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Scaling Problems

Which degree of detail is necessary for a reliable description of technical processes? Which degree of detail is necessary for a reliable description of technical processes? 
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governing equationsgoverning equations

closure of the equation systemclosure of the equation system

Conservation Equations
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Gas Phase Chemistry

Arrhenius lawArrhenius law

• 37 elementary reactions in the H2-O2 system, ns = 8
• 74 elementary reactions in the CO-H2-O2 system, ns = 13

•
•
•

• 7000 elementary reactions in the low-temperature oxidation of 
higher hydrocarbons (Chevalier et al. 1992), ns > 1000 

Problems: many species, different time scales, highly non-linearProblems: many species, different time scales, highly non-linear

rl            






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n r
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Problems

Scaling problemsScaling problems
• length scales

system dimensions (m)
reaction zone thickness (mm)
turbulent length scales (mm)
shock thickness (μm)

• velocity scales
flame speeds (cm/s)
speed of sound (330 m/s)
detonation velocities (> 1000 m/s)

• time scales
chemical time scales (10-10 - 10 s)!

extreme number of different chemical speciesextreme number of different chemical species

LIF image of a turbulent flame,LIF image of a turbulent flame,
Dinkelacker et al.Dinkelacker et al.
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How Can the Problems be Overcome?

different levels of spatial structuresdifferent levels of spatial structuresslow time scales  100  10-2  10-4  10-6  10-8sssssfast time scalesintermediate time scales
different levels of time scalesdifferent levels of time scales

The overall process can only be understood if the underlyingThe overall process can only be understood if the underlying
sub-processes are known adequately!sub-processes are known adequately!

Exploit capabilities of modern computers (vectorization, parallelization).Exploit capabilities of modern computers (vectorization, parallelization).
Use adaptive numerical methods (adaptive in space and time).Use adaptive numerical methods (adaptive in space and time).

Exploit the hierarchical structure!Exploit the hierarchical structure!
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Starting point: equation for the scalar fieldStarting point: equation for the scalar field

Thermokinetic state is a function of spatial coordinate and timeThermokinetic state is a function of spatial coordinate and time

For general 3D flows: For general 3D flows: ψψ depends on 3+1 variables depends on 3+1 variables

Notation in the following:Notation in the following:

Note: “Dimension” is used here forNote: “Dimension” is used here for
the number of variablesthe number of variables

Reacting flows

•convection•chemistry •transport


t

= F ψ( ) +v ⋅gradψ + 1
ρ

divD gradψ = F ψ( ) +Ξ ψ,∇ψ,∇2ψ( )
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Consequences

Observations:Observations:
Only a small subspace is actually accessed.Only a small subspace is actually accessed.
In addition the accesed space is confined to low-dimensional manifolds.In addition the accesed space is confined to low-dimensional manifolds.

Maas & Thévenin 1998Maas & Thévenin 1998
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Toy example:Toy example:

From physical to Composition Space

 x,y( ) =
sin(2πx )sin(πy )

y
sin(πx )sin(πy )cos(πy )

⎛

⎝
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⎟
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Starting point:Starting point:

Evolution of a point in composition spaceEvolution of a point in composition space

Projection onto the orthogonal spaceProjection onto the orthogonal space

Evolution of the Manifold in Composition Space
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At any time At any time tt the scalar field of a reacting flow defines a manifold of dimension  the scalar field of a reacting flow defines a manifold of dimension dd  
≤ 3.≤ 3.

A A dd* * ≤ 4-dimensional manifold is describes the whole time evolution≤ 4-dimensional manifold is describes the whole time evolution

One could imagine to devise a method, which calculates the evolution of the One could imagine to devise a method, which calculates the evolution of the 
manifold and its parameters separately!manifold and its parameters separately!

