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Stokes flow with implicit constitutive laws

Stokes flow

—Vs+Vp=Hf in Q,
vVu=0 in Q,

u=20 on 09,
9(s,d(u)) =o in Q

pd
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Stokes flow with implicit constitutive laws

Stokes flow
—Vs+Vp=Hf
Vu=0
u==0
9(s,d(u)) = o
Notation
@ u velocity

@ p pressure
@ s shear stress

in Q,
in Q,
on 09,
in Q

@ d(u) := 5(Vu + (Vu)) symmetric velocity gradient

@ fvolume forces
@ 4 viscosity
@ 7, yield stress

I d
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Examples of nonlinear implicit constitutive laws

Bingham fluid

° || <7, & d(u)=o,
|| > 1 &8 =7, ﬁg:% + 2ud(u) clas.

Herschel-Bulkley fluid, r € (1, 00)

° || <7, & d(u)=o,
8] > 7 5 = mgid + 2uld(u)|2d(u) clas.

Power law fluid, r € (1, 00)
@ 5 = 2u|d(u)|2d(u) clas.

o =
h.gm . nathematics

Jan Blechta, Josef Malek, and Martin Vohralik A posteriori error estimates for Stokes implicit constitutive laws 4 / 24



| Setting Estimates Localization Error Num C

Examples of nonlinear implicit constitutive laws

Bingham fluid

° || <7, & d(u)=o,

|| > 1 &8 =7, ﬁg:% + 2ud(u) clas.
Tx +
® g(s,d(u)) = d(u) — gt s d(u) = f(s)

Herschel-Bulkley fluid, r € (1, c0)

@ 3| <7 < d(u) =o,
8] > 7 5 = mgid + 2uld(u)|2d(u) clas.
o

Power law fluid, r € (1, 00)

@ 5 = 2u|d(u)|"2d(u) clas.
° g informatics gPmathematics
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Examples of nonlinear implicit constitutive laws

Bingham fluid
° || <7, & d(u)=o,
|| > 1 &8 =7, ﬁg:% + 2ud(u) clas.
Tx +
® g(s,d(u)) = d(u) — gt s d(u) = f(s)

Herschel-Bulkley fluid, r € (1, c0)

@ 3| <7 < d(u) =o,

8] > 7 5 = mgid + 2uld(u)|2d(u) clas.
1

® g(s, d(u)):=d(u) — (5B ) sl s d(u)=£(s)
Power law fluid, r € (1, 00)

@ 5 = 2u|d(u)|"2d(u) clas.

° -
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Examples of nonlinear implicit constitutive laws

Bingham fluid
° || <7, & d(u)=o,
|| > 1 &8 =7, ﬁg:% + 2ud(u) clas.
Tx +
® g(s,d(u)) = d(u) — gt s d(u) = f(s)

Herschel-Bulkley fluid, r € (1, c0)

@ 3| <7 < d(u) =o,
8] > 7 5 = mgid + 2uld(u)|2d(u) clas.

s|—7 )T r% 2=r
® g(s, (W) i=d(u)~ (5 ) sl s d(u)=£(s)

Power law fluid, r € (1, 00)

@ 5 = 2u|d(u)|"2d(u) clas.
o g(s,d(u)) == d(u) — (2u) 7 |s| s d(u)= f(s)
2L —
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Previous results

Analysis of implicit constitutive laws

@ Rajagopal (2003), introduction )
@ Bulicek, Gwiazda, Malek, Rajagopal, & Swierczewska-
Gwiazda (2012), rigorous analysis

I d
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Analysis of implicit constitutive laws
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Numerical schemes for implicit constitutive laws

@ Diening, Kreuzer, & Suli (2013), convergence of FEs
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Previous results

Analysis of implicit constitutive laws

@ Rajagopal (2003), introduction )
@ Bulicek, Gwiazda, Malek, Rajagopal, & Swierczewska-
Gwiazda (2012), rigorous analysis
Numerical schemes for implicit constitutive laws

@ Diening, Kreuzer, & Suli (2013), convergence of FEs
@ Hron, Mélek, Stebel, & Touska (2015), 3-field discretization

A posteriori error estimates for nonlinear Stokes flow

@ Padra (1997), power and Carreau laws, nonconforming
discretizations, residual energy norm estimators

@ Fuchs & Repin (2006, 2009), Bingham, power law,
Powell-Eyring, functional estimators

@ Berrone & Suli (2007), power and Carreau laws, residual
quasi-norm estimators .

