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Abstract

A generalization of Navier-Stokes’ model is considered, where the Cauchy stress tensor depends on
the pressure as well as on the shear rate in a power-law-like fashion, for values of the power-law

index r € ( 2d 2}. We develop existence of generalized (weak) solutions for the resultant system of

d+2°
partial differential equations, including also the so far uncovered cases r € (dQ—fQ, zdd—j:;] and r = 2.

By considering a maximal sensible range of the power-law index 7, the obtained theory is in effect
identical to the situation of dependence on the shear rate only.
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1 Introduction

Let T > 0, Q € R? be an open Lipschitz domain and denote Q = (0,7) x . We would like to study
unsteady flows of incompressible homogeneous fluids in 2. Setting density to be identically one for
simplicity, balance of linear momentum and balance of mass for such fluids can be written down as

8tv+div(v®v) —divT = .f7

divev =0,

(1)

both holding in @, where f represents the external forces acting on the fluid and 7" is the Cauchy
stress tensor. When the fluid is additionally supposed to be Newtonian, the Cauchy stress is of the
form

T = —pI +vDw, (2)
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where p is the pressure (the indeterminate part of the stress),

Dv == (Vv + VTU)

N

is the symmetric part of the velocity gradient and v > 0 is the shear viscosity. When T is of the
form (2), the equation (1) becomes the notorious Navier-Stokes model. Unfortunately, despite all the
rapt attention that this model has drawn in renown mathematicians throughout the last century and
beyond, the hitherto obtained results are still far from satisfactory. Worse yet, it is well known that
this model is incapable of capturing manifold features manifested by non-Newtonian fluids, such as
shear-thinning or -thickening, pressure-dependent viscosity etc.

In this paper we are interested in the situation where the Cauchy stress is of the form

T = —pI + S(p, Dv) = —pI + v(p,| Dv[*) D, (3)

in which the viscous stress tensor S is supposed to meet certain requirements; see Assumptions 2.1
and 2.2. This particular model goes back to two papers by Mélek et al. [21, 22] and has been dealt
with on multiple occasions ever since (see e.g. [5, 12, 15, 20] and the discussion below Theorem 3.1).

It has been convincingly documented in experiments that viscosity of a fluid may vary significantly
with the pressure (exponentially or even more dramatically; see e.g. [1, 3] or comprehensive references
in [24]). Likewise, the already mentioned shear-thinning or shear-thickening behavior can be cap-
tured through a non-constant viscosity v = v(]Dwv|?) like in the mathematically popular model of
Ladyzhenskaya’s. By means of the constitutive relation (3), we can capture both these dependencies
in a single model. It comes at a price, sadly, for instance we are able to handle only shear-thinning,
not shear-thickening, behavior (see the main result, Theorem 3.1, and the upper bound for the power
exponent 7).

The objective we set is to prove existence of weak solutions for the model. Therefore we have
to add initial and suitable boundary conditions, for which sake let us denote I' = (0,T") x 09. We
consider an impermeable boundary, that is

v-n=0 onl,

where n is the unit outer normal vector of €. We cannot, however, resort to the no-slip boundary
condition
v=0 onl,

for in that case we would be unable to construct the pressure (see the discussion below Theorem 3.1).
Instead, we choose the Navier slip condition

avy =—(Sn); onT

for some « > 0, which is the heart of the matter here due to the dependence of S on p. For
u : 00 — R%, a vector field on the boundary, we define its tangential component as

ur =u— (u-n)n.

Note that from an instinctive point of view, the Navier slip may be regarded as a bridge between the
no-slip condition (o — o0) and the perfect slip condition (o = 0).

On account of the pressure-dependent viscous stress, we have yet to add some kind of pressure
anchoring, which we take in the form

|(12 /Q p(t,z)dz = h(t) in (0,T) (4)



for a given function h. Ideally one should like to prescribe the pressure locally (at some point) but

since our pressure will be merely an integrable function, dictating its pointwise values is out of the

question. A possible approximation could lie in the integral average over a given subset (29 C €2 but in

our case, corresponding attempts led to insurmountable technical difficulties, hence (4) for simplicity.
All in all, the model to be analyzed reads

o +div(v @ v) — divS(p, Dv)+ Vp = f in Q,
divvo =0 in Q,
v-n=20 on I,
avy =—(Sn); onT, (5)
v(0) = v in Q,
’é‘/gpdw:h in (0,7).

As far as the structure of this paper goes, next we are about to introduce our notation and certain
assumptions, in particular those on the viscous stress S, i.e. Assumptions 2.1 and 2.2. In the ensuing
section, we present the result of this paper, Theorem 3.1 on existence of weak solutions to problem (5),
and devote a few lines to the discussion of its relevance to past works and to the sketch of the
fundamental techniques employed in the proof. In Section 4, we list various nontrivial results that are
exploited in the proof of Theorem 3.1, to which the entire Section 5 and Appendix are dedicated.

2 Preliminaries

For 0 <t < T we write Q¢ = (0,t) x Q and T'y = (0,¢) x 9Q. For r € (1,00) we denote ' =r/(r — 1).
For a Lebesgue measurable set 2 we denote || its Lebesgue measure. If X(Q) is a Lebesgue or
Sobolev space, we denote

X(Q) = {f € X(Q) ‘ /Qf(x) dz = o}.
For f € L'(Q) we denote

1
fa= M/Qf(x) dx.

Usually, no explicit distinction between spaces of scalar- and vector-valued functions will be made.
Confusion should never come to pass as we employ small boldfaced letters to denote vectors and bold
capitals for tensors. The same applies also to traces of Sobolev functions, which we denote like the
original functions. Only when in need, we use Tr for a trace. Accordingly, for » > 1 we set

WA (Q) = {f e WM (Q) | Tr f - m = 0 on 90},
Wi () = {W,"(Q) | div £ = 0 in Q},
Wb (@) = (WA (),
X, = L7(0, T; Wy () N L*(0, T; L*(9€2)),
mdiv = L7(0, T3 W () 0 LP(0, T L2 (092)),

CR Q) ={feC>®() ‘ f is compactly supported in Q}.



If r > 0and x € RY, let B, (z) = {|ly — 2| < r}. For f € L} (R and (¢t,2) € R4, we define the
parabolic maximal operator

1 t+o
M (f)(t,z) = sup |/ (s,9)| dy ds.

0<p<o0 20 Ji— 0 0<T<oo ’B

When applied to functions not defined on the whole Rt we implicitly consider their zero extension.
For more details about maximal operators see [26] or, only for the fundamental properties of M*
needed here, Appendix A of [13].

The symbol - stands for the scalar product and ® signifies the tensor product. For open subsets
A, B of R, we write A € Bif AC A C B and A is compact. We denote (-,-) the inner product in
L?(2), while (-, -)s stands for the inner product in L2(S) for a measurable set S other than Q. Generic
constants are denoted simply by C' and, when circumstances require it, we may also include quantities
on which the constants depend, e.g. C(]|vg]2).

The external body forces f are for the sake of convenience supposed to be of the form

f=—divF,

Consider r € (1,2] a fixed number and d > 2. Inspired by [22], below we reproduce assumptions
on the viscous stress, i.e. the smooth nonlinearity S:

Assumption 2.1 Let there be positive constants Ci and Cy such that for all B, D € R and p € R

sym

a1 +1DP) 2B < P2BD) (g By < 0,1+ IDP)212 B
Assumption 2.2 Let for all D € R and p € R
9S(p, D) 2\ (r— ; %!
0 < (14 D) TAA with0 < yg < ———
‘ oap | S0FIPE WD =00 GG T Oy

where Creg is attributed to the solution operator of Neumann’s problem on Q; see (15) and below.

3 Main result

Theorem 3.1 Letd >2, T >0, a >0, 2d/(d+2) <r <2 and Q € CH be a bounded domain in R?.
Denote

g="02 ©)

and consider F € L™ (Q), h € L9(0,T) and vy € Ln aiv(80). Finally suppose that Assumptions 2.1
and 2.2 hold. Then there exists a weak solution (v,p) to the problem (5), that is

v € Cy([0,T); L*(Q)) N X",

n,divs

Oy € LU0, T; W, 19(Q)),

p € LI0,T;LY(Q)) and / p(t,x)dx = h(t) for a.e. t € (0,T)
Q

and the weak formulation is satisfied, i.e. for all ¢ € W,ll’q/ (Q) and a.e. t € (0,T) we have
(Oro(t), p) — (v @ 0)(1), Vo) + (S(1), Dop) + a(v(t), p)oa — (p(t), divp) = (F(1), V),  (7)
with S(t) = S(p(t), Dv(t)). The initial condition is attained through th%l [v(t) — voll 12y = 0.
—U4



With this result, we practically conclude the existence theory for the corresponding class of models
conceived by Mélek et al. in [21, 22]. More precisely, with the condition r > 2d/(d+2) we have reached
the same lower bound as in the case of pressure-independent viscosity v = v(|Dv|?); see Diening et
al. [13]. This bound is the best one guaranteeing compactness of the convective term v ® v in L'(Q)
and in this regard it may be considered optimal.

Although the range r € (2d/(d + 2),2) has already been investigated in [5], it was in the steady
case and therefore the situation was considerably simpler, although the bedrock of the proof was quite
similar. As for the evolutionary system like that of ours, the best result so far comes from [10], where
existence for r € ((2d+2)/(d +2),2) was proven. In [7], the problem has already been grappled with
Q) =R and r € (9/5,2). For local results (small data, short times), see [17, 18, 25]. In [11], the
model of ours is ivestigated, enriched additionally by the temperature dependence, in which case only
r € (3d/(d + 2),2) can be handled, imposing a restriction d = 2, 3.

Apart from optimization from below, we have also finally incorporated the value r = 2 among
amenable values of the exponent r, which has only recently been achieved for the steady-state prob-
lem in [12]. The work [10] also covers the value r = 2, yet under a slightly different analogue of
Assumption 2.2. Similarly in [9], where the case d = 2 with the periodic boundary conditions is
treated. Inclusion of the critical value r = 2 in our paper not only makes the theory cover the
Navier-Stokes model but, more importantly, allows us to consider balance equations (5); of the form

Ov + div(v ® v) — Av — div S(p, Dv) + Vp = f,

with S fulfilling Assumptions 2.1 and 2.2 with r < 2 if need be.

