(z,n) — A(x)n| < e|n|.

This assumption combined with (2.3)-(2.5) implies that A necessarily satisfies
(2.7) aln? < A(z)n-n < ealn)? for all n € R™,

Although the above assumption might seem to be restrictive, it enables us to cover many
cases used in applications. The prototype example is of the following form

(2.8) A(xz,n) = a(z,|n|)n with )\lim a(xz,\) = a(x), where a € C(12).
—00

Note that a may be measurable with respect to x and the required continuity must hold
only for a. The assumptions — are met if a is strictly positive, bounded and if the
function a(z, \)A is nondecreasing with respect to A for almost all x € Q. The fact that
besides —, we will not assume anything more but makes our approach general.

Moreover, to obtain the uniqueness of the solution, we will consider a stronger version of
, namely we shall assume that A is strongly asymptotically Uhlenbeck, i.e., we will assume
that there exists a continuous mapping A : @ — RN x R"*N fulfilling the following:

For all € > 0 there exists k& > 0 such that for almost all z € Q and all n € R™

2.9 A ~
(29) satisfying |n| > k there holds E)éa:],n) — A(x)| <e.

Concerning the example (2.8)), the condition (2.9) follows if a(z, \) is differentiable with
respect to A for A > 1 and that limy_, |a/(z, A\)A\| = 0. This includes the following approxi-
mations for the p-Laplace operator

a(z, n]) = max {u, [’} for p € (1,2),
a(x, n]) = min {u~", [n|"*} for p € (2,00),
which are (for small ) arbitrary close to the original setting.
The first main result of the paper is the following.
Theorem 2.1. Let Q be a bounded C'-domain and A satisfy f and . Then for
any f € LY(Q; RN with q € (1,00), there exists u € W&’q(Q;R"XN) such that

(2.10) / A(z,Vu) - Vedz = / f-Vedx for all ¢ € Cg’l(Q;RN).
Q Q
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Moreover, every very weak solution @ € Wol’g(Q,]RN) to (2.10) with some ¢ > 1 satisfies

(2.11) /Q|Va\qu§C’(A,q,Q) <1+/ny|qclx>.

In addition, if A is strictly monotone and strongly asymptotically Uhlenbeck, i.e., 2.9)) holds,
then the solution is unique in any class Wol’q(Q;RN) with ¢ > 1.

Notice here, that is nothing else than the weak formulation of . Next, we would
like to emphasize the novelty of the above result. First, to derive the estimate one can
use the comparison of with the system with A(x,n) replaced by A(z)n to end up with
provided that the left hand side of is finite a priori. Thus, the first strong part
of the result, is that holds for all very weak solutions to that belong to some
W, 9(9; RY) for some ¢ > 1.

Second, Theorem implies that we can construct solutions for the whole range
q € (1,00), which makes the existence theory identical with the theory for linear operators
with continuous coefficients, since we know that the linear theory is not true for ¢ = 1 or
q = o0.

Third, Theorem provides the uniqueness of the very weak solution for vector
valued non-linear elliptic systems without any additional qualitative properties of a solution,
e.g. the entropy inequality. In particular, the result of Theorem directly leads to the
uniqueness of a solution when div f is a general vector-valued Radon measure. As this is
of independent interest, we formulate this result in the following corollary, where we shall
denote by the symbol M(Q; RY) the space of RV-valued Radon measures.

Corollary 2.2. Let Q be a bounded C'-domain and A satisfy (2.1)-[2.5) and [2.6). Then
for any f € M(Q;RYN) there exists u € WOI’" “E(Q; RN with arbitrary € > 0 such that

(2.12) /QA(:U, Vu)-Vedz = (f, o) for all p € CS’I(Q;RN).

Moreover, every very weak solution u € Wol’q(Q,RN) to (2.12) with some q¢ > 1 satisfies for
all g € (1,n') the following

(2.13) [ vl de < c(a,0.9) (L4114

In addition, if A is strictly monotone and strongly asymptotically Uhlenbeck, i.e., 2.9) holds,
then the solution is unique in any class Wol’q(Q;RN) with ¢ > 1.

Although Theorem gives the final answer to , it is actually a consequence of the
following stronger result. It shows the existence of a solution which is optimally smooth
with respect to the right hand side in weighted spaces. For p € [1,00], we denote by A,
the Muckenhoupt class of nonnegative weights on R™ (see the next section for the precise
definition) and define the weighted Lebesgue space L% (Q) := {f € L*(Q); [, |f|Pwdz < oo}.
Then, we have the following result.

Theorem 2.3. Let Q2 be a bounded C'-domain and A satisfy 2.1)-[2.5) and (2.6) and let
f € L (Q; RN for some py € (1,00) and wy € Ap,. Then there exists a u € WO’I(Q;RN)
solving (2.10) such that for all p € (1,00) and all weights w € A, the following estimate holds

(2.14) /Q|Vu]pw de < C(Ap(w),Q, A,p) (1 + /Q | f]Pw dx) ,

whenever the right hand side is finite. Moreover, every very weak solution U € W&’Q(Q,RN)

to (2.10) with some ¢ > 1 satisfies 2.14:. In addition, if A is strictly monotone and
;

strongly asymptotically Uhlenbeck, i.e., | holds, then the solution is unique in any class
Wy d(Q;RY) with § > 1.
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Clearly, Theorem is an immediate consequence of Theorem Observe, that
is an optimal existence result with respect to the weighted spaces. It cannot be generalized
to more general weights, which is demonstrated by the theory for the Laplace equation in
the whole R", where one can prove that holds in general if and only if w € A,,. This
follows from the singular integral representation of the solution and the fundamental result
of Muckenhoupt [32] on the continuity of the maximal function in weighted spaces.

At this point we wish to present the following corollary of Theorem [2.3] It shows, that if
f € LI(Q;R™N) the solution constructed by Theorem implies an estimate in terms of
a Hilbert space which therefore inherits the spirit of duality. Denoting by M f, the Hardy—
Littlewood maximal function (see the next section for the precise definition), we have the
following corollary.

Corollary 2.4. Let Q be a bounded C'-domain and A satisfy f and . Then
for any f € LA(;R™N) with q € (1,2], there evists u € Wol’q(Q;RN) satisfying .
Moreover, any very weak solution 4 € Wol"j(Q; RN) with some § > 1 fulfilling , satisfies
the following estimate

|Vl
(2.15) /Q(1+Mf)2qu <C(A,q,9,f) (1 —I—/Q|f|f1dx> .

As mentioned above, the estimate preserves the natural duality pairing in terms of
weighted L? spaces, which may be of an importance in the numerical analysis. Further, as
will be seen in the proof, the estimate plays the key role in the convergence analysis
of approximate solutions to the desired one.

Next, we formulate new results that are, on the one hand essential for the proof of The-
orem and Theorem but on the other hand of independent interest in the fields of
harmonic analysis and the compensated compactness theory. These results are mainly re-
lated to two critical problems: first, to the a priori estimate and the second one, to the
stability of the nonlinearity A(z, Vu) under the weak convergence of Vu. To solve the first
problem, we use the linear system as comparison to provide . The weighted theory for
linear problems is known for = R™ in case of constant coefficients (see e.g. [12] p. 244])
but seems to be missing for bounded domains and linear operators continuously depending
on x. Therefore, another essential contribution of this paper is the following theorem.

Theorem 2.5. Let Q C R" be a bounded C*-domain, w € A, for some p € (1,00) be arbitrary
and A € C(Q; RWNXnxNY satisfy for all z € RN and all x € Q

(2.16) alnf® < A@@)n-n < eafnf?
with some positive constants c¢1 and ca. Then for any f € L, (4 R™N) there exists unique
vE W&’l(Q;RN) solving
(2.17) / A(z)Vo(z) - V(z) dz = / f(z) - Vo(z)dz for all p € Cg’l(Q;]RN)
Q Q

and fulfilling
(2.18) /\Vv\pwdxSC(Q,Ap(w),p,cl,CQ)/ |f|Pw dz.
Q Q

In addition, if v € Wol’q(Q;RN) for some q > 1 fulfills (2.17) then v = v.

We wish to point out, that we include natural local weighted estimates in the interior as
well as on the boundary which are certainly of independent interrest (see Lemma and
Lemma .