Evolution in Composition Space

     r( )( )

 
    r ,t( )( )
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Low-dimensional manifold might become arbitrarily complicatedLow-dimensional manifold might become arbitrarily complicated

But: The geometry on the m+1 dimensional geometry looks much nicer.But: The geometry on the m+1 dimensional geometry looks much nicer.
An (m+1) dimensional manifold depends less on the gradients than an An (m+1) dimensional manifold depends less on the gradients than an 

m-dimensional manifold.m-dimensional manifold.

Problems of this approach
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Observations so Far

the mapping is not injective (the same state vector can be found at different spatial the mapping is not injective (the same state vector can be found at different spatial 
locations,locations,

This means: At the same location in state space the gradients might be different!

boundaries in the physical space do not need to correspond to boundaries in boundaries in the physical space do not need to correspond to boundaries in 
composition space.composition space.

This means: We have to devise an evolution equation for the boundary

Problems: Although the manifolds are at most 4-dimensional, each realization of a Problems: Although the manifolds are at most 4-dimensional, each realization of a 
particular reacting flow might correspond to a different one.particular reacting flow might correspond to a different one.
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Stiff chemical kinetics as well as molecular transport processes cause the Stiff chemical kinetics as well as molecular transport processes cause the 
existence of attractors in composition spaceexistence of attractors in composition space

ILDMs of higher hydrocarbons Correlation analysis of DNS-Data

Observation:

Zel‘dovich showed that there is a unique equilibrium: Ya. B. Zel’dovich, “A proof of 
the uniqueness of the solution of the equations for the law of mass action,” Zh. Fiz. 
Khim. 115, 685–687 (1938) in Russian.
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Decomposition of Motions

Decomposition into “very slow, intermediate and fast subspaces”Decomposition into “very slow, intermediate and fast subspaces”

Fψ = Zc Zs Zf( )⋅
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convectionchemistry transport


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Low-Dimensional Manifold Concepts 

QSSA (Bodenstein 1913)QSSA (Bodenstein 1913)
Set right hand side for qss species to zero

ILDM (Maas & Pope 1992)ILDM (Maas & Pope 1992)
Use eigenspace decomposition of Jacobian

GQL (Bykov et al. 2007)GQL (Bykov et al. 2007)
Use eigenspace decomposition of global 
quasilinearization matrix

Many other strategies can be found in the literature!
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Global Quasilinearization

Idea: approximate the global behavior of the system by a linear Idea: approximate the global behavior of the system by a linear 
approximationapproximation

For an n-dimensional system choose n different points and calculate their For an n-dimensional system choose n different points and calculate their 
ratesrates

Approximate the non-linear system such that it is represented exactly at Approximate the non-linear system such that it is represented exactly at 
least for these n pointsleast for these n points

Use this matrix T just like the Jacobian in the ILDM-contextUse this matrix T just like the Jacobian in the ILDM-context

 

 
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•red mesh: ILDM, green mesh: manifold, symbols: reference points
•blue curve: detailed system solution, cyan curve: fast subsystem solution 
•magenta curves: detailed stationary system solution of flat flames
• Bykov, Goldshtein, Maas 2007Bykov, Goldshtein, Maas 2007

GQL application
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Hierarchy of Low-Dimensional Manifolds

It can be shown that QSS, ILDM, and GQL  yield a hierarchy of low-It can be shown that QSS, ILDM, and GQL  yield a hierarchy of low-
dimensional mainfolds in composition spacedimensional mainfolds in composition space

 

Mm       
             

      
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Problems

Strong coupling of reaction and DiffusionStrong coupling of reaction and Diffusion

But there is no reason not to solve the manifold eqution and the But there is no reason not to solve the manifold eqution and the 
equation for the reduced coordinates simultaeouslyequation for the reduced coordinates simultaeously
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Evolution equations for the manifold and the parameters:Evolution equations for the manifold and the parameters:

Problems: Equations are coupledProblems: Equations are coupled

If            were functions of θ only it would be simple!If            were functions of θ only it would be simple!