It is important to notice that we actively avoid the homogeneous Dirichlet boundary condition,
corresponding informally to @@ = oco. The reason is that we need a measurable pressure for the
sake of the pressure-dependent viscous stress, which in the case of zero boundary condition remains
an insurmountable task. The snag lies in incompatibility of the Helmholtz decomposition with the
Dirichlet boundary condition or, in other words, the fact that in the Neumann problem for Poisson’s
equation, the trace of the gradient cannot be required to be zero; only its normal component can
(see (13)). This obstacle will be experienced in the flesh in (36) and below.

Even though a = oo is out of the question, in Theorem 3.1 we could take a = 0 without scruples.
This situation would correspond to the perfect-slip condition, accounting for the fluid slipping along
the boundary. From the analytical point of view, the proof would be simplified slightly as we would
be completely unflapped by the trace of the velocity field. Navier’s condition (5)4 can be further
generalized; see [8] where the so called threshold slip was investigated. This condition is a very natural
approximation of the no-slip condition as it models a fluid adhering to the boundary until a certain
threshold stress is experienced, after which the fluid abides by Navier’s condition.

Although, as stated, the result of Theorem 3.1 is optimal in terms of the range of r, there are still
opportunities for improvement. Firstly, the condition from Assumption 2.2,

S & S
o Creg(Cl + 02) ’

now depends on the set €} through the constant C,.c4. It is highly probable, however, that like in the
steady case (see [12]), one may relax the condition to the point

Cy
Yo < m (8)

It would require replacing the solving operator of the Neumann problem A (see (13)) with something
more refined, i.e. an operator with all the properties we want from A, enjoying additionally Ceq = 1.
In [12], we were able to do so by means of the Newtonian potential. In the time-dependent case,
however, this choice is no longer viable due to the loss of certain necessary compactness with respect
to the time derivative.



Secondly, in (5)g it would seem more appropriate to prescribe pq,(t) over some (possibly small)
measurable g C €2, thus to approximately fix the pressure at some point. Unluckily, not only
does such a generalization lead to severe technical difficulties in the proof but, perhaps even more
importantly, Assumption 2.2 was then altered to

Yo < ol “
|Q‘ Creg(cl + 02)7

see [11]. This condition is sufficiently deterring in itself as || — 0 implies 79 — 0. Bear in mind
that this is again not the case for the steady problem, where (8) would suffice.

As far as the proof of Theorem 3.1 is concerned, we employ a two-level approximation scheme
(see (128)). The inner level (limit parameter k) consists in truncation of the convective and boundary
terms so that up to that point we have a sufficiently regular pressure and the velocity field is a legal
test function. Getting rid of this approximation level lies virtually at the heart of this paper and the
entire Section 5 is devoted to it. It is based on a pressure decomposition (see p. 12) into a lowly
integrable but compact part and a highly integrable part that is at first sight only weakly convergent.
Besides this decomposition, we resort to the Lipschitz truncation of functions lying in Bochner spaces
(see Lemmas 4.5 and 4.6) to deal with the issue of insufficient regularity of the velocity field to make
it an admissible test function in (7).

The primary objective of the outer level is to introduce the pressure. Unlike the traditional
Navier-Stokes model, we cannot invoke De Rham’s theorem in our situation, for the viscous stress
tensor itself is pressure-dependent — the resultant pressure would be a distribution in time. Also,
there would then appear two possibly distinct pressures (one in S(p, Dv) and the other generated by
De Rham’s theorem) and we might have to resort to some fixed-point argument to equate them. Here
we construct the pressure by means of an auxiliary elliptic problem, the so called quasicompressible
approximation (see [15]), replacing the condition on solenoidality (5)2 by

ep = N(divwv),

(see (13) for the definition of N), intuitively making the velocity field only almost divergence-free.
Since this level of approximation is comparatively simpler to lift than the truncation, we leave it for
Appendix.

Moving on to the following section, we survey several nontrivial results exploited in the proof of
Theorem 3.1.

4 Auxiliary tools

To begin with, we list a couple of crucial properties exhibited by the nonlinear viscous stress tensor S.

Lemma 4.1 ([15], Lemmas 3.3, 3.4) Let Assumptions 2.1 and 2.2 hold. For arbitrary D*, D? € ngx,g
and p',p? € R we set

1
2= / (1+ [D(s)>)"=2/2 D! — D2 ds,
0

with D(s) = D? + s(D' — D?). Then

2
SO < (8(p, DY)~ $(7, DY) (D'~ D) + 0|l — 2. )
1
Furthermore
1
[(S(p', D") — S(p*, D*)| < lp' — p*| + Cz/o (1+ [D(s)»)"2/2|D" — D?|ds. (10)



Finally, for allp € R, r € (1,2] and D € R%x4

sym
Cq ,
S(p.D)-D > o (D" - 1) (11)
and
|S(p, D) < —(1+|D])". (12)

The corresponding statement in [15] does not include (10). However, it is only an easy observation
stemming from

1
d
S(p', D) - S(p*, D?) = /0 %S(p2 +s(p' —p?), D* + s(D' — D?))ds

and Assumptions 2.1 and 2.2.

We also recall the Helmholtz decomposition and the Li-regularity theory of the Neumann problem
for Poisson’s equation: If ¢ € (1,00) and Q € CV1, let N : L9(€2) — W24(€) ascribe to z € LI(1) the
unique solution v of

Av =z in Q, Vov-n =0 at 09, vo = 0. (13)
The Helmholtz decomposition of the space Wn'?(Q2)? allows us to resolve any u € Wna?(Q)? as a sum

U = Udiy + v.gu7 (14)

where g,, = N (divu) and ug;y = w — Vg,,. The Li-continuity of u — wuqiy [16, Remark II1.1.1] and
the Li-regularity for N with € C1! [19, Proposition 2.5.2.3] imply

”N(Z)szq(ﬂ) < Cregq |Z||Lq(Q) ) ||udivHWLq(Q) < (Cregq +1) ”UHWM(Q) ’

(15)
9ullwia@) < Ca) [ullpaq),  NtdivllLoq) < CEL) Ul L)

for any z € [Oﬂ(Q) and u € W (Q)?. Later on we will need especially Creg = Creg,2 which is why we

utilize different notation for these constants.

Lemma 4.2 (Korn’s inequality, [14], Theorem 10.15) Let Q € C%! and r € (1,00). Then there exists
a positive constant C = C(, ) such that for all w € W1 (Q) it holds that

lullwrr @) < C(I1DullLr o) + lullLyg)- (16)

Lemma 4.3 (Compactness of traces) Let r and q retain their meaning from Theorem 3.1 and suppose
that {v'}2, is bounded in
L0, T; WEm(Q) n wha(o, T; W, b9).

Then {Trv'}°, is precompact in L™(0,T; L"(92)).

Proof. The standard Aubin-Lions lemma implies precompactness of {v?}22, in L"(0,T; L"(f)). Inter-
polation (see e.g. [23, Lemma 2.18]) then yields precompactness of {v}°; in L" (0, T; W1=¢7(Q)) for an
arbitrarily small € > 0. There is also a continuous trace operator from WP12(Q) into WP —1/P2P2(9Q)
for any p; € Ry and p2 > 1 such that pyps > 1 (see [27] and the remark in [4, Lemma B.3]). Taking
e > 0 so small that (1 —e)r > 1, we have L"(0, T} Wl_a_%”(OQ)) — L"(0,T; L"(092)) and thus also
the claim. O



Lemma 4.4 (Biting lemma, [2]) Let S C RY have a finite Lebesque measure and {f*} be a bounded
sequence in LY(S). Then there exist a function f € L'(S), a subsequence {f7} of {f*} and a non-
increasing sequence of measurable sets D™ C S with lim,, oo |[D™| = 0, such that f7 — f weakly in
LY(S\ D™) for every fized m.

Lemma 4.5 (Parabolic Lipschitz approximation I, [13], Lemma 3.11, Theorem 3.21) Let Q C R be an
open bounded set, w € L>=(0,T; L2(Q)HNLI0, T; WH4(Q)4) (1 < ¢ < 00) and H € L°(0,T; L7 (2)%x4)
(1 <o < o0) be such that

—/u-@tcpdxdt:/H-chdmdt (17)
Q Q

for all ¢ € C°(Q). For A > 0 we define
Op = {M*(|Vul|) + M*(H|) > A}.

Let E C R be an open set such that QN Ox C E C Q.
Then there exists Lgu € L0, T; Wn(Q)%) such that Lru =u in Q\ E and"

loc loc

I1Lpulr(@) < Cllullzrg) — forany 1 <p < oco. (18)
Let K C @ be a compact set. There is a constant Cx > 0 depending on K such that
IVLEwW| Lo (i) < C(A+ Cicllul| 1)) (19)
Furthermore, the function (;Lgu) - (Lgu — u) belongs to L' (K N E) and we have

2
|@Lru) - (Lo — w)l2ny < CIEI(A + Crcllull ) (20)

Finally, for all g € C°(Q) holds the identity

T
/0 (Qru(t), (Lpu(t))g(t)) dt

1

= 2/ (ILpul® — 2u - Lpu)digdx dt + / (OLEu) - (LEu —uw)gdxdt. (21)
Q E

The original version of the stated lemma contains also a certain scaling parameter? o > 0. For our
purposes we need the case a = 1 only and we have adapted the statement of the lemma accordingly.

Lemma 4.6 (Parabolic Lipschitz approximation II, [6], Lemma 2.5) Let Q C RY be an open bounded
set, T >0 and r € (1,00). For any functions H, H and arbitrary sequences {u*} and {H"} we set

o = |H*| + |H|+ [H| and b* = |Du"|
and suppose that for certain C* > 1 and all k we have

la® )l zr@) + 0¥ 1 ) + S lu® ()]l 2 () < C*,
S

)

u¥ >0 ae inQ.

!The generic constants C' below depend only on the dimension d.
2This scaling parameter o is competely unrelated to that in the boundary condition (5)4.