@ Kreuzer & Sili (2015), implicit laws &1,7/
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e Velocity—pressure—stress formulation

o

0000

Weak solution, approximate solution, residuals
@ Dual norms of the residuals

Basic estimate

Finite element implementation

Estimate distinguishing different error components
Construction of the ingredients

Stopping criteria

Efficiency and robustness
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_ Solutions & residuals Dual norms
Functional setting

Function spaces
o V.= [W) ()
0 Q:=1L5(Q):={geL5(Q);(q.1)=0}1+1=1
@ T:=1t¢c[L5(Q)%x% trt =0a.e. inQ

sym

pd
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Functional setting

Function spaces
o V.= [W) ()
° Q:=1L5(Q):={qeL5(Q); (q.1) =0} 1+ 1 =1
@ T:=1t¢c[L5(Q)]9Y trt =0a.e. inQ

sym

Corresponding inf-sup conditions

. (qavv) 2

inf sup r—=——— = >0,
aca vey [VVII; Tlalls

inf Sup M “y > o.

veVier [V flt]ls

I d
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Weak solution, approximate solution, and residuals

Weak solution
(u,p,8) € Vx Q x T such that

(8, VV) — (V-v,p) = (f,v) welV, linear
(Vu,q) =0 Vg e Q, linear
(9(s,d(u)),t) =0 Vt € T. nonlinear

I d
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Weak solution, approximate solution, and residuals

Weak solution
(u,p,8) € Vx Q x T such that

(8, VV) — (V-v,p) = (f,v) welV, linear
(Vu,q) =0 Vg e Q, linear
(9(s,d(u)),t) =0 Vt € T. nonlinear

Approximate solution
(Up, pp,8p) VX QT
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Weak solution, approximate solution, and residuals

Weak solution
(u,p,8) € Vx Q x T such that

(8, VV) — (V-v,p) = (f,v) welV, linear
(V-u,q)=0 Vg e Q, linear
(g(s,d(u)),t)=0 Vt € T. nonlinear

Approximate solution
(Up, pp,8p) VX QT
Residuals

Ri(sh,pn) € V', Ra(up) € Q' Ra(sp,up) € T’
<R1 (Sh)ph)v V>V/,V = (f7 V) - ($h7 VV) + (V‘V,ph), LS V,
(Ro(Un), @)@ :=—(VUnQq), qeQ

<R3($h, uh);ﬂ?)T’,T = —(g($h,d(uh)),ﬂ:), te T e
(esia~
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Residuals

Dual norms of the residuals

R1(sh, Pn)llv:= sup (R4 (sh, Pn), V)vr v,
vev; . | Vv]=1

IRe(un)ll@==sup  (Rz(Un). 9o

q€Q; pllqlls=1
bl
|Ra($h Up)llT == sup  (Ra(sh,Un), t)1 T
teT; v|[t]|s=1

I d
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Residuals

Dual norms of the residuals

R1(sh, Pn)llv:= sup (R1(8hs Pn), V)vr.v,
vev: . |V ,=1

[Ro(up)l:= sup  (Ro(un),d)a.q
qe@; Allql|s=1

IRa(sh Un)lr:= sup  (Ra(sn,Un), )11
teT; ||t]|s=1

Weak solution definition

@ u, — U, py = p, and s, = s if and only if || R4 ($h,ph)|]v/ =0,

[R2(un)ller = 0, and [|Ra(sh, Un)|lT = 0 g e
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Residuals