The second obstacle we have to deal with is an identification of the weak limit and for this
purpose we invent a generalization of the celebrated div—curl lemma.
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Theorem 2.6 (weighted, biting div—curl lemma). Let Q@ C R™ be an open bounded set.
Assume that for some p € (1,00) and given w € A, we have a sequence of vector-valued
measurable functions (a¥,b¥)2  : Q — R™ x R" such that

(2.19) sup/ |a*Pw + 0¥ wdz < .
keN JQ
Furthermore, assume that for every bounded sequence {cF}2° | from Wol’oo(Q) that fulfills

Vb —* 0 weakly® in L (Q)
there holds

(2.20) lim [ o VcFda =0,
k—oo J
(2.21) klirn af@m].ck - af@xick dz =0 foralli,j=1,...,n.
—00 JO

Then there exists a subsequence (a* bF) that we do not relabel and there exists a non-
decreasing sequence of measurable subsets E; C Q with |2\ E;| = 0 as j — oo such that

(2.22) a* —a weakly in L'(Q;R™),
(2.23) b* —~b weakly in L' (Q; R™),
(2.24) a® bfw —a-bw weakly in L'(E;)  for all j € N.

The original version of this lemma, firstly invented by Murat and Tartar, see [33], 34} 41}, [42],
was designed to identify many types of nonlinearities appearing in many types of partial
differential equations. However, they assumed stronger assumptions on a* and b* than f
, which lead to for E; = Q). To be more specific, they did not assume weighted
spaces and considered w = 1 and they required that holds for any c* converging weakly
in Wb and for any c* converging weakly in W1#'| respectively. The first result going
more into the spirit of Theorem is due to [13], where the authors worked with w =1 and
kept f but assumed the equi-integrability of the sequence a” - b*. Such a result is
then based on the proper use of the Lipschitz approximation of Sobolev functions invented
in [I], which we shall use here as well. However, to obtain the result of Theorem [2.6, we
must first use the Chacon biting lemma [9] 3], and also improve the Lipschitz approximation
method into the framework of weighted spaces, which is yet another essential result of the

paper.

Theorem 2.7 (Lipschitz approximation). Let  C R™ be an open set with Lipschitz bound-
ary. Let g € Wol’l(Q;]RN). Then for all X\ > 0 there exists a Lipschitz truncation ¢* €
Wy (Q; RN such that

(2.25) g =g and Vg*=Vyg in {M(Vg) <A},
(2.26) Vgt < IValximwg)<ay + C A (vg)>a almost everywhere.
Further, if Vg € LL(Q;R™N) for some 1 < p < oo and w € A, then

|1V wds < 0@, 2 Np) [ VP da,
(2.27) @ 2
[ 1960 - wds < cla@).2.8.0) [ Vi da.
Q QN{M(Vg)>A}
This result has its origin in the paper [2]. The approach was considerably improved and
successfully used for the existence theory in the context of fluid mechanics, see e.g. [24, 21
20, 18] or [7, ] for divergence-free Lipschitz approximation. However, these results do not
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contain the weighted estimates and for this reason we also provide its proof in this
paper.

Finally, for the sake of completeness, we present straightforward generalizations of the
above results. First, we establish the theory for nonhomogeneous Dirichlet problem.

Theorem 2.8. Let Q be a bounded C'-domain and A satisfy - ) and ( and let f €
L2 (Q; R™NY and ug € WHH(Q; RY) be such that Vug € LS (S R™N) for some po € (1,00)
and wy € Ap,. Then there exists a solution u of such that u —ug € W0 (Q,R”XN)
and for all p € (1,00) and all weights w € A, the following estimate holds

(2.28) /Q\Vu]pwdargC(Ap(w),Q,A,p) <1+/Q(yfyp+yvuoyp)wdx),

whenever the right hand side is finite. Moreover, every very weak solution u of fulfilling
uU—1ug € Wol’q(Q, RN) with some § > 1 satisﬁ. In addition, if A is strictly monotone
and strongly asymptotically Uhlenbeck, i.e., (2.9)) holds, then the solution is unique in any
class WHa(Q; RN) with § > 1.

Second, we remark that for the theory for (1.1)) the assumptions (2.6))—(2.9)) are not neces-
sary and can be weakened.

Remark 2.9. At this point we wish to discuss possible relazations of the conditions and
which might be useful for further application of the theory developed here. The proof of
the existence or the uniqueness do not request, that the matriz A(xz,n) is converging uniformly
to a continuous target matriz A(x) but rather that the two matrices are "close” for values
[n| > k for some k. Indeed, it is possible to quantify the necessary closeness in accordance
to the ellipticity and continuity parameters of /Nl(x) and 09). A different relaxation of
and could be done in a non-pointwise manner: By replacing the pointwise asymptotic
conditions by asymptotic conditions in terms of vanishing mean oscillations (VMO).

We conclude this section by highlighting the essential novelties of this paper:

1) A complete unified VVO1 4(Q; RN)-theory for nonlinear elliptic systems with the as-
ymptotic Uhlenbeck structure satisfying 7, and has been was
developed in such a way that the theory is identical with that one for linear opera-
tors with continuous coefficients — Theorem and Theorem Moreover, the new
estimate suitable for numerical purposes is established in Corollary

2) A maximal regularity in weighted spaces of any very weak solution is established
as well as its uniqueness, which in particular leads to the uniqueness of very weak
solution to the problems with measure right hand side — Theorem for the nonlinear
case and Theorem for the linear setting.

3) A new tool in harmonic analysis, the Lipschitz approximation method in weighted
spaces, is developed — Theorem

4) A new tool for identification of a weak limit of the nonlinear operator, the biting
weighted div—curl lemma, is invented — Theorem Such tool has a potential to im-
prove the known methods in compensated compactness theory in significant manner.

To summarize, this paper proposes a new way how to attack more general elliptic problems
than those discussed in Section[2] Indeed, it seems that the only missing point in the analysis
of more general problems, e.g., the p-Laplace equation, is the formal a priori estimates beyond
the duality pairing. Once such a priori estimates are available one can follow the method
introduced in this paper and gain an existence and uniqueness theory for general problems
beyond the natural duality.

The structure of the remaining part of the paper is the following. In Section |3 we specify
auxiliary tools used in the proofs of the results, Sections are devoted to the proofs of the
main theorems of the paper and Section [Jis dedicated to the proofs of the corollaries.
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3. AUXILIARY TOOLS

3.1. Muckenhoupt weights and the maximal function. We start this part by recalling

the definition of the Hardy Littlewood maximal function. For any f € Li (R") we define
1

Mp@) =sw [ f@ldy with  f f@ldy= s [ 1wl
R>0 |Br(z)| JBp(2)
Br(x) Br(x)

where Br(x) denotes a ball with radius R centered at x € R™. We shall use similar notation
for the vector- or tensor-valued function as well. Note here, that we could replace balls in
the definition of the maximal function by cubes with sides parallel to the axis without any
change. We will also use in what follows the standard notion for Lebesgue and Sobolev
spaces. Further, we say that w : R” — R is a weight if it is a measurable function that is
almost everywhere finite and positive. For such a weight and arbitrary measurable 2 C R"
we denote the space L, (Q) with p € [1,00) as

1) = {u: 0 > R Ul = ([ l@)Pute)dn)” < oo},

Note that our weights are defined on the whole space R™. Next, for p € [1,00), we say that a
weight w belongs to the Muckenhoupt class A, if and only if there exists a positive constant
A such that for every balls B C R" the following holds

1
p/—1
(3.1) ][wdx ][w_(p,_l) dx <A if p € (1,00),
B B
(3.2) Muw(z) < Aw(z) ifp=1.

In what follows, we denote by A,(w) the smallest constant A for which the inequality (3.1)),
resp. (3.2)), holds. Due to the celebrated result of Muckenhoupt, see [32], we know that w € A,
is for 1 < p < oo equivalent to the existence of a constant A’ such that for all f € LP(R"™)

(3.3) /|Mf|”wd:c <A /fmdx.

Further, if p € [1,00) and w € A,, then we have an embedding L% (2) < L[
all balls B C R"™ there holds
1

]E{Ifld:c < ( ]i fPw dx)é( ]Jf oD dx) "< (Aw)? (w(lm /| f|"wdx>’l’.

In particular, the distributional derivatives of all f € LE, are well defined. Next, we summarize
some properties of Muckenhoupt weights in the following lemma.

(€), since for

Lemma 3.1 (Lemma 1.2.12 in [44]). Let w € A, for some p € [1,00). Then w € A, for all
q > p. Moreover, there exists s = s(p, Ap(w)) > 1 such that w € L (R™) and we have the
reverse Hélder inequality, i.e.,

(3.4) ][ws dz | <C(n, Ap(w))][wdac.