This is the basis of the REDIM method!This is the basis of the REDIM method!

Evolution in Composition Space


t

= G ψ ,ψθ,ψθθ,θr ,θrr( )

∂θ
∂t

= H ψ ,ψθ,θ,θr ,θrr( )

r ,θrr

  
t

= I −ψθψθ
+( ) ⋅ F ψ θ( )( ) + 1

ρ
D θ( )ψθgradθ( )θ

⎧
⎨
⎩

⎫
⎬
⎭

 


t

= S θ( ) + rv gradθ + 1
ρ

P div D∗ gradθ( )
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Basic Assumptions and Consequences

AssumptionsAssumptions
• The gradients, although they depend on the spatial location, can 

be estimated based on the value of θ only.
• Due to fast relaxation processes the steady solution of the 

evolution equation represents the manifold.

Note:Note:
• If the gradient estimation is bad or the relaxation is not fast 

enough, then the dimension needed to describe the system 
might be higher than 3 + 1.

• A method is needed that estimates the influence of the gradient 
estimate.

  


 I −ψθψθ
+( ) ⋅ F ψ θ( )( ) + 1

ρ
D θ( )ψθξ( )θ ξ⎧

⎨
⎩

⎫
⎬
⎭
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Principle of the Evolution equation

 




 I −ψθψθ
+( )d  ξoψθθ oξ

•mixing line




 I −ψθψθ
+( )F ψ θ( )( )

•equilibrium curve
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Principle of the Evolution equation

 




 I −ψθψθ
+( )d  ξoψθθ oξ

•mixing line




 I −ψθψθ
+( )F ψ θ( )( )

•slow manifold
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•KIT – die Kooperation von Forschungszentrum Karlsruhe GmbH und Universität Karlsruhe (TH)

Basic Procedure:Basic Procedure:
  
formulate initial guess
specify boundary conditions
estimate the gradient 

(it has been shown that a good 
estimate gets more and more 
unimportant for increasing 
dimension)

solve the evolution equation (PDE)

stationary solution yields the 
REDIM

Principle of the Evolution Equation
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Influence of the gradients

A detailed analysis of the influence of the gradients is quite lengthyA detailed analysis of the influence of the gradients is quite lengthy
But: The principle can be understood very easilyBut: The principle can be understood very easily

1. What is the sensitivity if the reactions are very slow?1. What is the sensitivity if the reactions are very slow?

Solution is a minimal surface and does not depend on the gradientSolution is a minimal surface and does not depend on the gradient

  


 I −ψθψθ
+( ) ⋅ F ψ θ( )( ) + 1

ρ
D θ( )ψθξ( )θ ξ⎧

⎨
⎩

⎫
⎬
⎭

  


 I −ψθψθ
+( ) ⋅

1
ρ

D θ( )ψθξ( )θ ξ⎧
⎨
⎩

⎫
⎬
⎭

for τ → ∞

ψθ
⊥ D θ( )ψθ( )θ = 0
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Influence of the gradients

2. What is the sensitivity if the reactions are very fast?2. What is the sensitivity if the reactions are very fast?

• Solution does not depend on the gradient! (in fact:if it is 0, then 
the solution are slow invariant manifolds

In principle the REDIM defines minimal sub-surfaces on the nonlinear In principle the REDIM defines minimal sub-surfaces on the nonlinear 
surface of fast chemical processessurface of fast chemical processes

  


 I −ψθψθ
+( ) ⋅ F ψ θ( )( ){ }

n-1 fast processes
n-1 equations
n-2 fast processes
n-2 equations
additional constraints yield
1-dimensional ILDM
„movement along geodesics“
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Influence of the gradients

