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Stokes flow with implicit constitutive laws

Stokes flow

−∇·s+∇p = f in Ω,

∇·u = 0 in Ω,

u = 0 on ∂Ω,

g(s,d(u)) = o in Ω

Notation
u velocity
p pressure
s shear stress
d(u) := 1

2(∇u + (∇u)t ) symmetric velocity gradient
f volume forces
µ viscosity
τ∗ yield stress
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Examples of nonlinear implicit constitutive laws

Bingham fluid

|s| ≤ τ∗ ⇔ d(u) = o,
|s| > τ∗ ⇔ s = τ∗

d(u)
|d(u)| + 2µd(u) clas.

g(s,d(u)) := d(u)− (|s|−τ∗)+

2µ(τ∗+(|s|−τ∗)+)s d(u) = f (s)

Herschel–Bulkley fluid, r ∈ (1,∞)

|s| ≤ τ∗ ⇔ d(u) = o,
|s| > τ∗ ⇔ s = τ∗

d(u)
|d(u)| + 2µ|d(u)|r−2d(u) clas.

g(s,d(u)) :=d(u)−
(

(|s|−τ∗)+

2µ(τ∗+(|s|−τ∗)+)

) 1
r−1|s|

2−r
r−1 s d(u)= f (s)

Power law fluid, r ∈ (1,∞)

s = 2µ|d(u)|r−2d(u) clas.

g(s,d(u)) := d(u)− (2µ)−
1

r−1 |s|
2−r
r−1 s d(u) = f (s)
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Functional setting

Function spaces

V := [W 1,r
0 (Ω)]d

Q := Ls
0(Ω) := {q ∈ Ls(Ω); (q,1) = 0}; 1

r + 1
s = 1

T := t ∈ [Ls(Ω)]d×d
sym ; tr t = 0 a.e. in Ω

Corresponding inf–sup conditions

inf
q∈Q

sup
v∈V

(q,∇·v)

‖∇v‖r ‖q‖s
= β > 0,

inf
v∈V

sup
t∈T

(t,∇v)

‖∇v‖r ‖t‖s
= γ > 0.
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Weak solution, approximate solution, and residuals
Weak solution
(u,p, s) ∈ V×Q ×T such that

(s,∇v)− (∇·v,p) = (f,v) ∀v ∈ V, linear
(∇·u,q) = 0 ∀q ∈ Q, linear

(g(s,d(u)), t) = 0 ∀t ∈ T. nonlinear

Approximate solution
(uh,ph, sh) ∈ V×Q ×T

Residuals

R1(sh,ph) ∈ V′,R2(uh) ∈ Q′,R3(sh,uh) ∈ T′

〈R1(sh,ph),v〉V′,V := (f,v)− (sh,∇v) + (∇·v,ph), v ∈ V,
〈R2(uh),q〉Q′,Q := −(∇·uh,q), q ∈ Q,

〈R3(sh,uh), t〉T′,T := −(g(sh,d(uh)), t), t ∈ T
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Residuals
Dual norms of the residuals

‖R1(sh,ph)‖V′ := sup
v∈V;µ∗‖∇v‖r =1

〈R1(sh,ph),v〉V′,V,

‖R2(uh)‖Q′ := sup
q∈Q;β‖q‖s=1

〈R2(uh),q〉Q′,Q

= β−1‖∇·(u− uh)‖r︸ ︷︷ ︸
strong error norm

= β−1‖∇·uh‖r︸ ︷︷ ︸
computable estimate

,

‖R3(sh,uh)‖T′ := sup
t∈T; γ‖t‖s=1

〈R3(sh,uh), t〉T′,T

=γ−1‖δ(g(s,d(u))−g(sh,d(uh)))‖r︸ ︷︷ ︸
strong error norm

=γ−1‖δg(sh,d(uh))‖r︸ ︷︷ ︸
computable estimate

Weak solution definition

uh = u, ph = p, and sh = s if and only if ‖R1(sh,ph)‖V′ = 0,
‖R2(uh)‖Q′ = 0, and ‖R3(sh,uh)‖T′ = 0
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I Setting Estimates Localization Error Num C Est. FE Comp. distinction Est. construction Stop. crit. Eff. & rob.