B B
Further, if p € (1,00), then there exists o = o(p, Ap(w)) € [1,p) such that w € A,. In
addition, w € Ay, is equivalent to w1 ¢ Ay

In the paper, we also use the following improved embedding L, () < L{ () valid for all
w € A, with p € (1,00) and some ¢ € [1,p) depending only on A,(w). Such an embedding
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can be deduced by a direct application of Lemma Indeed, since w € A,, we have
w1 € A,. Thus, using Lemma there exists s = s(A,(w)) > 1 such that

1

s

][w_s(p/_l) dz | < C(Ap(w))][w_(p/_l) dz.

B B
Consequently, for q := - JFS P+ € (1,p) we can use the Holder inequality to deduce that

<]l£‘f|q dx) < (é|f,dex> (Jiws(p’l) da;)

<o) (55 /. \f\”wdw);,

which implies the desired embedding.
The next result makes another link between the maximal function and A,-weight.

Lemma 3.2 (See pages 229-230 in [43] and page 5 in [44]). Let f € LL _(R") be such
that Mf < oo almost everywhere in R™. Then for all « € (0,1) we have (Mf)* € A;.
Furthermore, for all p € (1,00) and all o € (0,1) there holds (M f)~*P=1 ¢ A,.

(3.5)

We would also like to point out that the maximum w; V we and minimum wy A we of two
Ap-weights are again Ap,-weights. For p = 2 we even have As(wi A wa) < A(wr) + Az(w2),
which follows from the following simple computation

1 1 1
][wl/\Wle'][ dr < <][w1d{r>/\<][w2dx> — 4+ —dx
(3.6) w1 A wo w1 w9
B B B B B

< Ag(wr) + Az(w2).

3.2. Convergence tools. The results recalled in the previous sections shall give us a direct
way for a priori estimates for an approximative problem ((1.1)). However, to identify the limit
correctly, we use Theorem [2.6] which is based on the following biting lemma.

Lemma 3.3 (Chacon’s Biting Lemma, see [3]). Let Q be a bounded domain in R™ and let
{v"}°°, be a bounded sequence in L'(Q). Then there exists a mon-decreasing sequence of
measurable subsets E; C Q0 with |Q\ E;| — 0 as j — oo such that {v"},en is pre-compact in
the weak topology of L*(E;), for each j € N.

Note here, that pre-compactness of v” is equivalent to the following: for every j € N and
every € > 0 there exists a 6 > 0 such that for all A C E; with |[A| < 6 and all n € N the
following holds

(3.7) / [v"|dx < e.
A

3.3. Li-theory for linear systems with continuous coefficients. The starting point for
getting all a priori estimates in the paper is the following.

Lemma 3.4 (See Lemma 2 in [23]). Let Q be a C'-domain and B € C(Q, R™*N*nxN) pe g
continuous, elliptic tensor that satisfies for all n € R™N and all z € Q

(3.8) ailnf® < B(z)n -0 < ealn?
for some c1,ca > 0. Then for any f € LI(QR™N) with ¢ € (1,00) there exists unique
w e Wol’q(Q;]RN) solving

—div(BVw) = —div f in Q
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in the sense of distribution. Moreover, there exists a constant C' depending only on B, q and
the shape of Q) such that

(3.9) IVl oy < CB.a, DIl o

4. PROOF OF THEOREMS [2.1] AND 2.3

First, it is evident that Theorem directly follows from Theorem by setting w =1,
which is surely an Aj,-weight. Therefore, we focus on the proof of Theorem We split
the proof into several steps. We start with the uniform estimates, which heavily relies on
Theorem then provide the existence proof, for which we use the result of Theorem
and finally show the uniqueness of the solution, again based on Theorem

4.1. Uniform estimates. We start the proof by showing the uniform estimate for
arbitrary u € VVO1 I RY) with ¢ > 1 solving (2.10). Without loss of generality, we can
restrict ourselves to the case ¢ € (1,2). First, we consider the case when f € L2(Q;R™N)
with some weight w € Ay. Then for fix j € N we define an auxiliary weight w; 1= w A j(1 +
M|Vul|)4=2. Then it follows from Lemma and the fact that ¢ € (1,2) that w; € A».
Moreover, we have

Az(wj) < Az(w) + A2(j(1 + M|Vul)17%) = Az(w) + A2((1 + M|Vu|)??) < C(u,w)
and also that Vu, f € LZJ_(Q;R”XN). Next, using (2.10)), we see that for all ¢ € Cg’l(Q;RN)
(4.1) / A(z)Vu - Vepdz = /(f — A(z, Vu) + A(z)Vu) - Vo dz.

Q Q

Since the right hand side belongs to Lf,j (; R™N) | we can use Theorem ﬁ and the assump-
tions (2.4 and (2.7) to get the estimate

/ \Vu|?w; dz < C(A4, Ag(w]‘),Q,Cl,Cg)/ |f — A(x, Vu) + A(:J;)Vu|2wj dz
Q Q
< Cluwena) [ 1Pt [ 146 V0) - ) Vuls; o)
Q Q

< C(Aa U7W’Q701’62) / (|f’2 + k‘2)OJj dz
Q

~ 2
+ C(A, u,w,Q, ¢, 62)/ [Alw, Vu) = A(z)Vul |Vu\2wj dx.

(IVul>k} [Vul?

Finally, we set
2. 1

gl = =
2C(A, u,w,Q, c1,c2)
and according to (2.6)) we can find k such that
|A(z, V) — Alz)Vu|” - 1
|Vu|? T 2C(A, u,w, Q,cq,¢9)
provided that |Vu| > k. Inserting this inequality above, we deduce that

~ 1
/ \Vul’w; dz < C(A,u,w,Q, c1, ca) / (If1? + K*)w; dz + 2/ V2w, dz.
Q Q Q

Since we already know that Vu € LZ)J_ (©; R™N) and k is fixed independently of j, we can
absorb the last term into the left hand side to get

/Q IVul’w; dz < C(A,u,w,Q,c1,c2) /Q(|f|2 + 1)w; dz.
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Next, we let j — oo in the above inequality. For the right hand side, we use the fact that
w; < w and for the left hand side we use the monotone convergence theorem (notice here
that w; w since M|Vu| < oo almost everywhere) for the left hand side to obtain

/ \Vul*wdz < C(A,u,w,Q, ¢, ¢2) (1 +/ f\dex> .
Q Q

Although this estimate is not uniform yet, since the right hand side still depends on the
Ajg constant of (14 M|Vu|)?~2, it implies that Vu € L2(Q; R™) for the original weight w.
Therefore, we can reiterate this procedure, i.e., going back to and applying Theorem [2.5
we find that

/ \Vul|?wdz < C(A, A2(w),Q,c1,02)/ |f — A(z, Vu) + le(aj)Vu\Qw dz
Q Q

< C(A, Ay(w), e, ) /Q (If12 + k) wdz

|Vu|?w dz.

~ 2
+C(A, Ax(w), Q, c1, 02)/ 14z, V) = Zl(x)Vu\
{IVul=k} [V

Since we already know that Vu € L2(Q; R™"), we can use the same procedure as above and
absorb the last term into the left hand side to get

(4.2) /Q|Vu|2w dz < C(e1, ez, Ao(w), Q, A) <1 + /Q FiR® da:> .

We would like to emphasize that the constant C' in depends on w only through its As-
constant. Therefore, by the miracle of extrapolation [14, Theorem 3.1] (see also [36]) applied
to the couples (Vu, f) we can extend this estimate valid for all As-weights to all A,-weights.
In particular, we find that

/Q \VulPwdz < C(c1, ca, Ap(w), Q, A) (1 + /Q f|pwdx> for all 1 < p < oo and w € A,,

which is just (2.14]) from our claim.

4.2. Existence of a solution. Let f € LL(Q;R™¥) with some p € (1,00) and w € A, be
arbitrary. Then according to there exists some qp € (1,2) such that LE(Q2) — L%(Q).
Therefore, defining wq := (1 + M f)®~2, we can use Lemma [3.2| to obtain that wy € Ay and
it is evident that f € L2 (Q;R™MN).

The construction of the solution is based on a proper approximation of the right hand side
f and a limiting procedure. We first extend f outside of Q by zero and define f* := IX{if1<ky

Then f* are bounded functions, |f*| ~|f| and
(4.3) A= strongly in Lio N L9 (R™; R™N).