Dual norms of the residuals

R1(sh, Pn)llv:= sup (R1(8hs Pn), V)vr.v,
vev: . |V ,=1

[Ro(up)l:= sup  (Ro(un),d)a.q
q9€Q; 3||q||s=1

=57 NIV-(u—up)|r ,
strong error norm

IRa(sh Un)llr:= sup  (Ra(sn,Un), t)1 T
teT; ||t]|s=1

Weak solution definition

@ u, — U, py = p, and s, = s if and only if || R4 ($h,ph)|]v/ =0,

[R2(un)ller = 0, and [|Ra(sh, Un)|lT = 0 6 e
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Residuals

Dual norms of the residuals

R1(sh, Pn)llv:= sup (R1(8hs Pn), V)vr.v,
vev: . |V ,=1

[Ro(up)l:= sup  (Ro(un),d)a.q
q9€Q; 3||q||s=1

=57 NIV-(u—up)|r ,
strong error norm

IRa(sh Un)llr:= sup  (Ra(sn,Un), t)1 T
teT; ||t]|s=1

=7 (&(s.ad(w)) — g(sn.cd(un))ll;

strong error norm

Weak solution definition

@ U, — U, py = p,and s, = s if and only if || R4 ($h,ph)|]v/ =0,

[R2(un)ller = 0, and [|Ra(sh, Un)|lT = 0 g S
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Residuals

Dual norms of the residuals

R1(sh, Pn)llv:= sup (R1(8hs Pn), V)vr.v,
vev: . |V ,=1

IRe(un)ll@==sup  (Rz(Un). 9o

qeQ; 3lqlls=1
=g IV-(u—up)ll- = BVunl,
strong error norm computable estimate
IRa(sh Un)llr:= sup  (Ra(sn,Un), t)1 T
teT; ||t]|s=1

=71 (g(s.d(w) —g(snaun))ll; =7 | (sn.c(un))l,

strong error norm computable estimate

Weak solution definition

@ up — U, py = p, and s, = s if and only if | R4 ($h,ph)|]v/ =0,

[R2(un)ller = 0, and [|Ra(sh, Un)|lT = 0 g S
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A posteriori error estimate

Theorem (A guaranteed a posteriori error estimate)
Let

@ (up, pp,sp) €V x Q x T be arbitrary,

@ Assumption A hold.

hb 7 nathematics
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A posteriori error estimate

Theorem (A guaranteed a posteriori error estimate)
Let

@ (up,pn,sp) €V x Q x T be arbitrary,

@ Assumption A hold.
Then there holds

IR+ (sn, Pr)lIvr + IR2(up) e + IR3(5h, Un) 7

< Y ok +mek)>+ Y (k) + D (mk)"

KeTh KeTh KeTh

V4

h.gm,mmm
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A posteriori error estimate

Theorem (A guaranteed a posteriori error estimate)
Let

@ (up,pn,sp) €V x Q x T be arbitrary,

@ Assumption A hold.
Then there holds

IR+ (sn, Pr)lIvr + IR2(up) e + IR3(5h, Un) 7

< Y ok +mek)>+ Y (k) + D (mk)"

KeTh KeTh KeTh

A\

Assumption A (Cauchy stress reconstruction)
There exists a stress reconstruction wy, € H%(div, Q) such that

—Vewp = f,

v

V4

matics g math

ematics

V2 77
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A posteriori error estimate

Eff. & rob.

Theorem (A guaranteed a posteriori error estimate)
Let

@ (up,pn,sp) €V x Q x T be arbitrary,

@ Assumption A hold.
Then there holds

IR+ (sn, Pr)lIvr + IR2(up) e + IR3(5h, Un) 7

< Y ok +mek)>+ Y (k) + D (mk)"

KeTh KeTh KeTh

Assumption A (Cauchy stress reconstruction)
There exists a stress reconstruction wy, € H%(div, Q) such that

—V-wp = fp, (fn.emk = (f.em)k Y1 <m<d,VK e Th.

v

V4

informatics gFmathematics
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Finite elements, regularization

Finite element approximation
Find (up, pp,sp) €V, CV x Qp € Q x Ty, C T such that

(V-up, qn) = Van € Qp,

($h, VVR) = (V-Vh, o) = (F,vh)  VVp € Vp,
0
(9(sh,d(up)),th) =0 Y, € Th.