In addition, let {G*} consist of symmetric GF such that

G* = 0 strongly in L*(Q)%*¢ (22)
and let us have the distributional identity

ot + div(H* — H + G*) = 0.

-~ 1
Then there is B > 0 such that for arbitrary Q € Q, A* € (r=1,00) and n € N there exist sequences
{ARmY . C R, {BF™Y, of open sets B C Q and {u*"}y, bounded in L3°.(0,T; W22 (Q0)%) such that

loc loc

O e N (23)
limsup |Q N B¥"| < C(*Q), (24)

k—o0 (>\ )T
ub™ = 0 strongly in LS(@)d as k — oo for any 1 < s < oo, (25)
ubr = ok in Q\ B, (26)
"Duk7n|’Loo(@) < C(Q\)/\km' (27>

Morevover, for all T € C°(Q;[0,1]) the following estimates hold:
limsup/A (|H*| + |H| + [H|)|Du*"| dz dt < C(Q)(r(\)*" +n~7P), (28)
koo JQNBEn
T
~liminf / (O, ubnr) dt < C(O)(r(A)T 4 nL)P. (29)
— 00 0

Strictly speaking, the above lemma as we state it is not a precise reproduction of [6]. To avoid
unnecessary generality of Orlicz spaces, our theorem pertains to a special choice of the N-function
Y(x) = ””T—T, to which we adapted all parameters of the original theorem. Dependencies of constants on
fixed parameters, e.g. ( or r, were also omitted. In (29), the estimate should also hang on ||7| e (q)
but since we restrict ourselves to ||T||=(q) < 1, we may assume that the bound is really independent

~

of the truncating function 7 and that each C(Q) in (24)-(29) are the same.

5 Proof of the existence theorem

Without loss of generality we will assume h = 0, that is to say

/Qp(t,ﬂs) dz =0

for almost every time. We can think so since in the general case we would first investigate the equation
for p=p— h. Due to h € LY(0,T), if p € L9(Q) then of course also p € LI(Q).

There is a couple of strategies how to deal with the convective term, be it the addition of a penalty
term, its mollification, or truncation (see e.g. [6, 11, 13], respectively). Here, we choose the truncation
and for this purpose, let ® € C!([0,0)) be a non-increasing function such that ®(z) = 1 if » < 1,
®(z) =01if z > 2 and ®(x) € (0,1) otherwise, with |®'(x)| < 2. For k& > 0 then define

Op(z) = ®(k2).



With fixed k& > 0, the original system (5) will be approximated by

Ov + div(v @ vPy(|v|)) —divS + Vp=—divF inQ,
dive =0 in Q,
v-n=20 on I,
(30)
av,:Pp(lv-|) = —(Sn); onT,
v(0) = vy in Q,
po =20 in (0,7).

The boundary conditions imply v, = v on I' and therefore we will not distinguish between these two
entities (see the weak formulation (31)).

Existence of weak solutions for thus truncated system can be shown by standard means (see
e.g. [10, 11]) and we postpone it for Appendix. To be more precise, we suppose momentarily that the
following lemma holds:

Lemma 5.1 Under the assumptions of Theorem 3.1, for every k > 0 there exists a weak solution to
the truncated problem (30), i.e. a couple (v*,p*) such that

P e L0, T; WE" (Q)), 9pF e L7 (0,T; W,V (Q), pFeL”(0,T;L7(Q)),

n,div

satisfying® t£%1+ |[v*(t) — vollr2) = 0 and

(O0F (1), ) — (v @ v D (0F)) (1), Vo) + (S*(1), Dep) + (v i ([0"]), ) — (p*(1), div )
— (F(t),Ve) (31)

with S*(t) = S(pF(t), Dv*(t)), for every @ € W' (Q) and a.e. t € (0,T).

5.1 Truncation removal (k — c0)
The reinstatement of the full-fledged convective term is the key limit process. Our first steps will be

devoted to finding bounds independent of k > 0 in suitable function spaces.

Uniform estimates Taking ¢ = v*(¢) in (31) and exploiting integration by parts and solenoidality
of v*, we note that

|v
(0" @ "y (J0"]), Vok)g = ('vk,V/ 5 By (s) ds)Q =0,
0

owing to which (ensuing relations hold for a.e. ¢t € (0,7))

%%H'Dk(t)”%ﬁ(ﬂ) + (Sk(t), ka(t)) + OéH(I)]lc/Qﬂkavk(t)”%2(89) = (F(t), V’Uk(t)).

Due to coercivity of the stress tensor (11), the fact that & < <I>,1€/ % and Holder’s inequality,

Ld k2 G k(g || K1y aok (1 (12
371V Olz2) + 5 1DV O)l[1r () + | Pr(l0" DV ()72 00

C1]9|

< p k ,
< IEO g @IV Ollor@) + =

(32)

¥Note that v* € C([0, T]; L*(Q)).

10



By means of Holder’s, Young’s and Korn’s inequality (16), we then obtain

o 1" (0122 + 10" I 0. pwrr )y + 1@k(0 D0 T2y < Clwoll 20 - 1F L) (33)
(0,

Using boundedness of the stress tensor (12), we get in addition
18417 ) < C(lvoll 2y - 1 ) (34)

Combined with L>(0,T; L2(Q)) N L"(0, T; W () — L?4(Q) with ¢ > 1 (defined in (6)), we have

also

||'Un||L2q(Q) < C(HUOHL?(Q) ) ||FHU’(Q))- (35)

As for a bound on the pressure p¥, due to the convective term we have to relax our require-
ments from the current integrability p* € L™ (Q) — we will estimate it in L9(Q). Let us consider the
equation (31) with the test function

o = VN (Ip"172p" — (1p*1"*p")a). (36)
which due to (15) satisfies
H‘PkHLq’(QT;WLq’(Q)) < C‘Hpk‘q_l”LtJ’(Q) = CHpkH%;(lQ):
div® = [p*|772p" — (]p*|7?*p")a  ae. in Q.

Here we want to point out that had we chosen Dirichlet’s boundary conditions instead of Navier’s,
we would now have run into serious trouble. The culprit is Tr * — in the Dirichlet setting we would
be unable to justify it is actually zero, making the choice of (36) illegal for the weak formulation
corresponding to Dirichlet’s problem. indeed, we could choose ¥ differently so that Trp* = 0 (e.g.
by means of the Bogovskii operator) but then we would face new problems stemming from the time
derivative 0;v* (see Is below and how it vanishes with our choice of ¢*).

From (31) it holds that

5

HpquLq(Q) = (pk,div ‘Pk)Q = ZIi’
=1

where due to Holder’s inequality and estimates (33), (34) and (35) (note ¢’ > 2),
I = —(F, V‘Pk)Q < HFHLT’(Q)HV‘Pk‘|LT(Q) < C”S"k”Lq’(o,T;Wl»q’(Q))v
I = (8%, D) < 15" ) IV 6 (@) < el o it
I3 = a(v"4(|v*)), @")r < all®k(|v* 0" |22 16" 2y < CllE" o 0, 0m1.0 )
I = —(v" @ ooy (J0*), V‘Pk)Q < H'UkH%Qq(Q)H‘PkHLq’(o,T;Wl,q’(Q)) < CH‘PkHLq/(QT;Wl,q’(Q))7
Is = /OT(at'vk,cpk> dt = —(8t div 'vk,/\/(|pk|q_2pk — (|pk|q_2pk)9))Q =0.
Thus we have the desired estimate

1"l 2a@) < CIwoll gy » I F Il ) (37)
(@)

11



Next, estimates (33), (34), (35) and (37) divulge that functionals U* defined on L (0, T; Wa™) as
V() = (v" @ 0"y (0"]). Vi) — (8%, Dep)g — a(v* @y (|0*]), )1 + (0", divp)g + (F. Vep)o,

satisfy
“I’k(‘:o)‘ < C(”UOHL2(Q) ) HF”LT’(Q))||90”Lq/(0,T;W71L,q’(Q))

uniformly in k. In other words, from eq. (31) it follows that
1000 o v ey < € (lvoll ey« 1Flr ) (38)

Limit £ — oo With help of uniform bounds (33)-(38) and the compactness lemma 4.3, we may
select a subsequence (v¥,p*) satisfying?

v S weakly in L"(0, T} erl:giv(Q)), (39)

vF = v weakly* in L>°(0,T; L*(Q)), (40)

ov* — o weakly in L(0,T; W,, %(Q)), (41)

o = v strongly in L*(Q) for all s € [1,2q), (42)

o s strongly in L"(T'), (43)

By ([v* o = v weakly in L*(T), (44)
Py (|F)v* — v strongly in L*(T') for all s € [1,2), (45)
v S v a.e. in @, (46)

= weakly in L7(0,T; LI(Q)), (47)

Sk g weakly in LTI(Q). (48)

We also have v € Cy, ([0, T]; L2(Q)) by (40) and (41). These convergences, when applied to equation
(31), produce

T
/0 (Opv, ) dt — (v @V, V)g + (5,D¢)g + a(v,@)r — (p,dive)g = (F,Ve)o (49)

for every ¢ € L9 (0, T; Wh? ().

The next step, basically the core of this paper, consists in showing S = S (i.e. S(p, Dv)) and this
will be achieved through Vitali’s theorem, since S(,-) is continuous. To this end we have to show the
pointwise convergence of Dv* and p* a.e. in Q.

Decomposition of p¥ We will overcome the problem of low® pressure integrability by decomposing
the pressure into two parts — one keeping the low g-integrability, yet converging pointwise, and the
other r’-integrable, for which we then prove the pointwise convergence.

According to (31), for any ¢ € W2 (Q) such that Vi -n =0 at dQ and a.e. t € (0,T), we have

(" (1), Ap) = —(v* @ v @y (|0"))(1), V) + (S* (1), V2i) + a(v"®u([v"|) (1), Vip)aa — (F (1), V2<€)- |
50

We will decompose the pressure as p* = p’f + plg , Where pg € LT/(O7 T, LT/(Q)) is the unique solution to
(p5(1), Ap) = (S*(1), VZp) — (F(t), V),
(P5(t)a =0

4We employ bars for unidentified weak limits.
5Relative to the e-limit, cf. Subsection 6.1.