For such an approximative f* we can use the standard monotone operator theory to find a
solution u* € Wy*(Q; RN) fulfilling

(4.4) / Az, Vub) - Vo dz = / ¥ Vedz for all p € Wol’2(Q;RN).
Q Q
Hence, we can use the already proven estimate (2.14)) to deduce that
/ \Vuk|2w0 dz < C(ey, ¢2, Ag(wp), Q, A) (1 —|—/ ]fk|2w0 dx)
Q Q

(4.5) < C(e1, €2, o, f, Aa(wp), A) <1 +/ﬂ’f\2wo dx)

< C(Cla €2, Qa Aa f?w)'
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Using the estimate (4.5]), the reflexivity of the corresponding spaces, the embedding L () <

L%(Q) and the growth assumption (2.4), we can pass to a subsequence (still denoted by u*)
such that

(4.6) b —u weakly in VVol’q0 (Q;RY),
(4.7) Vu* — Vu weakly in L2 N Lo (Q;R™N),
(4.8) A(x Vuk) —~ A weakly in L2 N L% (Q;R™N).

Next, using (4.5 , the weak lower semicontinuity and the unique identification of the
limit w in W , we obtain

(4.9) /\vumodxgc*(cl,cQ,Ag(wo),Q,A) <1+/ |f]2w0dx>.
Q Q

The last step is to show that w is a solution to our problem, i.e., that it satisfies ([2.10)).

Using (4.4)), (4.3) and (4.8)) it follows that
(4.10) /QA~Vg0dm:/Qf-V<pdx for allcpecg’l(Q;RN).

Hence, to complete the existence part of the proof of Theorem it remains to show that
(4.11) A(z) = A(z, Vu(z)) in Q.

To do so, we useH Theorem [2.6) - We denote a* := Vu* and b* := A(x, VuF). By using
:D and (| -, we find that D is satlsﬁed w1th the Welght wo Also the assumption

2.20|) holds, which follows from , and (| . Finally, (2 is valid trivially since
c

a® is a gradient. Therefore, Theorem an be apphed which 1mphes the existence of a

non-decreasing sequence of measurable sets Ej, such that |2\ E;| — 0 and
(4.12) Az, Vub) - VuFwy = A4 - Vuw weakly in L'(E;).

For any B € L% (€;R™"), we have that Bwg and also A(-, B) wy belong to L?
and therefore using and , we can observe that

(4.13) (A(z, Vub)—A(z, B))-(Vu"—~B)wy — (A—A(x, B))-(Vu—B)wy weakly in L'(E;).

Due to the monotonicity of A we see that the term on the left hand side is non-negative and
consequently, its weak limit is non-negative as well and we have that

o (Q; R”XN)

(4.14) / (A— A(z,B)) - (Vu— B)wydz >0 for all B € LiO(Q;RnXN) and all j € N.
Ej

Therefore, it follows that
/(A — A(z,B)) - (Vu — B)wgdz > / (A— A(z,B)) - (Vu — B)wpdx
Q O\E;

and letting j — oo (note that the integral is well defined due to (4.7) and (4.8))), using the
fact that |2\ Ej| — 0 as j — oo and the Lebesgue dominated convergence theorem, we obtain

/Q(A— A(z,B))- (Vu— B)wydz >0  for all B e L2 (Q;R™N).
Hence, setting B := Vu — G where G € L°(; R ") is arbitrary and dividing by ¢ we get

/(A— Az, Vu —eG)) - Guodz >0 for all G € L®(Q; R™Y).
9)

2Although Theorem is formulated for vector-valued functions, it is an easy extension to use it also for
matrix-valued functions, which is the case here.
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Finally, using the Lebesgue dominated convergence theorem, the assumption (2.4) and the
continuity of A with respect to the second variable, we can let ¢ — 04 to deduce

/(A— A(z,Vu)) - Guwodz >0 for all G € L®(Q; RN,
Q

Since wyq is strictly positive almost everywhere in €2, the relation easily follows by
setting e.g.,

_ A— A(x, Vu)

T 1+ [A- Az, Vu)|
Thus follows and u is a very weak solution.

4.3. Uniqueness. Let ui,us € Wol’q(Q; IR{N) with ¢ > 1 be two very weak solutions to (2.10)
for some given f € LL(Q; R™ ), where p € (1,00) and w € A,. Then it directly follows that

(4.15) /(A(x, Vup) — Az, Vug)) - Vpdz =0 for all p € G (4 R™N).
Q

First, consider the case that f € L?(; R™ ). Then using the result of the previous part we
see that uq,us € WO1 ’2((2; RY) and therefore due to the growth assumption , we see that
(4.15)) is valid for all ¢ € W(} ’2(Q;RN ). Consequently, the choice ¢ := u; — ug is admissible
and due to the strict monotonicity of A we conclude that Vu; = Vugy almost everywhere in
) and due to the zero trace also that u; = us.

Thus, it remains to discuss the case f ¢ L2(Q;R™N). But since f € L5 (Q;R™N) with
p > 1 and w being the A,-weight, we can deduce that f € LPo(£; R™N) for some pg > 1, see
(13.5). Consequently, following Lemma we can define the As-weight wq := (1 + M f)Po—2
and we get that f € LEJO (; R™N). Therefore, using the maximal regularity result we can
deduce that Vu; € L2 (©;R™) for i = 1,2. Hence, defining a new weight w™ := 1 A (nwy),
which is bounded, we also get that for each n the solutions satisfy Vu; € L2.(Q;R™ V).
Moreover, we have the estimate Ag(w™) < A2(1) + Aa(nwy) = 1 + Az(wo) < C(f). Hence,
rewriting the identity into the form

/ A(z)(Vuy — Vuy) - Vo da
(4.16) @
= /ﬂ (fl(a;)Vul — A(x, Vuy) — (A(x)Vug — A(z, Vm))) -Vpde,

which is valid for all ¢ € Cg’l(Q; R™N) we can use Theorem [2.5/ to obtain
(4.17)

- 2
/ |Vuy — Vug|2w™ dz < C/ ‘A(x)Vul — A(z,Vuy) — (A(z)Vug — Az, Vug))‘ w"dz
Q Q

with some constant C' independent of n. Moreover due to the properties of the solution and
w" we can deduce that the integral appearing on the right hand side is finite. In order to
continue, we first recall the following algebraic result, whose proof can be found at the end
of this subsection.

Lemma 4.1. Let A fulfill (2.3)), (2.4), (2.6) and (2.9). Then for every 6 > 0 there exists C
such that for all x € Q and all ny,m9 € R™ there holds

(4.18) | Az, m) — Az, n2) — A(x)(m — n2)| < 0lm —n2| + C(9).
Next, using the estimate (4.18)) in (4.17)), we find that for all § > 0

(4.19) / IVuy — Vug2w™ dz < C/ §|Vuy — Vug2w™ + C(0)w™ da.
Q Q
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Thus, setting § := %, we can deduce that
(4.20) / |Vuy — Vug[*w™ dz < C(0) / w"dz < C,
Q Q

where the last inequality follows from the fact that €2 is bounded and w™ < 1. Hence, letting
n — oo in (4.20)), using that w™ 1 (which follows from the fact that wy > 0 almost
everywhere) and using the monotone convergence theorem, we find that

/ |Vuy — Vug|*dx < C.
Q
Hence, we see that uy — usg € VVO1 ’2((2; RM). In addition, using (#.18) again, we have that

/ |A(z, Vuy) — Az, Vug)|* dz

Q

< 2/ |A(z, Vuy) — A(z)Vuy — A(z, Vug) + A(z)Vus|* dz
Q

+ 2/ |A(2)Vuy — A(z)Vug > dz < C <1 +/ |Vup — VuQ2dgc> <C.
Q Q

Therefore, (4.15]) holds for all ¢ € I/VO1 ’2(9; R™N) and consequently also for ¢ := uj —us and
the strict monotonicity finishes the proof of the uniqueness. It remains to prove Lemma [4.1

Proof of Lemmal[{.1. Let ¢ be given and fix. According to (2.6) and (2.9) we can find k& > 0
(depending on §) such that for all € Q and all |n| > k we have

Az, n) — A@)n| | |0A(0) 5
In] * on A(z)

To prove (4.18) we shall discus all possible cases of values 7;1,72. Recall here, that § and k
are already fix.

)
4.21 < -.
(421) <3

The case |n1| < 2k and |n2| < 2k. In this case we can simply use (2.4) to show that
Az, m) — Az, m2) — A@)(m —n2)| < C(L+ || + |12]) < C(1+ 4k)
and (4.18) follows.