A posteriori error estimate

Theorem (A guaranteed a posteriori error estimate)
Let

(uh,ph, sh) ∈ V×Q ×T be arbitrary,
Assumption A hold.

Then there holds

‖R1(sh,ph)‖sV′ + ‖R2(uh)‖rQ′ + ‖R3(sh,uh)‖r
T′

≤
∑

K∈Th

(ηO,K + ηF,K )s +
∑

K∈Th

(ηD,K )r +
∑

K∈Th

(ηI,K )r .

Assumption A (Cauchy stress reconstruction)

There exists a stress reconstruction wh ∈ Hs(div,Ω) such that

−∇·wh = fh, (fh,em)K = (f,em)K ∀1 ≤ m ≤ d , ∀K ∈ Th.
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Finite elements, regularization

Finite element approximation
Find (uh,ph, sh) ∈ Vh ⊂ V×Qh ⊂ Q ×Th ⊂ T such that

(sh,∇vh)− (∇·vh,ph) = (f,vh) ∀vh ∈ Vh,

(∇·uh,qh) = 0 ∀qh ∈ Qh,

(g(sh,d(uh)), th) = 0 ∀th ∈ Th.

Regularization of g(·, ·) by gε(·, ·), ε > 0
Find (uεh,p

ε
h, s

ε
h) ∈ Vh ×Qh ×Th such that

(sεh,∇vh)− (∇·vh,pεh) = (f,vh) ∀vh ∈ Vh,

(∇·uεh,qh) = 0 ∀qh ∈ Qh,

(gε(sεh,d(uεh)), th) = 0 ∀th ∈ Th.

Example (power law):
gε(s,d(u)) := d(u)− (2µ)−

1
r−1 (|s|2 + ε2)

2−r
2(r−1) s
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Linearization

Linearization of gε(·, ·) by gε,k−1(·, ·), k ≥ 1
Find (uε,kh ,pε,kh , sε,kh ) ∈ Vh ×Qh ×Th such that

(sε,kh ,∇vh)− (∇·vh,p
ε,k
h ) = (f,vh) ∀vh ∈ Vh,

(∇·uε,kh ,qh) = 0 ∀qh ∈ Qh,

(gε,k−1(sε,kh ,d(uε,kh )), th) = 0 ∀th ∈ Th.

Example (power law, fixed point):

gε,k−1(s,d(u)) := d(u)− (2µ)−
1

r−1 (|sε,k−1
h |2 + ε2)

2−r
2(r−1) s

Example (power law, Newton):

gε,k−1(s,d(u)) := d(u)− (2µ)−
1

r−1 (|sε,k−1
h |2 + ε2)

2−r
2(r−1) s

− (2µ)−
1

r−1
2− r

(r − 1)
(|sε,k−1

h |2 + ε2)
4−3r

2(r−1)

(sε,k−1
h ⊗ sε,k−1

h )(s− sε,k−1
h )
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Algebraic solver

Algebraic system solution, i ≥ 1
Basis functions vj , qj , tj of Vh, Qh, Th, respectively. Algebraic
residual vectors Rε,k ,i

1,j , Rε,k ,i
2,j , Rε,k ,i

3,j . Find

(uε,k ,ih ,pε,k ,ih , sε,k ,ih ) ∈ Vh ×Qh ×Th such that

(sε,k ,ih ,∇vj)− (∇·vj ,p
ε,k ,i
h ) = (f,vj)− Rε,k ,i

1,j ∀vj ∈ Vh,

(∇·uε,k ,ih ,qj) = −Rε,k ,i
2,j ∀qj ∈ Qh,

(gε,k−1(sε,k ,ih ,d(uε,k ,ih )), tj) = −Rε,k ,i
3,j ∀tj ∈ Th.
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Estimate distinguishing different error components
Theorem (Estimate distinguishing different error components)

Let regularization ε, lin. step k, and alg. step i be given,
(uε,k ,ih ,pε,k ,ih , sε,k ,ih ) ∈ Vh ×Qh ×Th be arbitrary,
Assumption B hold.

