
Reduced-‐Order	  subscales	  for	  POD	  models	  in	  
fluid	  mechanics	  

Interna'onal	  Center	  for	  Numerical	  Methods	  in	  Engineering	  
(CIMNE)	  

	   	   	   	  	  
	  
Ramon	  Codina	  and	  Joan	  Baiges	  

Funding	  sources:	  
MICINN	  	  (JDC-‐2011)	  

MINECO	  	  (AYA2012-‐33490)	  
	  ERC	  (ERC-‐2009-‐28-‐AdG)	  

	  
	  

September	  2015	  



2	  

CONTENTS	  
	  
Var8a8onal	  Mul8scale	  FEM	  for	  a	  model	  problem	  
	  
POD	  models	  and	  nota8on	  
	  
Reduced-‐Order	  Subscales	  for	  POD	  models	  
	  
Numerical	  Examples	  
	  
Conclusions	  

Outline	  



3	  

CONTENTS	  
	  
Var8a8onal	  Mul8scale	  FEM	  for	  a	  model	  problem	  
	  
POD	  models	  and	  nota8on	  
	  
Reduced-‐Order	  Subscales	  for	  POD	  models	  
	  
Numerical	  Examples	  
	  
Conclusions	  

Outline	  



4	  VMS-‐FEM	  

Model problem (convection-diffusion-reaction equation): 

Variational formulation: 

Galerkin finite element approximation: 



5	  VMS-‐FEM	  

Essential idea of the VMS method (Hughes, 1995): 

After splinting unknown and test function into finite element and subgrid-scale  
(or subscale) component: 

Formally: 



6	  VMS-‐FEM	  

First approximation: neglecting the subscale flux jumps (can be relaxed!) 

Key approximation: lumping of the differential operator applied to the subscales 

Resulting problem: 

The subscales are given by: 

When inserted into the FEM equation, leads to a problem for the FEM solution 



7	  VMS-‐FEM	  

Options for the subscale space: 

Using for example the first option, the problem for the FEM solution is: 

This problem has enhanced stability properties with respect to the Galerkin  
Method, both in 
•  Singularly perturbed problems 
•  Mixed problems 
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•  System	  dimension:	  

•  Matrices	  might	  have	  a	  non-‐linear	  dependence	  on	  U	  
	  
Grouping	  terms:	  
	  
	  
	  
Final	  system:	  
	  
	  	  

	  

9	  POD	  models	  and	  nota8on	  

POD	  for	  a	  general	  problem	  



	  
Projec8on	  onto	  a	  low	  dimensional	  subspace	  	  
	  
	   	   	   	   	   	   	   	   	  m	  <<	  M	  

	  
Obten8on	  of	  the	  reduced	  basis	  by	  means	  of	  a	  proper	  orthogonal	  
decomposi8on	  (POD)	  procedure:	  

	  
•  Solve	  a	  Full-‐Order	  problem	  (FOM)	  

•  Collect	  snapshots	  during	  the	  solu8on	  procedure	  

•  Perform	  a	  singular	  value	  decomposi8on	  (SVD)	  of	  the	  snapshot	  collec8on	  

•  Keep	  the	  m	  first	  SVD	  basis	  func8ons	  to	  form	  the	  POD	  basis	  

10	  

POD	  for	  a	  general	  problem	  

POD	  models	  and	  nota8on	  



	  
	  
	  
Constant	  value	  mean	  vector:	  
	  
Restric8on	  operator:	  	  
	  
Extension	  operator:	  
	  
Projec8on	  operator:	  	  
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Some	  nota8on:	  
	  
	  
	  
	  
Reduced-‐Order	  System	  (Galerkin	  projec8on):	  
	  
	  
	  
For	  non-‐symmetric	  problems	  it	  will	  be	  convenient	  to	  use	  a	  Petrov-‐Galerkin	  
projec8on,	  but	  we	  do	  the	  development	  using	  the	  Galerkin	  projec8on.	  
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The	  reduced-‐order	  basis	  is	  built	  through	  a	  Singular	  Value	  Decomposi8on.	  
	  
Let	  us	  define	  the	  snapshots	  matrix:	  
	  
	  
where	  N	  is	  the	  number	  of	  snapshots.	  The	  jth	  snapshot	  is	  denoted	  as:	  
	  
	  
We	  define	  the	  general	  one	  matrix	  as	  a	  matrix	  full	  of	  ones:	  
	  
	  
	  
and	  then	  we	  can	  define	  the	  mean	  value	  of	  the	  snapshots	  as:	  
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The	  snapshots’	  mean	  matrix	  is:	  
	  
	  
And	  finally	  the	  singular	  value	  decomposi8on	  can	  be	  wri`en	  as:	  
	  
	  
If	  we	  keep	  only	  the	  group	  of	  most	  relevant	  snapshots:	  
	  
	  
where	  	  	  	  	  	  and	  	  	  	  	  	  	  	  are	  orthogonal	  matrices.	  
	  