(51)
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for any ¢ € W27 () such that V¢ -n = 0 on 9Q and a.e. t € (0,T). For details about solvability of
this equation, formally corresponding to

Apk(t) = divdiv(S*(t) — F(1)),

see [4, (3.51)], where a procedure based on an approximation of what is here §*(t) — F(t) by compactly
supported smooth functions is explained in more depth. Let us show {pg} is bounded in LT/(Q). To
this end take

p(t) = N (Ip5 61" 2p5(t) — (15 ()" *p5(1)))
and recall that for A~ we have Li-regularity (15), implying

le@®)lwar) < CEONIPEGI™ @) = C(Q.7)Ip5(2)] Zﬁ(lﬂ)- (52)
Next we insert such ¢ into (51), obtaining
95170 0 = (5 Ag)G = (8 = F.¥%0)q < (I5¥1 0y + I Fll i) 91l o6
< kyr'—1
= CHPQ‘ Lr’(Q)

by means of Hélder’s inequality and the estimates (34) and (52). Therefore we may assume there
exists po € L' (0,T; L™ (2)) such that

Py — po weakly in L’ (Q). (53)
By (50) and (54), the other partial pressure p§ = p* — p§ must satisfy
(P} (1), Ap) = —(vF @ "y (|0"|)(1), V2p) + a(v" k(|0 |)(1), Vi)aa, (54)

for any ¢ € W27 (Q) such that Vo -n = 0 at 9 and (p¥(t))q = 0 for a.e. t € (0,T). It follows
from (47) and (53) that {p} is bounded in L4(0,T; L(Q2)). We will show it also converges strongly
in L1(0,T; L' (2)). Let k,l € N and 1 < s < q be arbitrary. Take

p(t) = N (IpF = piI* (0} — p0)(®) — (I = pAI* 2 (0} — P (1)e)
and like in (52), observe that due to Li-regularity (15),
le® w2 ) < CQ NPT =PI Ol 1o ) = CO2 ) (BF — PO 550 (55)
Plugging ¢ into (54) yields
P = Pill5s ) = (P = P1, Ap)g = I + I,
where, using (55),
Iy = (v' @ v'®(v'])(t) — o* @ v ey (j0")) (1), Vi),
< o' @ o' @y(10']) — o* @ 0 k() Lo @Il Lo oy
< C(Q,5) 0! @ 0/ (o)) — vF & Py ([0F]) o ) I — B 1550,
and
I = a(o" 4 ([oH)(£) — vy ([0!) (), Ve)r
< allo By (o)) — o' ([0 ) oy Il
< O, 5)[[0" 4 (0]) — 0 D)l e 2l 0 roer )

< O, ) [* @ (10"]) — o' @10 ]) | o 1 — B350

13



The above computations imply that {p}} is a Cauchy sequence in L*(Q) since by the estimate (35)
and the strong convergence (42), we observe

li l l(p LY _ a0k kq) k . <921 k k‘I’ k1y .
im0l @ vly([o']) — v © A By ([04]) | 1s(g) < 2 Jim [[0* @ "By (o)) — v @ v (q)

)

<2 lim |[v* @ v*®,(|0*]) — vF ® 'UkHLs(Q)
k—o0
. k2
< 4 im0 |720 ok >y
< C lim [Q N {jo*| > k}| =
k—o00
—0
and similarly, using and the strong convergence (45),

lim [0 @ (|0*[) — o' ®;(J0"])[| L (r) = 0.
k,l—oc0

Hence there exists p; € L2(0,T; L9(2)) such that

p¥ — p1 weakly in L9(Q), (56)
p’f — p1 strongly in LY(Q).

The first convergence was trivial by the already shown weak convergences (47) and (53). In particular,
we may assume

p’f — p1  a.e.in Q.

From (56) we also infer by the dominated convergence theorem and (12) that
S(p¥ + py, Dv) — S strongly in L' (Q). (57)

Showing the pointwise convergence of p§ is all that remains. We will treat the cases 7 < 2 and
r = 2 separately. The procedure necessitated by the former case may be accommodated to deal also
with the latter (and vice versa, actually). Nonetheless, it would require to prove an improved version
of Lemma 4.6, which we do not find necessary. Even though it may not be the most elegant way of
tackling the issue, we have taken the path of least resistance and resolved to cover the case r = 2 rather
by the spiritual ancestor of the aformentioned Lemma 4.6, i.e. by Lemma 4.5. This result could be in
turn utilized to handle also the case r < 2 but it would be considerably messier than with Lemma 4.6.

5.2 Convergence for r < 2

Let N € N be fixed. Take QN € @N € @ such that

1
@\ QN < & (58)
Now we invoke the parabolic Lipschitz truncation lemma 4.6, set up as follows:
H =p,] -8,
H"* = pbT — S,
H =S| +S],

uf =oF — v,

G* =" @ v oy (jo*]) —v @ v+ (p} — pi)T.

14



Next we take numbers A* = A*(N) and n = n(N) large enough so that the constant C(Qy) from (28)
and (29) satisfies

C@NEO) T 0 < 1 (59)
@M T+ < 1 (60)
where the number 3 > 0 is produced by the said Lemma 4.6. Note that (59) also implies
S (o1
To finish the setup of Lemma 4.6, we take
Q=Qw.

As a result, there exist sequences {\*"}, C R, {B*"}; of open sets B®" C @ and {u*"}; bounded
in L32(0,T; Wo>°(Q)4) such that (23)-(29) hold.

loc

Furthermore, we take 7V € C°(Qn; [0, 1]) such that
N =1 inQn (62)
and

~ r 1
CQN)N{0 < 7Y < 1}‘1/ < N for every k, (63)

which is possible by (23).
Finally, we define bad sets E*™ and good sets G*™ as

EMr = B U{rN <13, (64)
GF" = Q\ EF". (65)
Informally speaking, the bad set consists of points near the boundary or those where the Lipschitz

approximation does not match the original function; see (26). From the estimate (24), bounds (58)
and (61) and the property (62), it follows that

2
limsup |EF"| < =. (66)
k—o00 N

Convergence Of p2 Denole ﬂk - p2 - pz. H/e are gOlng to ShOW
klm ||7l Hl2(Q) ( )

Towards this goal, we set

and observe that by (15) and (53), " satisfies

16" | 2207 w22(62)) < Cregll®ll22(0) (69)
" =0 weakly in L (0, T; W™ (2)). (70)
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Let O(k™!) signify a quantity satisfying limsup_,., O(k~') < 0. For quantities A*, B* we write
Ak X Bk if AR < BF 4 O(k~1). With this notation® we develop

k k
H7rk||%2(Q) = (kaA‘Pk)Q ~ (5, ASDk)Q ~ (Sk,VQka)Q

by (51) and the weak convergence (70). Since

k

(S(pF + p2, Dv), V) X 0
by (57) and (70) (note v’ > 2), we may write
k
17" 72 ~ (8", V2 ©")g & (8" — S(pf + p2, Dv), V2pb)q

< 70/ 1| [ V2 k\dmdt—i—Cg/ / 1+ [D(s)|?)"=2/2| Du*|| V2" | ds da dt, (71)
by (10) with D(s) = Dv + s(Dv* — Dv). Denote

1

1= [+ D)) 22Dt s (72)
0

As (1+|D(s)[>)"=2/2 < (1+|D(s)|?)"=2/4 Holder’s inequality and bound (69) applied to (71) yield

k2 k k 1z, -1
722 % 20Creslint o) + CoCre ([, T*drat) "t 1agy + O,

where we got rid of the bad set E¥" (see its defition (64)) by means of the bound on its measure (66),
boundedness stemming from (39) and (53) and r < 2 as follows:

1
02/ /(1+\D(S)IQ)(T_Q)/QIDUI“IIV%’“Idsd:cdtSCHDukIILr(Q)IIﬂkIILQ(Q)Ek’”lzgf 73)
Ekn Jo

Lo,

Consequently

175122 gy ~ <C209>2/ I*dedt + O(N7Y). (74)
1 — ’YOC’I‘EQ Gk,n

The integral on the right can be estimated by means of (9):

2
7y 2 kv
/Gk I*dedt < 002 HwkH%Q(Q) + C (Sk — S(ph —|—pQ,Dv),Du’f)G’m Lo HW’C”LQ(Q) +O(N™Y),
n 1

(75)

provided
= (8", Dub)gun L O(NT), (76)
Iy = —(S(p} + pa, Dv), Dub) g © O(N7Y). (77)

The limit inequalities (74) and (75) would then yield

||ﬂ_kH%2 ,-li <M>2 Hﬂ-kH%Q(Q) + O(Nfl)’
Cl(l - ’YOCreg)

5We exploit it analogously also for other limit quantities, so for instance O(N™!) or, later on, O(¢).
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implying the desired convergence (67), as long as

7002Creg
Cl(l - ’Y(]Creg)

which does hold, however, due to Assumption 2.2, namely

G
Creg(cl + 02) '

<1,

Yo <

We must therefore justify (76) and (77). Recall that in G*" we have u¥ = u*™; see the definition (65).
Also note that by (23), (25) and (27), for any fixed N (hence also for n = n(N) and \* = X\*(N)), we

may assume
Vub™ = 0 weakly in L' (Qn) as k — co. (78)

We rewrite I; as

Iy = (85, D(r"u"")) grn = (8%, D(Vub"))q — (8%, D(rub")) (s gion- (79)
Since V7 =0 a.e. in GF™ and

{TV >0\ GP = (TN >0y nBPY) U ({0 < 7N < 13\ B,
we recast (79) as
I = (S5, D(rVu""))q — (8%, 6" @ VIN) [ vsop grn
- (Sk»TNDUk’n){TNw}mBM - (Ska TNDUk’n){0<TN<1}\Bk»n-

According to the strong convergence (25), it holds that

lim (S*, u*" ® V) v oopgrn = 0. (80)

k—ro0
Additionally, by the Lipschitz bound (27), the weak convergence of S* from (48) and then by (63),

C

n n A n 1/r
|(Sk,7' Du’“’ ){0<7—n<1}\Bk,n} é C(QN))\k’ ‘{0 < TN < 1}’ / HSkHLr’(Q) S N (81)

As a result of (80) and (81),

I X (8%, D(rNubm)) g — (SF, 7N Dubm) (-Vsoynprn + O(N T
L (§k -8, D(rNubm)) o — (SF — S, N Dubm) (rVsoynpRa + O(NT)

by (25) and (78) in the first term and (28) and (59) in the second one. Now we recall the weak
formulations (31) and (49) and notice that 7¥u®" is a legal test function in either of them (which
mere u” fails to meet). Substituting the term (S* — S, D(rNu*F"))q accordingly, we obtain

I x J1+ Jo+ J3 +O(N_1),

where

T
~ 1
Jy = —/ (@t TN uRmy dt & C(Qu) (r(V)T +n 1 < ¥
0
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by (29) and (60). Next,
Jo = (G*, div(rVubm))o £ 0
by (22), (23) and (27). Finally,
Js = (7, div(rNuF") g — (8% = 8, 7V DuM") (v gy prn

S (Wka ™ div Uk’n){TN>0}mBk»n - (Sk -8, TNDUk’”){TN>0}mBkm
= (H" — H, 7" Du"") (v gynprn < %
by dint of (25), (28) and (59) since evidently

{rN >0 N B*" c Qu.