Then

‖R1(sε,k ,ih ,pε,k ,ih )‖sV′ + ‖R2(uε,k ,ih )‖rQ′ + ‖R3(sε,k ,ih ,uε,k ,ih )‖r
T′

≤ 4max{r ,s}−1(ηε,k ,idisc + ηε,k ,ireg + ηε,k ,ilin + ηε,k ,ialg + ηε,k ,irem + ηε,k ,iosc
)
.

Assumption B (Stress reconstruction for each ε, k , and i)
For each ε, k, and i, there exists a Cauchy stress reconstruct.
w
ε,k ,i
h ∈Hs(div,Ω) & an algebraic remainder ρε,k ,i ∈ [Ls(Ω)]d s.t.

−∇·wε,k ,i
h = fh − ρε,k ,i .

Moreover, wε,k ,i
h = d

ε,k ,i
h + a

ε,k ,i
h , dε,k ,ih ,aε,k ,ih ∈ [Ls(Ω)]d×d , such

that ‖aε,k ,ih ‖s → 0 and ‖ρε,k ,ih ‖s → 0 as the lin. solver converges.

Jan Blechta, Josef Málek, and Martin Vohralík A posteriori error estimates for Stokes implicit constitutive laws 13 / 24



I Setting Estimates Localization Error Num C Est. FE Comp. distinction Est. construction Stop. crit. Eff. & rob.

Estimate distinguishing different error components
Theorem (Estimate distinguishing different error components)

Let regularization ε, lin. step k, and alg. step i be given,
(uε,k ,ih ,pε,k ,ih , sε,k ,ih ) ∈ Vh ×Qh ×Th be arbitrary,
Assumption B hold.

Then

‖R1(sε,k ,ih ,pε,k ,ih )‖sV′ + ‖R2(uε,k ,ih )‖rQ′ + ‖R3(sε,k ,ih ,uε,k ,ih )‖r
T′

≤ 4max{r ,s}−1(ηε,k ,idisc + ηε,k ,ireg + ηε,k ,ilin + ηε,k ,ialg + ηε,k ,irem + ηε,k ,iosc
)
.

Assumption B (Stress reconstruction for each ε, k , and i)
For each ε, k, and i, there exists a Cauchy stress reconstruct.
w
ε,k ,i
h ∈Hs(div,Ω) & an algebraic remainder ρε,k ,i ∈ [Ls(Ω)]d s.t.

−∇·wε,k ,i
h = fh − ρε,k ,i .

Moreover, wε,k ,i
h = d

ε,k ,i
h + a

ε,k ,i
h , dε,k ,ih ,aε,k ,ih ∈ [Ls(Ω)]d×d , such

that ‖aε,k ,ih ‖s → 0 and ‖ρε,k ,ih ‖s → 0 as the lin. solver converges.

Jan Blechta, Josef Málek, and Martin Vohralík A posteriori error estimates for Stokes implicit constitutive laws 13 / 24



I Setting Estimates Localization Error Num C Est. FE Comp. distinction Est. construction Stop. crit. Eff. & rob.

Estimate distinguishing different error components
Theorem (Estimate distinguishing different error components)

Let regularization ε, lin. step k, and alg. step i be given,
(uε,k ,ih ,pε,k ,ih , sε,k ,ih ) ∈ Vh ×Qh ×Th be arbitrary,
Assumption B hold.

Then

‖R1(sε,k ,ih ,pε,k ,ih )‖sV′ + ‖R2(uε,k ,ih )‖rQ′ + ‖R3(sε,k ,ih ,uε,k ,ih )‖r
T′

≤ 4max{r ,s}−1(ηε,k ,idisc + ηε,k ,ireg + ηε,k ,ilin + ηε,k ,ialg + ηε,k ,irem + ηε,k ,iosc
)
.

Assumption B (Stress reconstruction for each ε, k , and i)
For each ε, k, and i, there exists a Cauchy stress reconstruct.
w
ε,k ,i
h ∈Hs(div,Ω) & an algebraic remainder ρε,k ,i ∈ [Ls(Ω)]d s.t.

−∇·wε,k ,i
h = fh − ρε,k ,i .