I d
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Finite elements, regularization

Finite element approximation
Find (up, pp,sp) €V, CV x Qp € Q x Ty, C T such that

($h, VVR) = (V-Vh, o) = (F,vh)  VVp € Vp,
(V-up,qn) =0 Vgh € Qn,
(9(sh,d(up)),th) =0 Y, € Th.

Regularization of g(-,-) by g°(-,-), = > 0
Find (uf, pf, s5) € Vi x Qp x Tp such that
(8h, VVh) = (V-Vh, pp) = (F,vh) YV € Vp,
(V-up, gn) =0 vagn € Qn,
(9" (sh, d(up)), th) =0 Vtp € Th.
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Finite elements, regularization

Finite element approximation
Find (up, pp,sp) €V, CV x Qp € Q x Ty, C T such that

(8h, VVh) — (V-Vp, pp) = (f,vh)  WVp € Vp,

(V-up,qn) =0 Vgh € Qn,
(9(sh,d(up)),th) =0 Vi, € Tp.

Regularization of g(-,-) by g°(-,-), = > 0
Find (uf, pf, s5) € Vi x Qp x Tp such that
(8h, VVh) = (V-Vh, pp) = (F,vh) YV € Vp,
(V-uj, gn) =0 vagn € Qn,
(9 (sh, d(up)), th) =0 Vtp € Th.
Example (power law): ,
1 —r pu
g (s (W) = al(u) — (@u) 7T (s + )T 7

Jan Blechta, Josef Malek, and Martin Vohralik A posteriori error estimates for Stokes implicit constitutive laws 10/ 24



| Setting Estimates Localization Error Num C Est. FE Comp. distinction Est. construction Stop. crit.

Linearization

Eff. & rob.

Linearization of g°(-,-) by =" '(-,-), k > 1
Find (u3", pi ", s5%) € Vi x Qy x T} such that

(555, Vvh) — (Vv 05) = (Fvh)  Wvp eV,
(Vui* gn) =0 VGh € Qh,
(g ($2’k,d(U2’k ),th) =0 Vtp € Th.

I d
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Linearization

Linearization of g°(-,-) by =" '(-,-), k > 1
Find (uj; ,p,ik, E’k) €V, x Qp x T}, such that
(55, V) — (Va0 ) = (V) Wp €V,
(V-ug’k gn) =0 Vaqn € Qp,
(=" (s5", (U ), ) = Vtp € Th.

Example (power law, fixed point):

G (s d(W) = d(u) — ()7 (Js" 2+ 2) s
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Linearization

Linearization of g°(-,-) by =" '(-,-), k > 1
Find (u3", pi ", s5%) € Vi x Qy x T} such that
(577, V) — (Vv ;%) = (Fvn)  Wp €V,
(V-UZ’k, Gn) =0 ¥qh € Qh,
(g (55, d(uz")), ) = 0 Vtn € Th.

Example (power law, fixed point):
g (s l(u)) = dd() — (20) (s, + )2 s
Example (power law, Newton):
G (s al(u)) = ad(u) — (2u) 7T (Js " P 4 £2)E
(2#)—*5:1’)( 57+ RyE
k1)

g, e k—1 € V4
(s, '@ L) (s =8, g -
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Algebraic solver

Algebraic system solution, / > 1

Basis functions v;, g, t; of V5, Qp, Th, respectively. Algebraic
residual vectors Rf’j’.‘”, Hg’j’.‘”, Rg’j’.‘”. Find

(U5’ pekd 55Ky € Wy x Qp x T such that

e,k,i c,k,i
(Sh’ ,I’vvj) - (v'vjuph7 7’)

(f,v;) — kal W € Vp,

(V-u™ g = —Réﬁf'/ vq; € Qp,
(@™ (s Aup™), ) = Ry Vt; € Th.