The case |n1| < 2k and |n2| > 2k. In this case we again use (2.4]) and combined with (4.21])
leads to

A(z)n — Az, n2)

|72
5 Sl —
< C(1+2k:)+|;72| < C(1+2k+ |m|)+|7722771 < C(1 + 4k) + Oz — .

Therefore, (4.18)) holds. Moreover, the case |n1| > 2k and |n2| < 2k is treated similarly.

Az, m) — A(z,m2) — A(z)(m — n2)| < C(L+ |m]) + 2]

The case |n;| > 2k and |n2| > 2k. First, let us also assume that

(4.22) ol <2[m —m2|  and || < 2 —
In this setting, we use (4.21]) to conclude

[ Az, m) — Az, n2) — A(z)(m — n2)]

_ | A@m — A@,m) A(z)n2 — Az, m2)
B |71 72|

which again directly implies (4.18)). Finally, it remains to discuss the case when at least

B
Im |+ |72 SZ(ImHlnzl)Scﬂm—nzl,

one of the inequalities in (4.22)) does not hold. For simplicity, we consider only the case
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when |n1]| > 2|m — n2|, since the second case can be treated similarly. First of all, using the
assumption on 7; and 72 we deduce that for all t € [0, 1]

tn2 + (1= t)m| = |m —t(n —n2)| > Im| —tlm —m2| = [m| — |m — 2| > |2| > k.

Hence, since any convex combination of n; and 7o is outside of the ball or radius k, we can
use the assumption (4.21]) to conclude

|A('r7 772) - A(l’ﬂh) - A(«T)(T]Q — 771)’
1
/o % (A(ac,tnz + (1 —t)m) — A(x)(tge + (1 — t)m)) dt‘

VoAt + (1 —tm) -+ 15
/0 ( 3(t772-|2—(1—t)771)1 _A(:c)> (772—771)dt'§/0 2l —mldt <l —m|

and (4.18]) follows. O

5. PROOF OF THEOREM

We start the proof by getting the a priori estimate in the standard non-weighted Lebesgue
spaces, which is available due to Lemma, Let us fix a ball ()¢ such that €2 C Q. Since
w € A,, we can use to show that for some § > 1, we have L% (Qq) < L9(Qg). Thus
f € LE(;R™N) implies that f € LI(Q;R™N). The starting point of further analysis is
the use of Lemma which leads to the existence of a unique solution u € VVO1 (RN to
with the a priori bound

</ yww)l < C(A,4,9 (/ ]f\qu>

Consequently, using (3.5]), we deduce

50 (s [wiian) <ot (s [ Ire)

It remains to prove the a priori estimate (2.18]). We divide the proof into several steps. In
the first one, we shall prove the local (in Q) estimates. Then we extend such a result up to
the boundary and finally we combine them together to get Theorem

5.1. Interior estimates: This part is devoted to the estimates that are local in €, i.e., we
shall prove the following.

Lemma 5.1. Let B C R"™ be a ball, w € A, be arbitrary with some p € (1,00) and A €
L>®(2B; RVNXnXNY be arbitrary satisfying

c1|n? < A(x)n-n < caln|? for all € 2B and all n € RN,
Then there exists 6 > 0 depending only on p, c1, ca and Ap(w) such that if
|A(z) — A(y)| <0 for all z,y € 2B
then for arbitrary f € LE(2B;R™N) and w € WH4(2B; RYN) with some § > 1 satisfying
/ A(z)Vu(z) - Vo(z)der = / f(z)-Veo(z)dz forall p € Cg’l(QB;RN),
2B 2B
the following holds

on (fwress) e fuarons) so( fuar)’(frrarar)’

where the constant C depends only on p, c1, ¢z and Ap(w).
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Proof of Lemmal[5.1 First, we introduce some more notation. For w we denote w(S) :=

fswdx. Next, using Lemma we can find ¢ € (1,q) such that w € A»r. Note here that
q

u € WH4(2B; RY), which follows from the fact that 2B is bounded. In what follows, we fix
such ¢ and introduce the centered maximal operator with power ¢

(My(g))(x) := sup lg|? dy %.
o ( f o)

1

Since, My(g) = (M(|g|?))4, we see that from the definition and the choice of ¢ (which leads
to w € A»(R™)) that the operator M, is bounded in L%, (R™). We shall also use the restricted
q

maximal operator

(Mg2(g))(x) = sup ( f rquy)‘l’

p>r>0
By (x)

and it directly follows that for every Lebesgue point x of ¢
l9(2)] < (Mg (9))(x) < (Mqg(9))()-

The inequality ([5.2)) will be proven be using the proper estimates on the level sets for |Vul|
defined through

Oy = {z e R"; My(x25Vu)(x) > A}

Please observe that O) are open. Next, we use the Calderén-Zygmund decomposition. Thus,
for fixed A > 0 and x € B N @), using the continuity of the integral with respect to the
integration domain, we can find a ball @, (z), such that

(5.3) M < ][ Ix25Vulldz < 2X?  and ][ Ix25Vulldz < 2X\? for all r > r,.
Qrq () Qr(x)

Next, using the Besicovich covering theorem, we can extract a countable subset Q; := Qy, (z;),
such that the @Q; have finite intersection, i.e., there exists a constant C' depending only on n
such that for all ¢ € N

#ieN; QinQ; #0} < C.

In addition, it follows from the construction that

(5.4) O\nB=|]J(@inB).
€N

1
A= <][ |Vu|qd:n> ’
2B

and it directly follows that for any () C R"

7 |2B|)é
“d E2) A
(fosmar) < (22

Consequently, assuming that A > 22"A, we can deduce for every @Q; that

1 1 1
q 2B|\ « 2n |B| \ ¢«
22”A§>\<(][ qudx>q§(’ > A:2q< ) A
et Ql 20

Then we set
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Since ¢ > 1, this inequality directly leads to |2Q;| < |B|. Therefore, using the fact that
Qi = Qr,(z;) with some z; € B, we observe that 2Q; C 2B. Moreover, it is evident that for
some constant C' depending only on the dimension n, we have

(5.5) |Qil < C(n)|Q:i N BJ.
Since w € A, the above relation implies (see e.g. V 1.7 [40])
(5.6) (@) < Cln, Ay()) w(Qi N B).
Next, for arbitrary € > 0 and k > 1, we introduce the re-distributional set
Uék = OpaN{z € R"; My(fx2B)(x) <eA}.
Finally, we shall assume the following (recall that § comes from the assumption of Lemmalp.1)):
There exists k > 1 depending only on ¢i, ¢, n, p, Ap(w) such that for all € € (0,1)
(5.7) and all A > 22" A there holds |Q: N Uék N B| < Cler,ca,n)(e +9)|Qil.

We postpone the proof of (5.7) and continue assuming that it holds true with fix & such
that (5.7 is valid. Hence, using (5.7, the Holder and the reverse Holder inequality (which
follows for Ap,-weights from (3.4])) and (5.6|), we obtain for some r > 1 depending only on n,
p and Ap(w)

1o v
w(Q;NUX, N B) < C(n )|Qi|(éwde>r (W)

1
S C(napa Ap(w)v C1, 02)(5 + 6)7(*)(@2) S C(napa Ap(w)v C1, c2>(€ + 6)
By using the finite intersection property of the ¢); we find

\\H

w(Q; N B).

1
v

(5.8) w(U2, N B) < C(n, Ap(w), c1,¢2) (e + 8) 7 w(Ox N B).

Finally, using the Fubini theorem, we obtain
(5.9) / VulPwdz = p / w({(Va)xs > APAP1dA < APw(B) + p / N 1u(0x N B)dA.
B 0 A

Therefore, to get the estimate (5.2), we need to estimate the last term on the right hand
side. To do so, we use the definition of Ua)‘k and the substitution theorem, which leads for all
m > kA to

NP~1u(0yNB)dA < Ul (U;kmB d)\+/ AP ({M fxaB) >e7 })dA
kA kA

(5-8)
< C(E+5)T’/ PVt (OA ﬂB)d)\+/ |My(fx2)Pwda
kA

SC(p,q,e,Ap(w))/ |f|pwdx+0k7’(e+6)1’/ N~Ly(0y N B)dA
A

§C(p,q,5,Ap(w))/ |f]pwda?+Ck:p(€—|—6)rl'/ N=1y(0x N B)dA
2B A

+ CKP(e + 8)7 / AP~ 1w(Oy N B)d),
kA

where we used the fact that w € Ap Finally, assuming (note that k is already fix by (5.7) and

at this point, we fix the maximal value of ¢ arising in the assumption of Lemman that ¢ is
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so small that C’kp(S% < %, we can find ¢ € (0,1) such that CkP(e + 5)% < % Consequently,
we absorb the last term into the left hand side and letting m — oo, we find that

b NP1u(0A N B)dA < CO(k,p, q, Ap(w)) </ |f|Pwdx + pr(B)> .
kA 2B

Substituting this into (5.9), we find (5.2). To finish the proof, it remains to find & > 1 such
that (5.7]) holds.