Thus (76) has been shown.
As far as Iy in (77) is concerned, we recall that u® = u

GFn = {TN =1}\ ({TN =1}n Bk’").

knin G and notice

Since {7V =1} C Qn, we recall the strong convergence (57) and the weak convergence (78) to deduce
LA (8, DuP") g = (8, Dub™) onopynpin — (S, DuP™) voyy

3 (S,Duk’”){TNzl}mBk,n L C@QN)r(W)+nP) < %,

by (28) and (59), thus showing (77) and ultimately proving also (67) for r < 2.

Convergence of Du”* Recalling the definition (72), we can infer by Holder’s inequality that

r 1 . _ . r/2
1D 56y < [([ 0 DI04 1D 5 Do) ds)

0
< (/S Ik)T/z(/Q(l + |[Dv*? + |Dv|2)r/2)(2’”/2’

for any measurable S C @, implying with help of the uniform estimate (33) in the end

C’HDukH%T(S) < /ka for any measurable S C Q. (82)
Applying Biting lemma 4.4 to
fF(t,z) = |Du(t, x)]", (t,z) € Q,

there is a nonincreasing sequence of measurable sets D™ C @ with limy, o |D™| = 0, such that
(without loss of generality) f* converge weakly in L'(Q \ D™) for every m. Our aim is to prove

k
| Du*| e\ pmy ~ O (83)

for any m € N. Since limy,;,_,o |D™| = 0, the pointwise convergence (for a subsequence) follows.
Let D € {D™}. Since f* converge weakly in L'(Q \ D), they are uniformly equi-integrable in
Q\ D. Let us take an arbitrary ¢ > 0 and N > o1, such that

2
ScQ\D, |S| < N kaHLl(S) < o for every k. (84)
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We use this N as the starting parameter for the Lipschitz approximation scheme started at the
beginning of Subsection 5.2. We may assume |E¥"| < 2N~! for all k& by (66), which combined
with (82) and (84) yields

CHDukH%r(Q\D) S/ le—f—CHDukH%T(Ek,n\D) < /Gknfk + O(0), (85)

Gk,n\

given that I¥ > 0. Relations (75) and (67) then imply

2
k7 _
/Glm IF d dt ~ ?%||wk|yig(Q) +O(N7Y

If we plug this observation back into (85), we obtain the desired (83). Together with the compactness
of the partial pressures (56) and (67), we may assume both p* and Dv* converge pointwise a.e. in Q,

which yields ultimately S = S(p, Dv) for r < 2 by Vitali’s theorem.

5.3 Convergence for r =2

The above procedure, followed step by step, is rendered useless when r = 2 for we cannot get rid
of the polluting term in (73). On the other hand, the strong convergence in L?(Q) is not essential
for the pointwise convergence of a subsequence. Now we show only the strong convergence in L(Q),
arriving at the same conclusion. Although we could have skipped the case r < 2 entirely, given that
the method applied to » = 2, resting on Lemma 4.5, may be presented in such a way that it conquers
also the former case, we treat this situation apart for two reasons: Firstly, it is much more convenient
to use Lemma 4.6 when applicable (see [13] for usage of Lemma 4.5 for a wider range of exponents).
Secondly, dealing with the case r = 2 individually lets us balance out its slightly increased technicality
with simplification of certain terms; consider e.g. I* in (72).

Several definitions We set
gF = M*(|Vu®|) + M*(|S* — S|) + M*(|7"]). (86)

By the properties of M* and boundedness of the individual arguments in L?(Q) (see (39), (48)
and (53)), the sequence {g¥} is also bounded in L?(Q). Therefore”

n
Z /{22"+i<gk<22n+i+1 } (gk)2 drdt < C forany n €N,
i=0 S

independently of k and n, which guarantees there are
22" < Nk < 92 (87)

such that
k\2 ¢
(9") dxdtgg for any k,n € N. (88)

Let us define level sets related to ¢*:
A" = {g" <A,
AT = [ < gk < (Akm) 2y (89)
A" = (X < g}

"Notice that 22" = (227L+i)2, which is the reason for our choice of such numbers.
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By (88), we can bound the measure of Ag’n as

k\ 2
}A’;“\:/ 1dmdt§/ (s") ¢
{Akn<cgh<(nrny2 } {Aencghcarbmyz} (Xem)

Chebyshev’s inequality also implies

[\
S
—~
b
&
3
~—
[\

(et agT| < C. (91)
Furthermore, we define
F* = (M (o © o 0(j0¥]) — v @ v + (o — po)T) > 1},
By means of the strong-type estimate for M* and (35), (42) and (56), we obtain
kl;n;O’Fk’ < C’kli_g}OHvk @ P (Jv"]) — v @ v + (pf —p1)IHz(,(Q) =0 for some o > 1. (92)
For fixed n € N we also find 7" € C2°(Q; [0, 1]) such that
1

’{7n<1}‘ﬁm (93)
Finally we include all the adverse sets into one so that we define
Ebn = (A" U AR U FR U < 1)) N Q, (94)
GF" =Q\ EF", (95)
It follows easily from the definiton of E¥™, (87), (92) and (93) that
(A2 ER A AR X o). (96)

We would like to engage Theorem 4.5 with E¥" playing the role of E. Setting
H" = " @ 0" &4 (jo"]) —v@v - §"+ 5+ (p* —p)I,

the equation (17) evidently holds with w* and H*. The sets E*" are open due to the lower semicon-
tinuity of M*. Finally, subadditivity of M* yields

{gF > N U FF S5 UM (V) > A u {Mm* (|87 — S — 7¥1]) > AP} u FF
O {M*(IVur)) > AR u {M*(|[HF]) > AP 41}
O {M*(|VuF]) + M*(|H"|) > 3AF"},
implying the required property
{M*(|Vur]) + M*(1H)) > 33" nQ c B
Therefore we may invoke Theorem 4.5 with A = 3\*". Let us denote
ub" = Lonaub.

Note that due to the LP-estimate (18) and the strong convergence (42) it holds that

ub™ = 0 strongly in L?(Q) as k — oo for any n € N. (97)
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Accessory calculation In this part we show a result that will be useful in a while, namely

(8 = S} + p2, Dv), Du¥) i, & O 7). (98)
The individual steps to be taken will be
(8% — S(pf + p2. Dv), Dub) ., & (S — S, Dub) ., + O(n7Y) (99)
£ (8F -8, D(r"uk")) , + O(n ") (100)
Eom™. (101)

As for the first relation (99), in view of the strong convergence (57), it boils down to showing

(S-S, Du"),,.. L om™). (102)

Gkn
By Theorem 4.5 we have u* = u*" in G*" which set we rewrite by (94) as
GEm = {r" = 1}\ (FFnAY" n{r" = 1}) U (45" U AS™) N {7 = 1})). (103)

The Lipschitz bound (19) combined with the strong convergence (97) allows us to assume that for any
n €N,

Vub™ - 0 weakly in L? ({r"=1}) as k — oo. (104)
By (19) again and the shrinkage of F'* expressed in (92), it follows that

(S - S, Dub") | < CIFFV2(AR 4 Cprnyy ¥ £ (g) ~ 0. (105)

FrnAb " A{rn=1}

Lastly, we easily deduce by (19), bounds on ]Ag" U Agn\ given in (90) and (91) that

Q k,n <Q k,n k,n kmn1/2
(8 = 8, DuF") yingtony g | <118 = Sl g2t atomy [ VU [l (gromay [ A5™ U AZ" Y (106)
L O(n™h).
Combining (103)-(106), we obtain (102) and hence also the first step of (99).
Towards showing the second step (100), we start noticing that
= n k -
(8 =8, DuM") gy nyy ~ O(n 7). (107)

Indeed, treating the level sets (89) individually, we estimate

k

(S-S, Dub") (8% =8, Dub") o grin gy ~ 0

EknnAbT (=1} =

as in (105) due to boundedness of S* in L?(Q) (see (48)). Then

Q n — n\— n k _
(8" = 8. DuM) ey gy < On7 2SN TN 4 Cprngy U 11g)) ~ O ™)

by the bounds (19) and (90). Very similarly, using the bounds (19) and (91),

qQ n ny— n k -
(Sk — S,Duk’ )Ag’”ﬂ{rnzl} < C(/\k’ ) Z(Ak’ + C{Tnzl}HukHU(Q)) ~ O(TL 1).
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Hence (107) holds and therefore also
(108)

(S* —8,Dub) ., = (85 =8, Dub™) 0, & (S =8, Dub") L+ 0™,

Next, we would like to add another negligible term, namely the Lipschitz bound (19) and properties

(87) and (93) imply
k n 1/2 n k _
Lol < B2 4 Caprn 6] 1)) ~ O V).