We	  can	  now	  define	  the	  restric8on	  of	  the	  snapshots	  onto	  the	  reduced-‐order	  
subspace:	  
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We	  aim	  at	  taking	  into	  account	  the	  effect	  of	  the	  discarded	  modes	  in	  our	  POD	  
model.	  Let	  us	  consider	  the	  solu8on	  to	  the	  full-‐order	  problem:	  

	  
	  
Our	  star8ng	  assump8on	  is	  that	  the	  best	  possible	  approxima8on	  to	  	  	  	  	  	  	  	  	  	  	  	  	  	  in	  
the	  reduced-‐order	  subspace	  is	  the	  projec8on	  (or	  restric8on	  when	  expressed	  
in	  the	  reduced-‐order	  basis):	  

	  
	  
We	  can	  now	  split	  the	  unknown	  into	  its	  best	  possible	  approxima8on	  in	  the	  
reduced-‐order	  subspace,	  and	  the	  part	  which	  cannot	  be	  captured	  by	  the	  
reduced-‐order	  model,	  the	  subscales:	  

	  
	  
This	  introduces	  the	  subscales	  subspace,	  which	  must	  be	  the	  orthogonal	  
complementary	  to	  the	  reduced-‐order	  subspace:	  
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The	  new	  reduced-‐order	  system	  taking	  into	  account	  the	  subscales	  is:	  
	  
	  
	  
In	  general	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  this	  affects	  the	  accuracy	  of	  the	  reduced-‐order	  
model.	  

	  
We	  propose	  an	  approxima8on	  to	  the	  neglected	  terms	  of	  the	  form:	  	  
	  
	  
	  
where	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  are	  the	  reduced-‐order	  subscales.	  The	  reduced-‐order	  
system	  now	  becomes:	  
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We	  propose	  to	  model	  the	  subscales	  through	  a	  linear	  model	  of	  the	  form:	  
	  
	  
With	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  and	  	  	  	  
	  
The	  model	  for	  the	  subscales	  will	  be	  built	  a	  posteriori	  using	  the	  informa8on	  of	  
the	  snapshot	  set.	  

	  
For	  each	  snapshot,	  we	  project	  the	  exact	  system	  of	  equa8ons	  onto	  the	  reduced-‐
order	  subspace:	  

	  
	  
	  
	  
The	  predicted	  reduced-‐order	  solu8on,	  without	  the	  subscales	  is:	  
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The	  exact	  subscales	  for	  each	  snapshot	  can	  be	  computed	  as:	  
	  
	  
	  
From	  here,	  we	  can	  easily	  compute	  the	  coefficients	  for	  the	  model	  for	  the	  
subscales	  as	  the	  op8mum	  (from	  a	  least-‐squares	  point	  of	  view)	  amongst	  all	  
possible	  coefficients:	  

	  
	  
	  
	  
Final	  reduced-‐order	  system	  taking	  into	  account	  the	  subscales:	  
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Interes8ng	  proper8es:	  
	  
	  
The	  variance	  matrix	  is	  diagonal	  due	  to	  the	  proper8es	  of	  the	  SVD,	  each	  
coefficient	  of	  the	  coefficients	  matrix	  can	  be	  computed	  independently	  	  
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Dropping	  the	  components	  of	  the	  model	  with	  a	  negligible	  contribu8on:	  
	  
The	  diagonal	  variance	  matrix:	  
	  
	  
	  
	  
Pearson’s	  	  correla8on	  coefficient	  	  ranges	  from	  -‐1	  to	  1,	  it	  measures	  the	  
correla8on	  between	  variables:	  

	  
	  
	  
In	  our	  model,	  we	  drop	  the	  coefficients	  with	  a	  low	  contribu8on	  (correla8on)	  to	  
the	  model:	  

	  
If	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  then	  we	  fix	  	  	  
	  
This	  allows	  to	  reduce	  the	  computa8onal	  cost	  in	  case	  a	  large	  number	  of	  degrees	  
of	  freedom	  is	  required.	  
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Discarding	  the	  components	  of	  the	  model	  with	  large	  error:	  
	  