Hence, assume that Q; N BNU E’\k # (). Then it follows from the definition of U g‘k that

510 (f100) e

2Q;
For A > 22" A (which implies 2Q; C 2B) we compare the original problem with the following

—div(4,Vh) =0 in 2Q;

(5.11) h=u ond(2Q;),

where the matrix A; is defined as A; := A(z;). Lemma ensures the existence of such a
solution (just consider u — h with zero boundary data). Moreover, the matrix A; is constant
and elliptic and therefore we have the weak Harnack inequality for h, i.e.,

(5.12) sup |Vh| < C’][ |Vh|dz,
2 2Q;

where the constant C' depends only on n, ¢; and co. Further, since u solves our original
problem, we find

~div(A;V(u— h)) = — div((A — A)Vu— f) in 2Q;,
u—h=20 on 020);.

Therefore, we can use Lemma to observe

(5.13) ][ V(u— R dz < c][ A= AVl de + c][ £]9dz < C(7 + 67T,
2Q; 2Qi 2Qi
where for the second inequality we used (5.3)), (5.10) and the assumption that |A(x) — A(y)| <

d for all 2,y € B. Then using the definition of @Q;, we see that for all y € Q; and all r > 7,
we have that B,(y) C Bs,(z;) and Q; C Bs,(z;). Consequently,

][ IxepVu|!dz < 3" ][ IxepVul|!dz < 6"\,
BT(y) B3T(mi)
where we used (j5.3)). Choosing k£ > 6" and assuming that £,6 < 1 we get by the previous

estimate, the sub-linearity of the maximal operator and the weak Harnack inequality (5.12])
that for all z € Q; N {My(Vu) > kA}

M, (Va)(@) = My * (Vu)(x) < M; ? (VA)(@) + My ? (Vu - Vh)(a)

1 _ .
< C<][ yvmw) "My (Vu — VR)(z) < CX + My 2 (Vu — Vh)(z).

2Q;
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Hence, setting k£ := max{C + 1,6™}, we can use the weak L7 estimate for the maximal
functions and the estimate (5.13]) to conclude

o C
{M,(Va) > KA} N Qi < [{M; 7 (Vu—Vh) > A N Qi < Aq/ V(u— h)|?da
2Q;
< C(e +9)|Qil,
which finishes the proof of (5.7) and Lemma O

5.2. Estimates near the boundary: In this part, we generalize the result from the previous
paragraph and extend its validity also to the neighborhood of the boundary.

Lemma 5.2. Let Q C R™ be a domain with C' boundary, w € A, be arbitrary with some
p € (1,00) and A € L>®(Q; RVNXXNY be arbitrary satisfying

ailn* < A(z)n-n < eo|n)? for all x € 2B and all n € RV,

Then there exists r* > 0 and 6 > 0 depending only on 2, p, c1, c2 and A,(w) such that if

sup [A(z) — A(y)| <0

z,y€Q; |lx—y|<r*

then for arbitrary f € LL(Q;R™N) and u € Wol"j(Q; RN) with some G > 1 satisfying
(5.14) / AVu-Vedz = / f-Veodx forall p € Cg’l(Q;RN),
Q Q

we have for all o € Q and all v < r* the following estimate

(5.15) ][ VulPwde < ][ C|flPwdz + ][ wdx( ][ C|Vu\qd:c>q.

BT(Io)ﬂQ BQT(Io)ﬁQ BQT(I())QQ Bgr(mo)ﬂﬂ

First notice that in case Ba,(xo) C 2 the inequality follows from Lemma There-
fore, we focus only on the behavior near the boundary. Hence, let xg € OS2 be arbitrary. Since
Q) € C!, we know that there exists o, 3 > 0 and 79 > 0 such that (after a possible change of
coordinates)

Bl = {(z' ) : 2] < o, a(2) — B < xp <a(a)} CQ,
B =A{( 2) : 2] < a, a(@) <z, <a(a) + 8} C Q6
Here, we abbreviated (z1,...,x,) := (2/,2,). Moreover, we know that for all » < % it holds

Bor(z0) N C B} and Ba(x9) N Q¢ C B;,. In addition, we have a € C'([—a,a]*"!) and
Va(0) = 0. For later purposes we also denote

B,, = B;g uB, U {(z,20); |2'| < @, a(z’) = 2,}
and define a mapping T : B/} — B, as

T2, zn) = (2,2a(2") — xp) with J(x) :=VT(x), ie., (J(x))ij = O (T(x));-
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It directly follows from the definition that |det.J(x)| = 1 and also that 7" and 7' are C'
mappings. Finally, we extend all quantities into B, as follows:

() = {u(az) forxeB;g,
T —w@ @) forxe By,

Alr) = { A(x) for z € B,
' J(T ) AT ) JT (T 1z) forz € B,

. f(z) for z € B,

fle) = { — J(T ') f(T V() for z € By,

~ w(x) for z € B,

“le) = {w(Tl(x)) for z € By,

It also directly follows from the definition and the fact that u has zero trace on 02 that
@ € WH4(B,,; RY). Finally, we show that for all ¢ € Cg’l(BTO;RN) the following identity
holds

(5.16) / Ava-wdxz/ f-Vedz.
By, Br,

For this we observe that for any ¢ € Cg’l(B RV)and ¢ :=poT € C0 Y(B;RY) we have

T0? 0"

/; (Avi- ) Voar= [ <Af;”< ALy >> 0¢"() 4,

o Ox;j o0x;
- u (T 1z - D 1z
- (a2 — gy ) 2D g,
(e T e N ST @)
= [ (e it o) - ) Gl @)
_ ALV auu(x) - 690 ( )
- [ (A e g et - i) S
=~ | (A@)¥ule) = (@) - V(o) do
In particular, for all ¢ € CS’I(B;B, RY) we have
(5.17) / (AVi— J)-V(poT 1) dz = —/B+ (AVu— f)- Voda.
Thus, if we define for ¢ € Cg’l(BTO;RN ) the function
. poT™ 1 on B, ,
L © on B,

then © € Cg’l(BrO;RN ) and (5.17]) implies

/ (AVi - f) - Vpdx = 0.
Brg

Therefore,
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Using ([5.17)) again, we get
/ (AVia - f) .vcpdx:/
B

— . —_— %) _1
. (AVU f) V(((p p)oT ) dx.
Since (¢ — @) o T~ = 0 on 99, we finally deduce with the help of (5.14]) that

70 70

/ (AVi — f) - Vepdz =0
B

0

for all ¢ € Cg’l(BrO; R¥), which proves (5.16).

Consequently, we see that holds and therefore we shall apply the local result stated
in Lemma To do so, we need to check the assumptions. First, the ellipticity of A can
be shown directly from the definition and the fact that J is a regular matrix. Moreover, the
constants of ellipticity of A depends only on the same constant for A and on the shape of €.
Further, to be able to use , we need to show small oscillations of A. Since, T is C! we
have

sup [A(z) — A(y)| < sup [J(2)A(x) " (x) = J(y)Aly) T (y)]

.y€Bry zyeB
<C sup [A(z) - A@y)|+C sup [J(z) = J(y)l.
m,yGB,‘% x,yEB,TO

Similarly, we can also deduce that

sup  |A(e) = A(y)| < sup [ J(2)A(2) I (2) — Aly)|

zGB,TO,yEB;B w,yEB?{)
<C sup |A(z) — A(y)| +C sup |J(x)A(x)J" (z) — A(z)|
<C sup |A(z)— A(y)| +C sup |Va(z')|.
x»yEB;"‘E) QEEB;%

Therefore, due to the continuity of J and the fact that Va(0) = 0, we see that for any 6 > 0
we can find 7* > 0 such that

5
C sup |J(z)—J(y)|+C sup |Va(a")| < 7

mvyEBj* £l'€B+
Thus, assuming that
sup [A(z) — A(y)| <
z,y€Q; Clo—y|<r*

we can conclude that

sup |A(z) — A(y)| < 6.
T, YyEB, *

We find 6 > 0 and fix r* such that all assumptions of Lemma [5.1] are satisfied and we
consequently have