(S’k -5, T"Duk’"){oqnd}

As a result, we may improve (108) into
= k = 1k = _

(8¥ -8, DuF) ., ~ (SF - S,T"Duk’")Q +0(n )~ (SF-5, D(Tnuk’n))Q +0(n 1),
recalling also the strong convergence of the Lipschitz approximations (97). The last inequality justifies
the second step (100) and we may jubilate, for 7"u®" is a legal test function in both the weak
formulations (31) and (49). We exploit this fact to rewrite

(p" — p. div(r"u")) , + (vF @ v 0k () — v @ v, V(rub"))

(109)

kK Q n, kn
(8" - S,D(t"u ))Q_
T
- / (Dyuf, Ty dt = 1) + I + .
0

We will demonstrate I; 2 O(n™1) for each i = 1,2,3. Beginning with Iy, the strong convergence (56)

and the bound (19) yield
k . .
I ~ (p’zg — o, dlv(T"uk’"))Q = (7rk, ubm . VT")Q + (7Tk, 7 div uk’”)Q (10)
X (ﬂ'k, " div uk’")Q = (7rk, " div uk’")Ek’n.
We could ignore the term (7%, u¥™-V7™)q due to the strong convergence (97) and boundedness coming
from (53). Classical properties of Sobolev functions also guarantee divu®" = divu* = 0 a.e. in G*",
which we exploited in the last equality. The rest follows the track of (107). More precisely,
. 1/2 k _

(ﬂ'k,Tn div ukm)Ek»nnA’f’" < C‘Ek’” N Allm‘ / ()\k’" + Cspt-,-nH'U,kHLl(Q)) ~0om™h

by the observation (96). Then
. _ _ k _

(ﬂ'k, 7" div uk’n)Ekva’;’” < Cn~ Y2 (ARt ()\k’" + Cyptn HukHLl(Q)) ~0om™h

by estimates stemming from (19), (53) and (90). And similarly, only switching to (91) in order to

bound \A’;’”],
(7Tk, 7" div Uk’n)Ek,nmAl;m < C(AFm) 2 ()\k’" + Coptrn ”uk”Ll(Q)) £ O(n™1).

Thus we have shown that (110) can be concluded as
L Eom™. (111)

The term I is quite effortless to tackle. Due to the strong convergences (42) and (97), we have
L (v* @ vF Py (|o*]) —v @ v, T”VU’“’”)Q

(v @ v*®p(J0"]) —v @, V(T"uk’”))Q
(112)

I, =
k
< CH'Uk & qu)k(”l)k|) - ’UHLI(Q) ()\k’n + Cspt‘r"HukHLl(Q)) ~ 0.
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To process the last term I3, corresponding to the time derivative, we recall the integration by parts
formula (21), according to which we can rewrite I3 as

1
Is = 2/ (2w - uF" — [uF"2) 9 da dt +/ (D) - (u — uF") " da dt
Q Ek.n

L /Ek n(atu’f’”) (w — P de dt < C|ER (N 4 Copgrn [0 1) (113)

first by the strong convergence (97) and then by the estimate (20). However, the sets E*™ by their
very definition (94) satisfy trivially
B4 < A+ A7+ 74+ 7 < 1)

Estimates for the individual summands are contained in (90)—(93) and we plug them into (113) to
infer

I & CIER" | (NP 4 Copprnl|u¥]| 11 (0))° 2 O(nY).

We insert this last result into (109) together with (111) and (112), procuring the third and final
relation (101). The longed-for (98) has been hereby justified.

Pressure test function For K > 0 we consider the usual truncation operator T : R — R
The() = {x for |z| < K,
Ksgnz for |z| > K.
In contrast to the case r < 2 (cf. (68)), now we take
P = N(T)\k,nﬂ'k - (T)\k,nﬂ'k)ﬂ).
For all p < co we may assume due to the convergence (53) and the boundedness of A*™ (87) that
Ty = T"  weakly in LP(Q) as k — oo, (114)
T" =T weakly in L*(Q) as n — ooc. (115)
By the weak convergences (53) and (114) evidently
Tyenm® — 7% = T"  weakly in L*(Q) as k — oo.

Due to (53) and the bound (87), we may estimate

k|2
/ Tyt — k| < 2/ | < 2/ T _ om,
Q (|| > Ak} (k[ >Akm} AT

specifying the weak convergence (115) more closely as

T" =0 weakly in L?(Q) as n — oo.

By the same token (up to a subsequence)

Tyt — (Tyenm™)q — Ty weakly in LP(Q) as k — oo,

Ty — 0  weakly in L?(Q) as n — oo. (116)
Back to ¢*™, the property (15) entails for any 1 < p < oo that
15"l Lo 05w 2p(2)) < Cregpl Taen ™ — (Tysnm™)alle(q) (117)
< Chregp AP (118)
As a result, and also owing to (116), we may assume that for all p < co
@ — @ weakly in LP(0,T; W?P(Q)) as k — oo, (119)
@' — 0  weakly in L%(0,T; W?2%(Q)) as n — oo. (120)
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Convergence of p§ Let n € N. We are going to show
(%, Ty & O(n ™), (121)
implying 7% — 0 strongly in L'(Q), hence 7% — 0 a.e. in Q for a subsequence. We write
(7%, Ty ) = (78, Ty — (Tyenm¥)a)g = (4, Ak ™) & (85 = 8, v2phm)

by the weak formulation for p§ (51), strong convergence (43) and weak convergences (53) and (119).
We carry on by means of the strong convergence (57):

k Q n k n Q —n
(7", Tyram)g ~ (8% — 8,V ") ~ (S* — S(pf + p2, Dv), V") — (8 — 8, V*@")q

<70/ |7rk]|V2<pk’"|dxdt+Cg/ |DuF|| V25| d dt 4+ O(nY), (122)
Q Q

by (10) and (120). We will concentrate on the second integral, decomposing () into four subdomains
(see (89), (94) and (95) for definitions):

Q= (EF"n AY" U (BF" 0 AS™) U (BR" 0 AS™) U GRn.

Accordingly
/ ‘D’U/kHVQQOk’n’ dedt =11 + Iy + Is + 14,
Q

where

1/2

I = / o [ Dut[V2M0 ddi < | Dt oy [ V208" [ 2 B 0 AT
EknnAP" !
< oxRnERn AR Y2 K oY),

by the observation (96), |[Du*| < A\¥" ae. in Alf’" and the estimate of ¢*™ (117). Next
— k|72, K k 2k, k _ -1
n-[ oo P20 < LD 920 52 < Oy = O™,

by the key property of Ag’n (88) and the estimate (117), and

4—p

p—2
> < O

Iy = / | DuF || V2R dadt < || Dt () V26" ()| AE™
EknnA"
Eom™

for any p > 4 by the bound on |A§n

(91) and (118) for a fixed p > 4. Finally,

dx dt

Ii= [ IDu|vReh
Gk,n

2
Yo 1 k2 2 ok k k 12 o kn
(GIm ey + 5 (87 = Sk + 2. Do), D) ) IV e

Ve

70 n —
aHTrkHIQ(Ava”) V2" || 20y + O(n 1),
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by (9), GF" c Alf’n, the accessory calculation (98) and the estimate (117). We see that only the last
term I, adds a palpable contribution to (122), which hence simplifies into

k Cs n _
(7, Tuartlg £ 20 (14 G2 ) 17 o 1964 ) + O™

C,+C -
< 0Creq <1012> HW’CHB(A’;m)HTAkak — (Tyenm™)all2() + O(n ™)

C1 + C -
g%a@(1l2)www4ﬂMmey@+omlx (123)

by (117) and an elementary manipulation
k k k k k
[Ty = (Tyknm )QH%%Q) = [Tk H%?(Q) — 9Ty ™) < [ Tyrn H%Q(Q)

What remains is to relate (7%, Tyxn7*)q to the right-hand side in a better way: Recalling the definition
of g¥ (86), we have trivially
| Tykn7®| < 7% < g% a.e in Q.

Therefore, and by the estimates (88) and (91), we observe

I Tykn 7|72y < I7°117 + 19113 + AR < [l=* +0(n™h).

L2 Akn L2(Akn L2(Akn 2 Akn)

Then we add an obvious inequality

k k k
I 13 < (7, Taenm)Q

L2 Ak n)

G
Creg(CH + Cs)
and we may hence assume (bearing in mind the already proved result for p¥ (56))

and (123) combined with 0 < vy < from Assumption 2.2 becomes the desired (121)

PP —p ae in Q. (124)

Convergence of Du* This time the Biting lemma will be engaged on
Rt ) = 7" (8, 2)? + | Duf(t,2) P, (t2) € Q,
with our sight set on
IDU| s (g prmy & 0

for any m € N, where D™ are the sets provided by the Biting lemma, like in (83). Assuming without
loss of generality that f* are themselves weakly convergent in L'(Q \ D,,), in particular they are
equi-integrable in @ \ D™, for any m € N, Vitali’s theorem and the pointwise convergence (124) imply

7™ — 0 strongly in L?(Q \ D™) for every m € N. (125)

Let mg € N be fixed. Equi-integrability of f* and the definition of E*™ (94) imply

k — —
||Duk||%2(Q\Dm0) ~ HDukH%%Gk,n\Dmo) +0(nh) < ||D“k‘|%2(ck,n\pm) +0(n™)
for any m > mg. Take m(n) > mg fulfilling
1

— 222n+1

| D™ : (126)
n
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Applying the estimate (9) and convergence (125), we obtain

k
C"Duk"%z(gk,n\[)m<n>) ~ (Sk - S(P]f + p2, Dv), Duk)Gka”\DmW)

k -
~ _(Sk - S(pllC + P2, D’U), Dukm)Gkv”ﬂDm(n) + O(’I’L l)a
where we recalled the accessory calculation (98), i.e.
(8" = S(f +p2. Dv), Du*) .. ~ O™,
for the second relation. The rest is assured by the Lipschitz bound (19) and (126):
(S* — S} + p2, Dv), DU*™) kny oy < C|D™ V2N 4 Oy [ 1) X
yielding

koo
DU 72\ prmoy ~ O(n 1),

hence also the pointwise convergence (for a subsequence) of Du*. Together with the compactness of
the pressure (124) we obtain also S = S(p, Dv) for r = 2.