&Z.n,;..u,m.mm
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Estimate distinguishing different error components

Theorem (Estimate distinguishing different error components)

Let @ reqularization =, lin. step k, and alg. step | be given,

o (U’ pHl 55Ky e Wy % @y x T, be arbitrary,

@ Assumption B hold.

B
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Estimate distinguishing different error components

FE Comp. distinction Est. construction Stop. crit.

Eff. & rob.

Theorem (Estimate distinguishing different error components)

Let @ reqularization =, lin. step k, and alg. step | be given,
o (U’ pohl, 8’“) €V, x Qp x T, be arbitrary,

@ Assumption B hold.
Then
ek, i

||R1( Ekl7ph
< 4max{r s}— 1(

e,k,i
Uy

+ ek

K, K,
)IIS/+HR2( uy )l + IRa (s}

e,K,i e k i e,k,i s,k,/
)]dls(. + 'lle“ + nlm + 7}\10 + Trem

IR
).
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Estimate distinguishing different error components

Theorem (Estimate distinguishing different error components)

Let @ reqularization =, lin. step k, and alg. step | be given,
o (U’ pohl, E’“) €V, x Qp x T, be arbitrary,

@ Assumption B hold.
Then

K, K, K, Kk, k,
IR (55, PG + [ Re(U5 )l + Rals5, w5
gk, 15 k ek,
S 4maX{f S} ! ('/dlst./ + ’/le" + ’Im I + r]\l«‘ I + ane,r/;,l + 775 = I)'

Assumption B (Stress reconstruction for each ¢, k, and /)

For each =, k, and i, there exists a Cauchy stress reconstruct.
e H(div, Q) & an algebraic remainder p=*' € [L5(Q)] s.t.

_vwaklth_pskl
Moreover, w3’ = a5k 4 aSk ! qskl a5kl e [15(0)]9%9, such
that ||a5""||s — 0 and ||p5; k 'Hs —0as the lin. solver converges.

— Tl
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Different error components

Discretization error

Ko —1 ,k, ki e,k,i
nslscl' Z{Hlu’* s, I p; I]I_dh I)Hg,K
KeTh
K,
+[871( = N ) VUi |7«

_ Kk, K,
+||,7 1(/—|_|1r') o &,k— 1($77 I’ 5 I HrK}

I d

hm,.m....u,m...,..mm
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Different error components

Discretization error

7k7 . _1 7k7 7k7 k
njlscl . Z {H 8 f— 6 I]I d I)HSK
KeTh
1 K,
+ 1871 = Ny V-uz |1
_ — k, K,
+ [y = Ngy) 2™ (5™ A )1 k)

Regularization error

k —1 6 K, K, K, k,
e I (A (Tl ) S CrA (TR0 )] [P
KeTh

I d

&Z.n,;..u,mmm
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Different error components

Discretization error

Ko Z —1 ,k, ,k, K,
njlscl . {H 8 I 6 I]I d I)HSK
KeTh

— K,
+1187" (1 = Ny V-ui ™17
— — Kk, k,
+ 1y (= Ngy) 8™ 5™, AU ) k)

Regularization error

k —1 6 K, K, K, k,
e I (A (Tl ) S CrA (TR0 )] [P
KeTh

Linearization error
k k, k, e k— k, K,
= IO (s La(up ) — e T 50 d(ug )«

Ke 7;7 V4
h.gm,m.mm
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Different error components

Algebraic error

K, K, kK,
=3 e S+ 187 g Veug!
KeTh

kK, K,
+H7 1|—| 5 6k 1( €, Id(us I))”EK}

pd
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Different error components