•1D (curves) and 2D (mesh) REDIMs
•red: estimate from 1-D flat flame, green: gradient estimated one 
order of magnitude lower
•black curve: exact solution for a flat flame
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1D-REDIM:
Dependence on Gradient Estimate

flame structures in composition spaceflame structures in composition space
black: detailed solutionblack: detailed solution
blue: REDIM for gradients from flamelet: blue: REDIM for gradients from flamelet: χχ((θθ) = ) = χχ((θθ) ) 
green:green: χχ((θθ) = 10 ) = 10 χχ((θθ) ) 
red:red: χχ((θθ) = 0.1 ) = 0.1 χχ((θθ) ) 



ITV
Universität Stuttgart

•33

2D-REDIM:
 Dependence on Gradient Estimate

flame structures in composition spaceflame structures in composition space
black: detailed solutionblack: detailed solution
blue: REDIM for gradients from flameletblue: REDIM for gradients from flamelet
green: χ(θ) = 10 χ(θ) 
red: χ(θ) = 0.1 χ(θ) 

note: for typical flamesnote: for typical flamesχ(θ) does not vary does not vary 
that muchthat much
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Is there a hierarchy of LDMs?

1D and 2D REDIMs of a non-1D and 2D REDIMs of a non-
premixed syngas/air system premixed syngas/air system 

•1D and 2D REDIMs of a premixed 
syngas/air system 

 M1
REDIM  

     
 
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Is there a hierarchy of LDMs?

This hierarchy can be used forThis hierarchy can be used for

• a hierarchical generation of LDMs
• an efficient implementation in reaction 

flow calculations
• an efficient error estimation
• an anlysis of the coupling of chemistry 

with molecular transport
• the developent of models for 

chemistry/turbulence coupling •1D and 2D ILDMs of a premixed 
syngas/air system 

It can be shown for most manifold 
concepts that there is a hierarchy of 
manifolds of increasing dimension.
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How can we use LDMs?

Project governing equations onto the low-dimensional manifoldProject governing equations onto the low-dimensional manifold

Note: The transport matrix is changed, too! This accounts for the coupling Note: The transport matrix is changed, too! This accounts for the coupling 
of kinetics with molecular transport.of kinetics with molecular transport.

 


t

= S θ( ) + rv gradθ + 1
ρ

P div D∗ gradθ( )

 

  h,p,w1,w2,K ,wns( )
T

=ψ θ( )

θ = θ1,θ2,K ,θm( )T m = ns + 2
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ILDM
GQL
REDIM

interpolation

mass

momentum

energy
  


 t

=K
∂ρ r v 
∂ t

=K
∂ρu
∂ t

=K

reduced variables

reaction transport

 
 t

=S θ( ) + PΞ ψ θ( ),∇ψ θ( ),∇2ψ θ( )( )

S           

,h,p,∇θ,∇h,τ

CFD-code

reduced statesImplementation
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Use in „Real Life“

Various applicationsVarious applications

Tests with laminar flamesTests with laminar flames

Example: Example: 
• Axi-symmetric methane/air flame
• Comparison of 2D-REDIM (right, 

Konzen et al.) with detailed 
simulations (left, Smooke et al.)
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Deterministic and statistical models

solve for solve for ϕϕ  and obtain <ϕ> from a and obtain <ϕ> from a 
large number of calculationslarge number of calculations
extreme spatial and temporal extreme spatial and temporal 
resolution necessaryresolution necessary

solve for <solve for <ϕϕ>>
only moderate spatial and temporal only moderate spatial and temporal 
resolution neededresolution needed

DeterministicDeterministic

Dinkelacker et al.Dinkelacker et al.

statisticalstatistical

Is it really so simple?  Problem:Is it really so simple?  Problem:
Expectations can only be evaluated if the statistics is known!Expectations can only be evaluated if the statistics is known!

q U,φ( ) ≠q U , φ( )

Dφ
Dt

=F φ( )+
1
ρ

divDgradφ
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Statistical Information

Averages of non-linear terms can be determined if the probability density Averages of non-linear terms can be determined if the probability density 
function (PDF) is known. function (PDF) is known. 