5.4 Initial condition
Proceeding exactly like in the Galerkin approximation (see Appendix), we could justify

(vo —v(0),w) =0 for all w € W27 (Q),
i.e. v(0) = vg. Next we will show

v¥(t) = v(t) weakly in L?(Q) for all ¢t € (0,T). (127)
Let t € (0,7), then {v¥(t)} is bounded in L?(2) and we may assume that for a subsequence
v (t) = weakly in L*(Q).
Recall (31) and take ¢ = wy(oy) for an arbitrary w € Wylb’q/(ﬂ). Then
(05 (), w) — (w9, w) = (v @ Py, (|0 ]), Vaw)g, — (S*, Dw)q,

— (v @y, ([v*"]), w)r, + (P, divw)q, + (F, Vw)q,,
which tends for m — oo to

(0, w) — (vo,w) = (v, vw)Qt - (S7Dw)Qt —a(v,w)r, + (p, div w)Qt + (F, vw)Qz

= (v(t), w) = (vo, w),

by the already proved weak formulation (7). Therefore © = v(t) and we may extend the result beyond
a mere subsequence, in other words (127) holds.

Regarding the strong convergence to the initial value in L?(£2), in the weak formulation (31) we
can take ¢ = vkx(07t) for any t € (0,T), obtaining

||,Uk(t)||%2(ﬂ) - HUOH%Z(Q) = (F7 Vvk)Qt - (Sk7D,Uk)Qt - a(vk@kﬂka’vk)Fz < (Fa vvk)Qt + Cta

by means of the property (11) and non-negativity of the boundary term.
Adding (127) and the lower semicontinuity of the norm then yields

: > 2 2
Jim lv(t) = vollz2) = L lv@)I72(0) = lvollz2(q)

. .. k 2 2
< t£%1+ lim inf [0 ()220 — lvoll 2o

< lim ((F,Vv)g, + Ct) = 0.

t—04

With this last fragment we have established the claim of Theorem 3.1. O
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6 Appendix

In this ancillary part we prove Lemma 5.1. Towards that aim, with fixed ¢,k > 0, the original
problem (5) will be further approximated by the following quasicompressible system:

Ov + div(v @ vP(|v|)) —divS + Vp=—divF in Q,
dive =eAp in Q,
Vp-n=20 on I,
v-n=0 on T, (128)
v, B[, ]) = —(Sn), onT,
v(0) = v in Q,
po =20 in (0,7).

Like in the case of the system with only the convective term truncated, we are insterested in
existence of weak solutions. In the following lemma we both particularize this concept and affirm the
existential question.

Lemma 6.1 Under the assumptions of Theorem 3.1, for every e,k > 0 there exists a weak solution
to the approzimate problem (128), i.e. a couple (vSF,p**) satisfying
vk e L7(0, T; W, (),
a=k € L (0,T; W, 1" (Q)),
pF € L2(0, T; WH(Q) N L7 (Q)
and for all o € W' (Q) and a.e. t € (0,T), it holds that
(@™ (1), @) — (v°F @ v F (|07 (t), Vo) + (S(p™* (t), Dv™(1)), Dyp)
)(1), @)oo — (p7F(t),dive) = (F(1), Vi), (129)
as well as for every v € WH2(Q) and a.e. t € (0,T) the identity
e (Vp™k(t), Vip) = —(divo (1), ). (130)

+ a(vg’k‘ik(\va’k

The initial condition is being attained in the form thn()l o= (t) — vollr2(0) = 0.
—0+

Proof. Let {w;}ien C Wi (Q) be an orthogonal basis in W (Q) and an orthonormal basis in L2(£).
We also standardly require of the basis that L2-projections

Plu = Z(u,wi)wi, ue L?(Q), neN,
i=1

be orthogonal in W}Lz(Q) Note that P"wvq converges to vg in L?(Q) for n — oo.

Galerkin approximation Dropping the ¢, k-indices (both parameters stay fixed), for n € N we
construct Faedo-Galerkin approximations

n

v (t2) = 3 (Dwila),

i=1

o) = N (div v") (t,2) = iZc?(t)./\/'(div w;)(z). (131)




Recall (13) for the definition of A/. What is to be found are absolutely continuous functions {c}}? ,
extensible to the whole [0, 7] and satisfying

(00" (t), wi) = (V" @V" p(|0") (1), Vwi) + (8" (t), Dwi) +a(v" k([0 ])(1), wi)o — (p" (), div w;)
= (F(t), Vw;) foralli=1,...,n, (132)

where S™(t) = S(p"(t ) Dv"(t)). We also set v™(0) = P™vy.

The functions {c}'}}* ; would be found standardly with help of the Carathéodory theory, at least for
a short time interval. The extensibility onto the whole of [0, 7] will follow from the uniform estimates
derived presently.

Uniform estimates Multiplying eq. (132) by ¢}'(t) and summing the n equalities yields

5 o " (D220 — (0 © 0" B0 )(0), V" (1) + (S™(1), D" (1)) + | 10" (1) 32 g0y

= (P"(t), divo™(t)) = (F(t), Vo (1)),

Due to eq. (131), boundedness of the truncated convective term and (11),

1d r n
Sq o™ ()12 + HDU O r )+ IVP" (0720
119
< (IF @) 0y + C0) (95" Ol oy + A (139
Hoélder’s inequality now implies
sup (0™ (1)1 721y < 2(1F gy + CR) V0" [l 1oy + w0l 720y + :
t€(0,7) r
which we apply in (133), getting
sup [|v" (t)][7 +*HDU"H r@) +2e1IVP;
t€(0,T) L@ @) @
TC|Q|

2
<2(IF|l 1 gy + C(R) VU | 1) + lvoll72(q) +
Now we recall Korn’s inequality (16) and then utilize Young’s inequality to deduce

tS(léPT) ||vn(t)||%2(9) + anHET(QT;leT(Q)) +e HanH%Q(Q) = C(kv ||’00||L2(Q) ) HFHL?’/(Q))?
S )

finally implying, using (12) for the stress tensor S and Poincaré’s inequality for the pressure,
2 ! 2
. S(%PT) ||’Un(t)HL2(Q) + ||’Un”zr(0,T;WLT(Q)) + ”SnHZT’(Q) te ”Pn”L2(0,T;WL2(Q))
€ )
< C(lﬁ ”U0HL2(Q) ) ||F”L""/(Q))' (134)

The time derivative ;0" will be momentarily estimated in L2(0,T; Wy, 2(€2)). Noting that Wp?(Q)
is densely and continuously embedded in L2(Q), for ¢ € Wp(2) we may write

(Op"(t), ) = (00" (1), P"p)
<P 1 + 1570

@ [PP"0| 1) + 20k P o]l 12 90

P Ol 2 [VE 2l 2 + [ F D]

L7 () VP | L7 (Q)

< O Vel 20y (48 + 1S™ Ol v gy + 20 + "D 2y + IF @) )
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The first inequality follows from the eq. (132), while the latter step made use of orthogonality of
P on W% (), as well as Holder’s inequality (r < 2) and the trace theorem for Sobolev functions.
Combining the last inequality with (134) yields the desired

T
/0 190" (11212, dt < C (k. [00ll 2y IF L) (135)

Limit n — oo With bounds (134)-(135), we may invoke the traditional compactness arguments like
reflexivity, the Banach-Alaoglu theorem, the Aubin-Lions lemma with Wa" e L2 < Wpt? and
Lemma 4.3, to select a subsequence (labelled again (p",v")) such that for n — oo

v = v weakly in L"(0,T; WL"(Q)), (136)

v v weakly* in L>(0,T; L*(Q)), (137)

" — Oy weakly in L2(0,T; W,; 12(Q)), (138)

v = v strongly in L*(Q), (139)

v — v strongly in L"(T), (140)
lo"@)ll, = 0@, ac. in (0,7), (141)
v — v a.e. in @, (142)
Pt strongly in L2(0, T; W'2(Q)), (143)
pt—p a.e. in Q, (144)
S"— S weakly in L™ (Q). (145)

We were able to deduce the strong convergence of p" from (15) and (139).
Considering the continuity of A and properties of {w;};cn, we apply the convergence results
(136)—(145) to the equations (131) (132) to acquire

ep = N (divv) (146)
and
T
/0 <8tv7 ‘P> dt = (U & Uq)k(’v’)v VQO)Q - (§7 D‘P)Q - a(v(pk(‘v‘)7 ‘P)I‘ + (p7 div QO)Q + (F7 V‘P)Q
(147)

for every o € L2(0,T; Wa? ().

Improved pressure integrability The bound (134) is insufficient to infer p € L™ (Q) but we are
able to deduce it all the same, even uniformly in €. The first thing we notice is that

pe L*0,T; L (Q))

since 7’ < 2d/(d — 2). This observation carries over to the equation (147), where it allows us to infer
By € L2(0,T; Wy, '™ () and we may take o € L2(0,T; Wa'" (Q)).
For L > 0 denote xy, the indicator function of the set {[|p(¢)|; o) < L}. We will consider

@ = x. VN (Ip|" "% — (Ip|" "%p)q).

29



Notice from (15) that
@)@y < CQMXLEIPOT ) = COPIXL RO 7
el Lrorwrr@) < C(Q,7)lIxepl 2/5(1@)» (148)
||90HL°°(0,T;W1’T(Q)) < C(Q’ T)Lrl_la

dive = (Ip|" *p = (IpI" ?p)a)xz ae.in Q.
In particular, we can make use of ¢ in the equation (147), implying

5

lpxelf g = (b dive)g =D L (149)
=1

where, by (147) and Hélder’s inequality,
I = =(F,Vo)g < |F| v olIVellir@ < Cllelrormwir @)
I, = (§7D<P)Q < ngLr’(Q)HV‘PHLT(Q) <C HSDHL’“(O,T;WLT(Q)) )
Iy = —(v@vei(|v]), Ve)g < Ck) llell rorwir @)
Iy = a(v®(|v]), )r < C(K)llel Ly < CK) el Lo rwrr @) -

T T T
I = / (O, ) dt — / (O VN (divv), ) dt — ¢ / (O, ) dt, (150)
0 0 0

by the Helmholtz decomposition (14) and the relation (146). If p were smooth, then

T
r— E !
=< [ @Ol pxudt = 5 D) xu D) <0

In the general case we could use an approximation by smooth functions to conclude I5 < 0. All in all,
from (148), (149) and the estimates on I1—I5 we have

IpXLI T g < CR).
independently of L > 0, which entails L" -integrability of the pressure
12l () < C(F). (151)
Therefore the right-hand side of the equation (147) is well-defined for any ¢ € L"(0,T; W' (Q)) and
we conclude dyv € L' (0, T; Wn " ().