Algebraic error

= > S

KeTh
_ k— kK, k,
+ ”’}/ 1HT/h6ga, 1( ; I’ 5 I HrK}

Algebraic remainder error

k —1 .k,
mew' = Y (Cerahopi oy s k)®
KeTh

e,k,i

Vu ||rK

I d

&Zmé,..u,mmm
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Different error components
Algebraic error
ek, = K,i e,k,i
na]g : Z {HM* ([Lh ﬁ HQ/V u ||fK
KeTh
—1r] 8 e k=17 ek, skl
+ T Ny g™ (s, d I3
Algebraic remainder error
ki ._ —1 &k, s
M’ = Y (Cerahop oy sk)
KeTh
Data oscillation error
K .__ —1 s
77(6)50 S Z (CP,r,dhK:u* )
KeTh
: informatics #Fmathematics
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Construction of the ingredients

Eff. & rob.

Construction of d5*/, 2>/ and p=

@ construction of d5"; after v additional algebraic solver
steps: 5"

o seta =

@ set p~/' as the lifting of A; to pw polynomials

@ choose v adaptively by a stopping criterion

K i4v

I d

&Zm%,..u,m.mm

Jan Blechta, Josef Malek, and Martin Vohralik A posteriori error estimates for Stokes implicit constitutive laws

16/24



| Setting Estimates Localization Error Num C Est. FE Comp. distinction Est. construction Stop. crit. Eff. & rob.

Construction of d;', p=*/ verifying Assumption B

Local Neumann(/Dirichlet) MFE problem on each patch 7,
Find (3" € RTNY(72) and g5 € [P (7a)]¢ such that

—1 qe.k, Kk, ki K,
(,LL* qua' avh)% (qg / VW; ’)T :( ¢a$)€1 ' Wh)'ﬁn

— (V-da" Yy (D) m)Ta = (Ftbam + Vetpamp ™ — 5557 - Vepa m,
(@n)m)7a — (R (Dn)m) 5l Tal ', 1<m< d,
for all (vs, ¢p) € RTNNO(Ta) x [PF(Ta)l%; am = (0, ..., va,
~~

m
.,0)t. Neumann compatibility condition from the scheme.

I d

informatics gFmathematics
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Jan Blechta, Josef Malek, and Martin Vohralik A posteriori error estimates for Stokes implicit constitutive laws 17 / 24



| Setting Estimates Localization Error Num C Est. FE Comp. distinction Est. construction Stop. crit. Eff. & rob.

Construction of d;', p=*/ verifying Assumption B

Local Neumann(/Dirichlet) MFE problem on each patch 7,
Find (3" € RTNY(72) and g5 € [P (7a)]¢ such that

—1 qe.k, Kk, ki K,
(,LL* qua' avh)% (qg / VW; ’)T :( ¢a$)€1 ' Wh)'ﬁn

— (V-da" Yy (D) m)Ta = (Ftbam + Vetpamp ™ — 5557 - Vepa m,
(@n)m)7a — (R (Dn)m) 5l Tal ', 1<m< d,
for all (vs, ¢p) € RTNNO(Ta) x [PF(Ta)l%; am = (0, ..., va,
~~

m
.,0)t. Neumann compatibility condition from the scheme.

Construction of ¢S
Set e K, e ki
A=y agh

acVy

I d
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Construction of d;', p=*/ verifying Assumption B

Local Neumann(/Dirichlet) MFE problem on each patch 7,
Find (3" € RTNY(72) and g5 € [P (7a)]¢ such that

—1 qe.k, Kk, ki K,
(:u* qua avh)% (qg / VW; ’)T :( ¢a$)€1 ' Wh)'ﬁn

— (V-da" Yy (D) m)Ta = (Ftbam + Vetpamp ™ — 5557 - Vepa m,
(@n)m)7a — (R (Dn)m) 5l Tal ', 1<m< d,
for all (vs, ¢p) € RTNNO(Ta) x [P (Ta)l%; tham = (0, ..., ta ,
~~

m
.,0)t. Neumann compatibility condition from the scheme.