Advantages:Advantages:
• f(V,ψ;x,t) is time independent for statistically stationary problems
• f(V,ψ;x,t) varies smoothly in space

Problem: How can Problem: How can ff((V,V,ψψ;x,t;x,t) be determined?) be determined?
• detailed measurements
• statistical models

presumed PDF - solve for moments <φ>, < φ’2>, . . . 
solve PDF transport equation

f                           

ωi = ωi ψ ,V( )f ψ ,V ; x,t( )dψ dV∫∫
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• transport equation for the joint PDF (Pope 1985)transport equation for the joint PDF (Pope 1985)

• one-point processes are treated exactlyone-point processes are treated exactly
• two-point processes (which appear as conditional expectations) have to be two-point processes (which appear as conditional expectations) have to be 

modeledmodeled

 

  
 f
∂ t

+ ρ ψ( )V j
∂ f

∂ x j

transport in physical
space due to
convection

1 244 34 4
− ∂ p

∂ x j

∂ f
∂V j

transport in velocity
space due to mean
pressure gradient

1 24 34
+ ∂

∂ψα
ρ ψ( )Sα ψ( ) f[ ]

transport in scalar
space due to
chemical reaction

1 24 4 4 34 4 4

= ∂
∂V j

(div ′P )j V ,ψ f⎡
⎣

⎤
⎦

transport in velocity
space due to friction and
pressure fluctuations

1 24 4 44 34 4 4 4
+ ∂

∂ψα
div jα V ,ψ f⎡⎣ ⎤⎦

transport in scalar
space due to
molecular mixing

1 24 4 4 34 4 4

Turbulent Flow Modeling using PDF-methods 
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Problem: Each chemical species enters as an independent variable. Problem: Each chemical species enters as an independent variable. 
• high dimension of the equation system  reduce dimension
• solution using finite differences, volumes or elements not feasible

Solution: PDF represented by stochastic particlesSolution: PDF represented by stochastic particles

change of particle properties governed by ODEschange of particle properties governed by ODEs

• example: convection

• example: reaction

Particle Method

  
f V , 


                 





   






  

d
r 
r i t 


    

d   


       
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Example: LES of a premixed flame

P. Wang, F. Zieker, R. Schießl, N. Platova, J. Fröhlich, U. Maas, Proc Comb. Symp 2013

Scatter plot of temperature vs. hydrogen 
mass fraction. ξ= 0.71 at one time step, 
calculated from LES resolved values.

Instantaneous contours of temperature, 
red line: ZH=0.7. An event of local 
extinction is seen around x/R=8, r/R=1.

Large eddy simulation coupled wirh an assumed PDF approach
REDIM reduced chemistry with two scalars
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Example: Ignition by a hot jet

Hot jet of burned hydrogen/air mixture entering a cold hydrogen/air mixture.

stand-alone Monte-Carlo-PDF-simulation

REDIM with two reduced variables
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Example: Ignition by a hot jet

Ghorbani, Steinhilber, Markus, Maas 2014
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Conclusions

Efficient methods for kinetic model reduction and its subsequent Efficient methods for kinetic model reduction and its subsequent 
implementation in reacting flow calculations have been presented.implementation in reacting flow calculations have been presented.

These methods can be coupled in an efficient way with deterministic or These methods can be coupled in an efficient way with deterministic or 
statistical methods for laminar and turbulent reacting flowsstatistical methods for laminar and turbulent reacting flows

The dimension reduction reduces the number of equations to be solved The dimension reduction reduces the number of equations to be solved 
considerably and at the same time it enters information on the considerably and at the same time it enters information on the 
chemistry-transport-coupling into the statistical models.chemistry-transport-coupling into the statistical models.

Financial support by the Financial support by the Deutsche Forschungsgemeinschaft Deutsche Forschungsgemeinschaft is gratefully is gratefully 
acknowledged.acknowledged.
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