Moreover, wε,k ,i
h = d

ε,k ,i
h + a

ε,k ,i
h , dε,k ,ih ,aε,k ,ih ∈ [Ls(Ω)]d×d , such

that ‖aε,k ,ih ‖s → 0 and ‖ρε,k ,ih ‖s → 0 as the lin. solver converges.

Jan Blechta, Josef Málek, and Martin Vohralík A posteriori error estimates for Stokes implicit constitutive laws 13 / 24



I Setting Estimates Localization Error Num C Est. FE Comp. distinction Est. construction Stop. crit. Eff. & rob.

Different error components

Discretization error

ηε,k ,idisc :=
∑

K∈Th

{
‖µ−1
∗ (sε,k ,ih − pε,k ,ih I− dε,k ,ih )‖ss,K

+ ‖β−1(I − ΠQ′h
)∇·uε,k ,ih ‖rr ,K

+ ‖γ−1(I − ΠT′h
) δgε,k−1(sε,k ,ih ,d(uε,k ,ih ))‖rr ,K

}
Regularization error

ηε,k ,ireg :=
∑

K∈Th

‖γ−1 δ(g(sε,k ,ih ,d(uε,k ,ih ))− gε(sε,k ,ih ,d(uε,k ,ih )))‖rr ,K

Linearization error

ηε,k ,ilin :=
∑

K∈Th

‖γ−1 δ(gε(sε,k ,ih ,d(uε,k ,ih ))−gε,k−1(sε,k ,ih ,d(uε,k ,ih )))‖rr ,K
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Different error components

Algebraic error

ηε,k ,ialg :=
∑

K∈Th

{
‖µ−1
∗ a

ε,k ,i
h ‖ss,K + ‖β−1ΠQ′h

∇·uε,k ,ih ‖rr ,K

+ ‖γ−1ΠT′h
δgε,k−1(sε,k ,ih ,d(uε,k ,ih ))‖rr ,K

}
Algebraic remainder error

ηε,k ,irem :=
∑

K∈Th

(CF,r ,dhΩµ
−1
∗ ‖ρ

ε,k ,i
h ‖s,K )s

Data oscillation error

ηε,k ,iosc :=
∑

K∈Th

(CP,r ,dhKµ
−1
∗ ‖f− fh‖s,K )s
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Construction of the ingredients

Construction of dε,k ,ih , aε,k ,ih , and ρε,k ,i

construction of dε,k ,ih ; after ν additional algebraic solver
steps: dε,k ,i+νh

set aε,k ,ih := d
ε,k ,i+ν
h − dε,k ,ih

set ρε,k ,i as the lifting of Rε,k ,i+ν
1 to pw polynomials

choose ν adaptively by a stopping criterion
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Construction of dε,k ,ih , ρε,k ,i verifying Assumption B
Local Neumann(/Dirichlet) MFE problem on each patch Ta
Find dε,k ,ia ∈ RTNN,0

l (Ta) and qε,k ,ia ∈ [P∗l (Ta)]d such that

(µ−1
∗ d

ε,k ,i
a ,vh)Ta + (qε,k ,ia ,∇·vε,k ,ih )Ta = (µ−1

∗ ψas
ε,k ,i
h ,vh)Ta ,

− ((∇·dε,k ,ia )m, (φh)m)Ta = (f·ψa,m +∇·ψa,mpε,k ,ih − sε,k ,ih : ∇ψa,m,

(φh)m)Ta − (Rε,k ,i
1,a,m, (φh)m)Ta |Ta|−1, 1 ≤ m ≤ d ,

for all (vh,φh) ∈ RTNN,0
l (Ta)× [P∗l (Ta)]d ; ψa,m = (0, . . . , ψa︸︷︷︸

m

,

. . . ,0)t . Neumann compatibility condition from the scheme.
Construction of dε,k ,ih
Set

d
ε,k ,i
h :=

∑
a∈Vh

d
ε,k ,i
a .