Construction of ¢S
Set e K, e ki
A=y agh

. acVy
Construction of p=</

Set e kv —1 pe.kii
(7 homi= 3 [l A 1<msd
ac VK m[néau;,mamomnms
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Stopping criteria

Global stopping criteria
@ stop whenever:

e,K,i ki ek, eki ek,
77rem < ’yrem max{ndlgc ’nreg 777]111 ?na]g }

e ki e ki &k,
nalg < 731g max{ndlsc ’nreg ’nlm }

choice of v,

algebraic solver,

K o
el < i max { g, e} linearization solver,
nraegl < ’Yregnglfcl choice of ¢.

o Yrem; Yalgs Vin, Yreg = 0.1

I d

&Zmé,..u,mmm
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Stopping criteria

Eff. & rob.

Global stopping criteria
@ stop whenever:

e,K,i ki ek, eki ek,
nrem < IVI‘CI’II max{ndlgc ’nreg 717]111 ?na]g }

ek, ek, ki &K,
nalg < Yalg max{ndlsc ’nreg ’nlm }

choice of v,

algebraic solver,

k . .

i < i max{nGlS’ nikl) linearization solver,
ek, ki .

et < YregNioe choice of e.

@ Yrem, Valg; Vin, Vreg =~ 0.1
Local stopping criteria

@ same as above, mesh element by mesh element

I d

&Z.n,;..u,m.mm
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Efficiency of the a posteriori error estimate

Theorem (Global efficiency of the a posteriori error estimate)

Let the mesh Ty, be shape-regular, the global stopping criteria
hold, vin and .., be small enough, andt = f,. Then
7k7. 9 7. 7k7‘ 7k7‘ b ). ) 7.
ngiscl + nfeg : + 771511'1 : _'_ ’r/ilg : + nfell'l(ll + ngsl(f !

Kii ok ki Ki ek
SIR (5™, o N + IR2(ur ™l + 1Rs (s, up ™)1

I d

&Z.n,;..u,m.mm
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Efficiency of the a posteriori error estimate

Theorem (Global efficiency of the a posteriori error estimate)

Let the mesh Ty, be shape-regular, the global stopping criteria
hold, vin and .., be small enough, andt = f,. Then

e,k,i ek, i e,k,i e,k,i e,k,i e,k,i
Mdisc + nreg + Min + T/alg + Trem + Mosc

Kii ok ki Ki ek
SIR (5™, o N + IR2(ur ™l + 1Rs (s, up ™)1

@ robustness with respect to the nonlinearity thanks to the
choice of the dual norms of the residuals as error measure

I d

h.gm,mmm
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Efficiency of the a posteriori error estimate

Theorem (Global efficiency of the a posteriori error estimate)

Let the mesh Ty, be shape-regular, the global stopping criteria
hold, vin and .., be small enough, andt = f,. Then

e,k,i ek, i e,k,i e,k,i e,k,i e,k,i
Mdisc + nreg + Min + T/alg + Trem + Mosc

Kii ok ki Ki ek
SIR (5™, o N + IR2(ur ™l + 1Rs (s, up ™)1

@ robustness with respect to the nonlinearity thanks to the
choice of the dual norms of the residuals as error measure

@ local efficiency under local stopping criteria

I d

h.gm,mmm
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Q Velocity—pressure—stress formulation
@ Weak solution, approximate solution, residuals
@ Dual norms of the residuals
o A posteriori error estimates
@ Basic estimate
Finite element implementation
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Localization of the dual norms of residuals

Localization of R,(uy) and R3(up) (reminder)
}

[Rz(up)llor = 5_1{ > ve(u- Uh)Hf,K} r

KETh 1
R3(sh, un)|lT = {Z I1°( g($h,d(uh)))|§,/<}
KeTh
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Localization of the dual norms of residuals