We	  define	  the	  rela8ve	  error	  associated	  to	  the	  ith	  reduced-‐order	  component	  as:	  
	  
	  
	  
We	  don’t	  want	  the	  model	  for	  the	  subscales	  to	  predict	  the	  subscales	  using	  
components	  of	  the	  reduced-‐order	  model	  with	  a	  large	  error,	  so	  we	  fix	  a	  
tolerance	  and	  we	  discard	  the	  corresponding	  components:	  

	  
	  
	  
However,	  we	  try	  to	  improve	  the	  performance	  of	  the	  discarded	  variable	  for	  the	  
subscales	  model,	  that	  is:	  
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Incompressible	  flow	  past	  a	  cylinder:	  
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Comparison	  of	  the	  full-‐order	  results,	  reduced-‐order	  results	  (2	  degrees	  of	  
freedom)	  and	  reduced-‐order	  results	  with	  subscales	  (2	  degrees	  of	  freedom)	  

	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
FOM	  amplitude:	  38	  	  	  	  	  	  	  	  	  ROM	  amplitude:	  48	  	  	  	  	  	  	  	  	  ROM	  with	  subs	  amplitude:	  35	  
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Real	  subscales	  versus	  modelled	  subscales	  for	  the	  2	  degrees	  of	  freedom	  
reduced-‐order	  model.	  
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Real	  subscales	  versus	  modelled	  subscales	  for	  a	  5	  degrees	  of	  freedom	  reduced-‐
order	  model.	  
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Time	  history	  for	  FOM,	  Hyper-‐Reduced	  ROM	  (2	  degrees	  of	  freedom),	  Hyper-‐
Reduced	  ROM	  with	  subscales	  (2	  degrees	  of	  freedom)	  

	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
FOM	  amplitude:	  38	  	  	  	  	  	  	  	  	  HROM	  amplitude:	  63	  	  	  	  	  	  	  	  ROM	  with	  subs	  amplitude:	  42	  
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Reynolds	  from	  100	  to	  1000	  (trained	  at	  Re=100	  and	  Re=200)	  
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Backward	  facing	  step,	  Reynolds	  =	  37000:	  
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Comparison	  of	  results	  for	  FOM,	  ROM	  with	  35	  degrees	  of	  freedom	  and	  ROM	  
with	  80	  degrees	  of	  freedom.	  

	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
Li`le	  improvement	  is	  obtained	  by	  increasing	  from	  35	  to	  80	  dofs,	  many	  more	  
degrees	  of	  freedom	  would	  be	  required.	  
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Comparison	  of	  results	  for	  FOM,	  ROM	  with	  35	  degrees	  of	  freedom	  and	  ROM	  
with	  35	  degrees	  of	  freedom	  plus	  subscales.	  
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•  A	  model	  for	  the	  subscales	  in	  POD	  reduced-‐order	  models	  has	  been	  
presented	  
•  The	  basic	  idea	  is	  to	  split	  the	  full-‐order	  solu8on	  into	  the	  part	  which	  can	  be	  
captured	  by	  the	  reduced-‐order	  model	  and	  the	  subscales.	  
•  The	  proposed	  model	  is	  defined	  as	  a	  linear	  func8on	  of	  the	  solu8on	  of	  the	  
reduced-‐order	  model.	  
•  The	  coefficients	  for	  the	  linear	  model	  are	  obtained	  by	  comparing	  the	  
reduced	  and	  the	  full-‐order	  solu8on	  at	  some	  trial	  configura8ons.	  
•  The	  coefficients	  for	  the	  linear	  model	  can	  be	  computed	  independently,	  and	  
some	  of	  them	  are	  dropped	  for	  accuracy	  and	  performance	  reasons.	  
•  Numerical	  tests	  show	  that:	  
▫  The	  subscales	  enhance	  the	  performance	  of	  the	  ROM.	  
▫  When	  using	  hyper-‐reduc8on,	  they	  allow	  to	  correct	  the	  errors	  introduced	  

by	  hyper-‐reduc8on.	  
▫  The	  reduced-‐order	  model	  with	  the	  subscales	  is	  capable	  of	  adap8ng	  to	  

different	  physical	  configura8ons.	  
▫  The	  subscales	  can	  be	  used	  to	  solve	  complex	  flow	  problems	  using	  POD	  

reduced-‐order	  models.	  
•  Remark:	  We	  s8ll	  need	  the	  reduced-‐order	  basis	  to	  be	  able	  to	  
accurately	  enough	  represent	  the	  full-‐order	  solu8on.	  

Conclusions	  

Overview	  
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