(e sl § e eel f sa)( f e

B, (170) Boyx (wo) Bayx (270) By, (IO)

and ([5.15)) follows directly.
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5.3. Global estimates: Finally, we focus on the proof of Theorem Recall that the
ball Qg is a superset of 2. Since A is continuous, we can find for any § > 0 some 7* such that

sup  |A(z) — A(y)| < 6.
z,y€Q; |x—y|<r*

Therefore on any sufficiently small ball, we can use the estimate (5.15)). Since € has C!
boundary, we can find a finite covering of Q by balls B of radii at most equal to 7* such that
|B; N Q| > ¢|B;|. Then it follows from ({5.15) and ) that

w(2B; -\
/|Vu|pwdx<0/|fpwdx+cz )</ |Vu|qu>
Q

2B,

§C'/Q|f|pwdas+C'(p,(j?A,Q)w(Qo) (/§2|Vu\gdx> < C(A,Q,Ay( /|f|pwd$

which finishes the proof of Theorem

6. PROOF OF THEOREM [2.6]

We start the proof by observing that (2.19) leads to the estimate
/ la® - bF|wdz < / la¥)Pw+ b w < C.
Q Q

Consequently, we can use Lemma to conclude that there is a non-decreasing sequence of
measurable sets F; C Q fulfilling |Q \ E;| — 0 as j — oo such that for any j € N and any
€ > 0 there exists a § > 0 such that for each U C Ej; fulfilling |U| < § there holds

(6.1) sup/ la¥ - bF|wda < sup/ la*Pw + P wda < e.
keNJU keNJU

Consequently, for any F; we can extract a subsequence that we do not relabel such that
(6.2) ab Vw—a bw weakly in L'(E;),
where @ -bw denotes in our notation the weak limit. Further, since L5 (Q) and L (Q) are
reflexive, we can pass to a (non-relabeled) subsequence with

ap — a weakly in LP (2; R"),
(6.3) . /
bp —b  weakly in LP (Q;R").

Our goal is to show that
(6.4) a-bw = a-bw almost everywhere in ().

Indeed, if this is the case then it follows that not only a subsequence but the whole sequence

fulfills (6.2)).
Since w € Ay, we can find by (3.5) some ¢ > 1 such that L (Q) — L(). This implies

(6.5) a® = a weakly in LI(Q;R"™).

Moreover, since the mapping g — gw% is an isometry from L2 (£2) to L*(2), we also have

(6.6) abwr — awr weakly in LP(;R™),
1 1

(6.7) Vrwr — bw’ weakly in L (Q; R").
Then, extending a* by zero outside § we can introduce d* such that

AdF = aF in R",
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i.e., we set d¥ := a* x G, where G denotes the Green function of the Laplace operator on the
whole R™. Then, using (6.5)) we see that
(6.8) dt —~d weakly in W29 (R™;R™),
where
Ad=a in R™.

In addition, using (2.19) and the weighted theory for Laplace equation on R™ (see [12], p.244])
we can deduce

(6.9) V2P —~ v2d weakly in LP (R™; R"*"Xn),
Hence, to show ([6.4)), it is enough to check whether
(6.10) v¥ . (aF — Vdivd¥)w — b (a — Vdivd)w weakly in L'(E;),
(6.11) b¥ - V(divd*)w — b V(divd)w weakly in L'(E;)
for all j € N.

First, we focus on ([6.10). Assume for a moment that we know
(6.12) Jim / laf — a4 V(div(d — d¥))|rdz =0

— 00

for all nonnegative 7 € D(Q2). Then for any ¢ € L*°(F;) we have

lim ve . (a* — V divd¥)we dz

k—o0 Ej

= lim bk (a — Vdivd)wpdr + hm v¥ - (af — a4+ Vdiv(d — d¥))wp dz

k—00 k—oo E;

./ (@ — Vdivd)wp dz + hm b* - (a* — a+ Vdiv(d — d¥))we dx

k—o00 Eg

and - follows provided that the second limit in the above formula vanishes. However,
we first notice that (for a subsequence) (6.12)) implies that

(6.13) b (a —a+ Vdiv(d — d*)we — 0 ae. in Q.
Second, using and we see that for any U C E; we have

1
7

/\bk-(ak—a—&—Vdiv(d—dk))wap\dxgC’HgoHooHak—aHLp (/ b7 wdx)
U

Then the equi-integrability (6.1)) also guarantees the equi-integrability of the sequence (6.13))
and consequently, the Vitali theorem leads to

lim [ b (a" —a+ Vdiv(d — d*)wedz = 0,

k—o0 E]
which finishes the proof of (6.10) provided we show First it follows from ([2.21) and
. that for a subsequence that we do not relabel 8 (9 a — O;aj — Oy, a; strongly in

(VVO1 "(Q))* for all i, = 1,...,n. Therefore, by the regularlty theory for Poisson’s equation
we find that

(6.14) Op,df — Oy df — Oy, dj — Oy, d; strongly in W7 ()

for all 3,7 = 1,...n and all r € [1,q), where ¢ > 1 comes from (6.5)). Moreover, using the
definition of d* we have

af—@xjdivdk:zn:aigndk Dy Oyl = zn:axm (0r,,% = 0,5,

Tm ™) i m
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and with the help of we see that directly follows and the proof of is
complete.

The rest of this subsection is devoted to the most difficult part of the proof, which is the
validity of . For simplicity, we denote e* := divd* and due to and we have
that

(6.15) ke weakly in VVI})’C(](R”),
(6.16) Vel — Ve weakly in LP (R"™; R"),

where e = divd. Since we are interested only in the convergence result in § we localize ¥

by a proper cutting outside 2. To be more precise on the ball B (recall that it is a ball such

that Q C B) we set
k k

€B =eT
with 7 € D(B) being identically one in €. In addition, we can observe that
(6.17) ek —ep weakly in W, 4(B),
(6.18) Vek, = Vep weakly in LP(B;R™).

Indeed, the relation (6.17)) it a trivial consequence of (6.15)) and for the validity of (6.18) it
is enough to show that

/ Vel |Pwdz < C.
B

Since |Vek| < C|VeF| + Clek — (e¥)p| + C|(e¥)p|, where €k denotes the mean value of e*
over B, it follows form (6.15]) and (6.16) that we just need to estimate the term involving
le¥ — (eF)p|. But using the point-wise estimate |e¥ — (e¥)g| < C(B)M(VeF) we have

/ ek — (F)plPwdz < C |M(VeP)Pwda < CAp(w)/ |VeFPwdz < O,

Rn n
where we used the properties of A,-weights. Finally, since e¥, € I/VO1 ’1(B) we can apply the
Lipschitz approximation (Theorem , which implies that for arbitrary fixed A > A9 and
for any k we find the Lipschitz approximation of e’fg on the set B and denote it by e%’\. Then
thanks to Theorem for any A we can find a subsequence (that is not relabeled) such that

(6.19) Vel ~* Ve weakly* in L>(B;R"),
(6.20) Vet = Vey weakly in L?(B;R"),
(6.21) k g ey strongly in C(B).

Please notice that we do not have any a priori knowledge of how the limit e% can be found,
we just know that it exists.

In the next step, we identify the weak limit of b*- Vek A Due to 6.3]) and (6.19)), we see that
this sequence is equi-integrable and consequently poses a Weakly converglng (1n the topology
of L) subsequence. Therefore, to identify it, it is enough to show that for all n € D(Q2) we
have

lim bk . VGIB)‘n dx = /Qb : Vei‘;n dx.

k—oo O

However, using (2.20)), (6.19) and (6.21]) we can deduce that

lim [ b~ VeB Andr = khm b . (Ve%”\ — Vepy)ndz +/ b-Vepndz
— 00

k—o0 QO QO
= lim [ b*- V((eIBA —e})n) dz + hm / b Vn(eB —epy)dx +/ b-Vepndx
k—oco Jo Q

= / b-Ve%ndx
Q
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and therefore we have
(6.22) B Vel ~b.Ve)  weakly in L'(9).

Finally, let ¢ € L*>(E}) be arbitrary and C' := C(|¢||o). Then we check the validity of (6.11])
as follow.