Localization of R,(uy) and R3(up) (reminder)
}

[Rz(up)llor = 5_1{ > ve(u- Uh)Hf,K} r

KeTh

R3(sh, un)|lT = {Z I1°( g($h,d(uh)))|§,/<}
KeTh
Theorem (Localization of the equilibrium residual R )

Let (R1(sh, Pn), Yam)vy =0 foralll < m<d, vae Vi Then

1
IR +1(sh, Pr)llv < (d +1)7 Ceontpr,a { > IR ($h,Ph)\S/(wa)/} ;
acVy
1

1
{Z IR ($haph)\sl(w~a)'} = (d+1)s[[R1(sh, pn)llv-

acVy

emati
V.
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Link dual norm of the residual — error

Perturbation nonlinearities
$ € O(u|d(u)|? + 7(d(u))), = convex
@ 7(d(u)) = 7|d(u)|: Bingham
@ w(d(u)) = k|d(u)|", k > 0, r € (1, 00): modified power law

hmém,mmm
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Link dual norm of the residual — error

Perturbation nonlinearities
$ € O(u|d(u)|? + 7(d(u))), = convex
@ 7(d(u)) = 7|d(u)|: Bingham
@ w(d(u)) = k|d(u)|", k > 0, r € (1, 00): modified power law

Theorem (Energy error estimate for perturbation nonlinearities)

LetVy:={veV; V.v=0} and set . = 1. Then, for
perturbation nonlinearities,

11 2ad(u — up) |2 + («'(d(u)) = 7'(d(up)), d(u — up))

>0

<

IR+ (s(kun)). PG,

N

informatics gFmathematics
V122,77 5
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p-Laplace regularization test case

10° Error estimates of ||f +div|Vu|  Vaul|_,,
107 |
102}
107}
10*}
1051 e—e p=11 discretization
e—e p=11 regularization
e—e p=11overall
-6
10 ‘ ‘ ‘ ‘ ‘ ‘
10° 10° 10" 10° 102 10" 10° 10
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Q Introduction

Q Velocity—pressure—stress formulation
@ Weak solution, approximate solution, residuals
@ Dual norms of the residuals

o A posteriori error estimates
@ Basic estimate
Finite element implementation
Estimate distinguishing different error components
Construction of the ingredients
Stopping criteria
Efficiency and robustness
Q Localization of the dual norms of residuals
Q Link dual norms of the residuals — energy-type errors

Q 1st numerical results

0 Outlook and references 5’ o —
 Jan Blechta, Josef Malek, and Martin Vohralik A posteriori error estimates for Stokes implicit constitutive laws 23 /24

® 6 6 ¢

®



| Setting Estimates Localization Error Num C

Outlook and references

Outlook

@ simplified evaluation of the estimators
@ guaranteed upper bound and robustness in quasi-norms
@ generalizations (Navier—Stokes, time-dependent, . ..)
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Outlook and references

Outlook

@ simplified evaluation of the estimators
@ guaranteed upper bound and robustness in quasi-norms
@ generalizations (Navier—Stokes, time-dependent, . ..)

References

@ BLECHTA J., MALEK J., VOHRALIK M., Non-Newtonian
Stokes flow in the implicit constitutive laws framework: a
posteriori error control and full adaptivity, in preparation.

@ BLECHTA J., MALEK J., VOHRALIK M., Localization of
W~1.9 norms for robust local a posteriori efficiency, in
preparation.
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Outlook and references

Outlook

@ simplified evaluation of the estimators
@ guaranteed upper bound and robustness in quasi-norms
@ generalizations (Navier—Stokes, time-dependent, . ..)

References

@ BLECHTA J., MALEK J., VOHRALIK M., Non-Newtonian
Stokes flow in the implicit constitutive laws framework: a
posteriori error control and full adaptivity, in preparation.

@ BLECHTA J., MALEK J., VOHRALIK M., Localization of
W~1.9 norms for robust local a posteriori efficiency, in
preparation.

Thank you for your attention! -
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