Initial condition Attainment of the initial condition is almost trivial: Let ¢ € C}([0,T)), such that
¢(0) = —1. Multiply the eq. (132) with ¢, integrate over (0,7") and perform the limit n — oco. Then

(w9, w;) = lim (v™(0), w;) = (v, C'wy)g + (v © v ([o]), V(Cw:))g — (5, D(Cw:))g

n=ro0
— a(v®i(|v]), (Cwy))r + (p, div(Cw;))g + (F, V(Cw;))g for all i € N, (152)
If we in (147) take ¢ = (w; and compare the equation with (152), we obtain
(vp —v(0),w;) =0 forallieN,
so that v(0) = vg. Since v € C([0,T]; L?(f)), we are finished.
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Identification of S What remains is to show S = S (i.e. S(p, Dv)). Since S(-,-) is continuous and
we already have (144), it suffices to verify the pointwise convergence of Dv™ a.e. in Q. Then § = S
by Vitali’s theorem.

Observe that we may without loss of generality assume in (141) that [[v™(T)|| 12q) = [|0(T)]l 120
for n — oo. Indeed so; if it were otherwise, we would solve our equation from the beginning on
a larger time interval, say (0,7 4+ 1). Then we could assume there is T < 7 < T + 1 such that
[v"(T) 22y = v(P)llL2(q) for n — oo, and we would prove all convergencies on (0,7), only to
restrict ourselves to (0,7") in the end.

Define

1
"= / (14 |D(s))"=2/2|Dv" — Dv|*ds,  D(s) = Dv + s(Dv" — Dv).
0
With the strong convergence (143), the relation (9) implies

0< Climsup/ I" <limsup (S" — S, D(v" — v))q = limsup (S, Dv")g — (S, Dv)g
n—o00 Q n—o0 T—00
5 (153)
< lim sup [,
= ; n—>oop i
where, by (132) and (147), the terms I; are are handled by convergencies (136)-(143) as follows:®
L=(F,V@"—-v))g~0
I = (p", dive™)g — (p,dive)g = € [ Vpll72(g) — € IVP 1 Z2(g) ~ 0,

I3 = (v" @ v"Pi(|v"]), VU)o — (v ® v®i(|v]), Vv)g 20,

r d 2 ni(2
; %(HUHL%Q) — v HL2(Q)) dt
(lo(D)l[72() = 1™ (T 1720 + 10" O) 1720y — 0(0)I72()) ~ O,

I5 = a(vPi(|v]), v)r — a(v"Pk(Jv"|),v")r 0.

—~

Iy =

N = N =

Therefore (153) entails

lim [ I"=0 (154)

n—00 Q

and now we are practically finished, for Holder’s inequality yields

n r ' ) r— r/2 r(2—r
D" =)}, 0 < /Q (f 04D 22D ) ds ) (14 1D+ Dol
r/2 (2—7)/2
< ([ m)"([as e+ popyr) T (155)
Q Q
which tends to zero with n — oo by (154). O

6.1 Vanishing artificial compressibility (¢ — 0,)

Now we justify the limit ¢ — 04 for solutions yielded by Lemma 6.1, proving thus Lemma 5.1. Let us
again drop the index k and denote the solutions at hand simply (v®, p®).

8The symbol < has an analogical meaning to £ introduced under (166).
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Uniform estimates Taking ¢ = pf in (130), ¢ = v in (129) and summing up the resultant
identities, we obtain

o 0 ()20 — (0F © 0° o]} (1), Vo (1) + (8°(0), Do (1) + a8}/ (o 1o (1) 32 oy
e [ VpE (1) 22y = (F(1), Vs (1),

where S°(t) = S(p°(t), Dv°(t)). Following the same steps as in the proof of Lemma 6.1, we could
show

t S(%PT) lv° (D) 1122() + 10° e 0 2ewrr )y + 181 ) + € 1P 220,212
€(0,
< C(k, lvoll p2ay « 1F I 1 y)»  (156)

which can be combined with the weak formulation for the pressure (130) to obtain

T
/o ldiv o°|5, 12 ) < VEC(, w0l 2y« 1F 1l o ).

As far as an e-uniform estimate of p° is concerned, we still have (151). Combining (156) with (151)
and the starting equation (129) also yields the last estimate

1000 o rw (@) < C (K Ivoll 2oy 1F N )-

Limit ¢ — 04 The uniform bounds hitherto deduced allow us to pick a subsequence (v¢, p°) satisfying

v° = v weakly in L"(0,T; W, .. (Q)), (157)
v° = v weakly* in L>(0,T; L*(Q)), (158)
Opv® — Opv weakly in L™ (0,7 W,, 2" (), (159)
v — v strongly in L*(Q), (160)
v = v strongly in L"(T), (161)
v° = v a.e. in @, (162)
P —=p weakly in L" (0,7 L" (2)), (163)
] weakly in L (Q). (164)

Applying (157)—(164) to eq. (129), we get
T —
/0 (O, ) dt — (v @ vPy(|v]), V) + (S, D)q + a(vPi(|v]), )r — (p,dive)q = (F,Ve)q

for every @ € L"(0,T; WA"(€)). As far as attainment of the initial condition is concerned, we could
proceed identically like in the Galerkin approximation (notice v*(0) = wvg for all € > 0) and hence we
skip it.

Identification of the weak limit S is thus the only remaining issue of the e-limit. Yearning to invoke
Vitali’s theorem again, we are in a slightly more problematic situation at this moment as we have lost
compactness of the pressure. The equality S = S (i.e. S(p, Dv)) now therefore demands showing not
only the pointwise convergence of Dv® but also of p® a.e. in Q.
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Convergence of p° We will deduce
p° — p strongly in L*(Q).
Define ¢° = N (p® — p) and observe that by (15) and (163)

H‘PEHLZ(O,T;WM(Q)) < Creg lIp” — PHL?(Q) ) (165)

@ — 0 weakly in L (0,T; W2 (Q)). (166)

Let O(e) signify a quantity satisfying limsup,_,;, O(¢) < 0. For quantities A%, B* we write A° ~ Bt
if A* < B®+ O(e). Then

5
Ip° = plii20) = (0 =P, A9 ~ (1F, ApF)g = (S5, V¢ )o + D T (167)
=1

where by the equation (129), convergences (157)—(162) and (166), the individual summands are dealt
with as

3

L= _(Fv VQSOE)Q ~ 0,
Ir = a(v*®x(jv%]), Vef)r ~ 0,
I3 = —(v° @ v°0L(|v°|), Vi )g ~ 0,
T T
L= — / (0", YN (p)) dt & — / (O, VN (p)) dt = 0,
0 0
T
I= [ (0" NG it 2o,
0
being a clone of I5 in (150) with 7’ changed to 2. Hence the sum in (167) can be ignored and
5 — pliZa0) & (85, V269)g & (5% - 8, V2¢)q
1
< 70/ Ip° — pl|V2° | da dt + 02/ / (1+ (D))" 22| D(v" — v)|| V2| ds dx dt, (168)
Q QJO
by the property (10) with D(s) = Dv + s(Dv® — Dv). Denote
1
= / (14 [D(s)2)"2/2|D(vf — v)[2ds.
0

Since (1+|D(s)|?)"=2/2 < (14 |D(s)[>)"=2)/4 Hélder’s inequality and bound (165) applied to (168)
yield

¢ = pll72(g) ~ 10Creq lID° = pll72(g) + C2C. Fdcd)” |y
1P° = pllZ2() ~ Y0Creq lIP° = PlI72(q) + C2Creg 0 zdt) lp” = pll2g)

entailing (note 1 — v9Creg > 0 by Assumption 2.2)

CyC, 2/
5 2 € 2V reg €
— ~ | — I° dz dt. 169
||p P||[2(Q) (1 7Oc,mg> o ( )
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Using (9), we can estimate the integral on the right as

2 ’72 2
IS < = (8- 8,D(v° — =% llp" —
A; dxﬁ__CKS S, D(v v»Q+I¥Hp Pl

£ 2 673

as long as
(8¢, D(v" —v))g ~ 0.
Notice that (169) and (170) would then imply

lim |p* = pllp2g) =0

5*}0_‘_

provided also
o C'2 Creg

Cl(l - ’YOCreg)

which does hold, however, due to Assumption 2.2, namely

R & S
TS Creg(C1 + Ca)

<1,

We must therefore justify (171). Set ¢° = v® — v in the weak formulation (129), whence

(S€7D(v5 _ 'U))Q = ZIZ',

where, exploiting convergences (157)-(162),
I = (F,V¢©)g ~ 0,
Ir = —a(v*®x(|v7]), %) ~ 0,
Is = (v° @ v* P (|v7]), Vep©)q ~ 0,

Iy = (p°,dive®)q = —(Vp©, V) ~ 0,

T 1 (Ta 2 g 3
f=— 0wt etydi= 3 [ Lo~ ol dt— [ (O S0,
0 2 0 dt 0

thus proving (171) and justifying (172).
Convergence of Dv® The inequality (155) in the current situation takes form

HD('UE —'v)‘

2
70 4.¢ 2 < 2
2 2 (85, D" —v)),, + 20 |]p° - 200 —
Cl ( ) ('U v))Q 012 ”p p||L2(Q) 012 ||p p||L2(Q) )

r r/2 2 oyr/2\ 27/2 ¢
LT(Q)s(/QF) (/Q<1+|Dv€| + Doy )" 20

(170)

(171)

(172)

by (170) and (172). Consequently, we may assume the pointwise convergence of both p® and Dv® a.e.

in O, which proves § = S and thus concludes the entire e-limit.
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