(6.23)

lim / (V% - V(divd®) — b - V(divd))wedz| = lim / (b* - Vek —b- Vep)wpdz
k—o0 E.; k—o0 Ej
< lim / (b - Velg)‘ —b-Vey)wedz| + C’limsup/ 08|V (efy — eg’\)\w dz

+ / b-V(ep — ep)wpdz

Ej
b Vel —b- Ve 2(|bk(| Vel A

< lim / ( ‘s €5 dz| + C'limsup / e ([V]IVep )d

k—o0 E 1 + cw k—00 Ej 1 + cw

+ Climsup/ 6%V (efy — e%)‘)]w dz +
E

k—o00

/ b-V(ep — ep)wpdz

E;

J

211k kA
sw?|b"®||VeR
< Climsup [ 2PNVERT] Climsup | [pH|V (e} = ey wdz
1 B B
k—00 E; + cw k—oo E;

/ b-V(ep — ep)wpda
E

J

2 b A
. o [ PB4y o 0+ an+ a1+ (av),
E;

1+ cw

where the last identity follows from since pw/(1+ ew) is a bounded function whenever
€ > 0. In the next step, we show the all terms on the right hand side vanishes when we let
€ = 04 and A = oco. To do so, we first observe that thanks to Theorem and the weak
lower semicontinuity we have

(6.24) Veb ~Ve)  weakly in L2 (Q;R™),

(6.25) I;/\ — ey weakly in W1He(Q),

(6.26) / IVep|? + | Ve [Pwdr < Cligninf/ |Vek|? + Vel [Pwdz < C.
Q — JB

Therefore, applying the Holder inequality, we have the estimate
/ b||VeRy|wdz < C.
Ej

Consequently, using the Lebesgue dominated convergence theorem (and also the fact that w
is finite almost everywhere), we deduce

(6.27) lim (V) = C lim / vyl

6—)0+
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For the second term involving ¢ the key property is the uniform equi-integrability of b* stated
in (6.1). Indeed, applying the Holder inequality and (6.26) we have

2
lim (I) = C'limsup lim sup /Ej |bk||V6g)‘ de

=04 e—04+  k—oo

1 1
/ 8‘ pl P
< C'lim sup lim sup / |bk|p w—"" 4z / |Ve]];’)‘|pw dz
e—=04  k—oo E; L +ew E;

J J
1

I Ew v
< C'lim sup lim sup / % \p w dz
=04 k—oo Ejn{w>\} L+ew

+ Clim sup lim sup / 1" w a1
e04 koo \JE;n{w<A} I +ew

1

1
I

’ v
< C'limsup / |bk]p wdz
k—o0 E;jn{w>A}

Since [{w > A}| < C/A, we can use (6.1 and let A — oo in the last inequality to deduce

. 11m sup l1m sup lim su Ve x .
( ) E; 1 + cw

A—oo €204  k—oo

Next, we let A — oo in all remaining terms on the right hand side of (6.23). Using ([2.27))
and the Holder inequality, we have

limsup(I7) = C'limsup lim sup /E ]|V (e — eg)‘)|w dz

A—00 A—00 k—o0 '

= C'lim sup lim sup |kaV(€l]§ - 6113/\)|de

(6.29) A0o  k—boo /E'jﬂ{M(Ve’%)>)\}

1
’ o’
< C'lim sup lim sup / |bk]pwdx =0,
A—=oo  k—oo E;n{M(Vek)>A}

where the last inequality follows from the fact that |[{M(Ve%) > A} < C/A and (6.1).
Finally, we are left to show

(6.30) lim (I11) = lim

A—00 A—00

=0.

/ b-V(ep — ep)wpdz
E;

However, to get (6.30)), it is enough to show that
Ve) — Vep  weakly in LP(;R™).
Due to ([6.26)), we however have that there is some eg € W14(Q) such that

ey —~eg  weakly in Wh4(Q),
Ve) — Vep weakly in LP (Q; R").
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Hence, due to the uniqueness of the weak limit it is enough to check that e = ep. To do so,
we use the compact embedding W1 (Q) << LY(Q) to get

HeB—eBH1:AILI&/SZ]eB—eB]dx— lim hm/\e%’\—e%\dx

A—00 k—00
= lim lim |eg)‘ — bl da
A—r00 k=00 JOn{M(Vek,) >N}
1
)\hm hm HeB — el QN {M(Vek) > )\}\4 <C hm A d =0
ﬁ.

and consequently (6.30) holds. Hence, using (6.27)(6.30) in (6.23]), we deduce (6.11)) and

the proof is complete.

7. PROOF OF THEOREM

This part of the paper is devoted to the proof of Theorem All statements except
are already contained in |20, Theorem 13| (see also [18] for a survey on the Lipschitz trun-
cation). The first inequality of follows directly from the second one, so it is enough to
prove the second estimate

It follows from ([2.25)) and (| - ) that

V(g = Mz, < IV = 9)xtmwgsnll e
< IVaxpuwg=xlpp + X xwg =il -

We need to control the second term in the last estimate. Let us consider the open set
{M(Vg) > A}. For every x € {M(Vg) > A} there exists a ball B, (,(x) with

(7.1) A< ][ |Vg|dz < 2.
B, (x)

These balls cover {M(Vg) > A}. Next, using Besicovich covering theorem, we can extract
from this cover a countable subset B; which is locally finite, i.e.

(7.2) #1j € N: Bin By # 0} < C(n).
Using ([7.1)) and ([7.2) we have the estimate

INXpar(wgsay Iy = Mw({M(Vg) > A}) < Y Nw(B;)

1
p -1
< Z (][ Vgl diﬂ) w(B;) < 2][ Vg|Pw dm(fw_(’p,_l) dm) w(B;)
i g, i B, B;

< .Ap(w)Z/ |VglPwdr < C(n) Ap(w)/ VglPw dz.
~ /B, (M(Vg)>\}

This directly leads to the following inequality
1
IAX (e wgy>apll e < Cn) Ap(W)? (Vg xparwgy>all e

which proves the desired estimate ([2.27]).



VERY WEAK SOLUTIONS TO NONLINEAR ELLIPTIC SYSTEMS 29

8. PROOF OF THEOREM [2.§

We present only a sketch of the proof here, since all steps were already justified in the
proof of Theorem Hence, to obtain the a priori estimate ([2.28)), we observe that

/ A(z)(Vu — Vug) - Vodz = / (f — A(x)Vug + A(z)Vu — A(z, Vu)) -Vedz,
Q Q
which by the use of Theorem (note here that u — ug has zero trace) and (2.6) leads to

/ IVu — Vo |Pwdr < C/ <|f|p + [VuolP + |A(z)Vu — Az, Vu)|p> wdzx
Q Q

gC(e)/ (|f\p+\Vu0|p+1)wdx+s/ VufPw dz.
Q Q

Consequently, choosing ¢ small enough and using the triangle inequality, we find (2.14]). The
existence is then identically the same, we just also need to approximate ug by a sequence of
smooth functions such that

uk — g strongly in WHa(Q; RY).

Finally, for the uniqueness proof, we use the similar procedure and we see that if u; and us
are two solutions then

/QA(;U)(Vul —Vuy) - Vedx = /

A (A(;U)(Vul — Vug) + A(z,Vuy) — A(z, Vug)) -Vedz

and since u; — ug € VVO1 ’Q(Q; R™), we may now follow step by step the proof of Theorem

9. PROOFS OF COROLLARIES

9.1. Proof of Corollary The proof of Corollary is rather straight forward. In-
deed, for a given measure f € M(Q;RY) we can use the classical theory and find v €

W™ 5 (Q;RY) for all £ > 0 solving
/Qvu Veodz = (f,¢)  forall peCy'(QRY).
Then, it follows that u is a solution to if and only if it solves
(9.1) /QA(x,Vu) Veodz = /ﬂw Vedz  forall g € COH(Q;RY).

Thus, we can now apply Theorem with f := Vv and all statements in Corollary
directly follows.

9.2. Proof of Corollary We show that Corollary [2.4] can be directly proved by using
Theorem Indeed, by setting

= (1+ M2 = (M1 + )",
where we extended f by zero outside 2, we can use Lemma to deduce that w € Ay
provided that |¢ — 2| < 1. Since ¢ € (1,2), we always have |¢ — 2| < 1 and therefore w € A,.

Consequently, we can construct a solution u according to Theorem Next, using ([2.14))
and the continuity of the maximal function, we can deduce

= (A (w), Q) <1+/§2(1+’]J\;|;de>

< Caale). ) (1+ [apyar) < cir.9n0) (14 [ I1ar),
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which is nothing else than (2.15]).
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