Construction of ρε,k ,i

Set
(ρε,k ,i−ν |K )m :=

∑
a∈VK

|Ta|−1Rε,k ,i
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Stopping criteria

Global stopping criteria

stop whenever:

ηε,k ,irem ≤ γrem max
{
ηε,k ,idisc , η

ε,k ,i
reg , ηε,k ,ilin , ηε,k ,ialg

}
choice of ν,

ηε,k ,ialg ≤ γalg max
{
ηε,k ,idisc , η

ε,k ,i
reg , ηε,k ,ilin

}
algebraic solver,

ηε,k ,ilin ≤ γlin max
{
ηε,k ,idisc , η

ε,k ,i
reg
}

linearization solver,

ηε,k ,ireg ≤ γregη
ε,k ,i
disc choice of ε.

γrem, γalg, γlin, γreg ≈ 0.1

Local stopping criteria

same as above, mesh element by mesh element
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Efficiency of the a posteriori error estimate

Theorem (Global efficiency of the a posteriori error estimate)
Let the mesh Th be shape-regular, the global stopping criteria
hold, γlin and γreg be small enough, and f = fh. Then

ηε,k ,idisc + ηε,k ,ireg + ηε,k ,ilin + ηε,k ,ialg + ηε,k ,irem + ηε,k ,iosc

.‖R1(sε,k ,ih ,pε,k ,ih )‖sV′ + ‖R2(uε,k ,ih )‖rQ′ + ‖R3(sε,k ,ih ,uε,k ,ih )‖r
T′ .

robustness with respect to the nonlinearity thanks to the
choice of the dual norms of the residuals as error measure
local efficiency under local stopping criteria
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Localization of the dual norms of residuals

Localization of R2(uh) and R3(uh) (reminder)

‖R2(uh)‖Q′ = β−1

{∑
K∈Th

‖∇·(u− uh)‖rr ,K

} 1
r

‖R3(sh,uh)‖T′ = γ−1

{∑
K∈Th

‖ δ(g(s,d(u))− g(sh,d(uh)))‖rr ,K

} 1
r

Theorem (Localization of the equilibrium residual R1)

Let 〈R1(sh,ph),ψa,m〉V′,V = 0 for all 1 ≤ m ≤ d , ∀a ∈ V int
h . Then

‖R1(sh,ph)‖V′ ≤ (d + 1)
1
r Ccont,PF,d

∑
a∈Vh

‖R1(sh,ph)‖sV(ωa)′


1
s

,∑
a∈Vh

‖R1(sh,ph)‖sV(ωa)′


1
s

≤ (d + 1)
1
s ‖R1(sh,ph)‖V′ .
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Link dual norm of the residual – error

Perturbation nonlinearities
s ∈ ∂(µ|d(u)|2 + π(d(u))), π convex

π(d(u)) = τ∗|d(u)|: Bingham
π(d(u)) = k |d(u)|r , k > 0, r ∈ (1,∞): modified power law

Theorem (Energy error estimate for perturbation nonlinearities)

Let V0 := {v ∈ V; ∇·v = 0} and set µ∗ = 1. Then, for
perturbation nonlinearities,

‖µ1/2d(u− uh)‖2 + (π′(d(u))− π′(d(uh)),d(u− uh))︸ ︷︷ ︸
≥0

≤ 1
2
‖R1(s(d(uh)),ph)‖2V′0
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p-Laplace regularization test case

10-6 10-5 10-4 10-3 10-2 10-1 100 101

ε

10-6

10-5

10-4

10-3

10-2

10-1

100 Error estimates of ||f+div|∇u|
p−2

2 ∇u||−1,p

p=11 discretization
p=11 regularization
p=11 overall
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Power law flow around a dolphin with mesh adaptivity
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Outlook and references

Outlook

simplified evaluation of the estimators
guaranteed upper bound and robustness in quasi-norms
generalizations (Navier–Stokes, time-dependent, . . . )

References

BLECHTA J., MÁLEK J., VOHRALÍK M., Non-Newtonian
Stokes flow in the implicit constitutive laws framework: a
posteriori error control and full adaptivity, in preparation.
BLECHTA J., MÁLEK J., VOHRALÍK M., Localization of
W−1,q norms for robust local a posteriori efficiency, in
preparation.

Thank you for your attention!
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