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General ideas

[Chinesta et al. 2010, 2011]

Context: multiparameter EDPs (stochastic, optimization): u(x, t,p1,pa, ... ,pn)

—p exponential growth of the number of dof with brute force approaches
(curse of dimensionality)

— issues of computation cost / storage
—p model order reduction: RB, POD, PGD,...

Idea of PGD: a priori representation using linear combination of modes with
variable separation (tensor product space, low-rank structure, canonical format)

M
’U,(.CE, t7p17p27 0o c 7p’n) ~ Z zpm(x))\m(t)qblm(pl)qme(pQ) S ¢nm(pn)
m=1

I—» main features of the solution

— decrease of computation/storage costs (linear growth of the number of dof)
— no need of a priori information on the solution (no snapshot)

— modes are computed offline and on the fly solving simple problems
— first used to solve NL time-dependent problems with LATIN [Ladeveze 99]

’ — growing interest in the Computational Mechanics community 4



Computation of modes

When the solution is known (at least partially): an optimal low-rank separated
representation may be searched by minimizing the distance with respect to a
given metric on the tensor product

— classical POD (SVD) approach with L2 norm and 2 variables

When the solution is unknown: several techniques (minimal residuals, (Petrov-)
Galerkin formulation,...) [Nouy 2010]

—p We concentrate on progressive Galerkin-based method

B(u,v) = L(v) Yo  Upm = Um—1 + V(@)A(E)P1(p1)d2(p2) - - . (D)
L(WMy-X) Vi — ) = F(A, @1, ..., Pp)
LN p1...¢n) YN — A= G(Y, 01, .., Pp)
L(YAGT ... pn) VO = $1 = J1 (Y, A, P2, .., n)

B(uma ¢*>\¢1 s ¢n)
B(uma w>‘*¢1 00 < ¢n)
: B(tm, YAPT - . . n)

—P NL eigenvalue problem, solved with dedicated iterative strategies (fixed point)

variants : convergence, mode orthogonalization, mode updating, ... 5




- Transient thermal problem

Example

u=0 ond,dx7T
Ujp—p = 0

ou

V-q=
o q=fd
q-n=gqq ond,dx7L
q= kVu
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Example

Transient thermal problem

u=0 ond,dx7T

Ujp—p = 0
ou
V.q=
mun -y q = Jd
: qn=gqq ond,NQx7ZT
q=kVu

|—> multi-parameter problem : X, t,}/
B(u,v) = L(v) Yve L*(ZI)® Hj(Q)

|—> «classical» approach : space mesh My,

time mesh M Ay

— N}, X Nagp dof

L ——




«progressive Galerkin» approach

U = Um—1 F+ VA st Blup, VA + YN) = LA + A*)  V*, \*

4

(problem in space ) = Sm()\)K\(;oblem intime A =1}, (w) N

B(tm,¥*\) = L(yp*)\)  Va* B(tm, YA*) = L(YA*) VA*
(&SM —+ BSK)X — E - AE+L) _ 3 (k) 4 A = 5C(Fk) A0 —

\_ U At

[
3 7



Qd(ga t) = —1 ’ fd(ga t) — 20033y
N, = 50, N, = 1000

\\\\\\\\\\\\\\\\\\\

0000000

“““““““““““““““““
000000000000000000000000

I—>accuracy of solution Uy, (g, t) ¢ of quantities of interest](um)?

mmmmp- (cuaranteed) estimation of the global/local error
sy o daptivity criteria
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PGD strategy

model parameters are seen as extra-coordinates [Chinesta et al. 2011]

— enables to address many engineering problems:
- variations of material parameters
- changes in boundary/initial conditions
- changes in loading
- geometry variations
- data assimilation (PGD+Kalman filter) [Marchand et al. submitted]

— PGD modes are computed offline and used online for inverse analysis,
optimization with cheap and fast computations on light computing
platforms

—® concept of virtual charts

10



Material parameters

Transient thermal problem

u=0 ond,dx7T

Ujp—p = 0
ou
V.q-—
mun e q = Jd
Tl g n=qq ong,NQxT
q=kVu

|—> multi-parameter problem : X, {, P

B(u,v) :/@/I/Q(c%v—FkVu-Vv)detdp

L(v) = /@/I (/Q favdS$2 + /FN qdvds) dtdp

11



(qa(z,t) = —1, fa(z,t) = 2002y PGD modes
N, = 50, N, = 1000

\\ ' ~
L / Riagad / /
{ \’*\—
A\\
> '

12



Another 2D example

- porous medium

- Darcy’s law: u = —kVp

T T T T ]
Dirichlet Boundaries ‘
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3D case
m‘ [Chamoin et al 2015]
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Geometry variations

m Reference domain

el N i i n T
o=0.8 [_JL_JL_]

B=0.5

)

= Leading to an equivalent material

® Use of Jacobian transformation

/va.VudQ /_( Vo) (kJ_ TJ_1|J|> Vu dQ
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m Problem: heater

® convection on the top border

e imposed flux on the bottom

Geometry variations

A A N S

RN E N

16



Geometry variations

Problem: heater R Y S
® convection on the top border A A A
e imposed flux on the bottom
EEEERE R Y
l ' x10
°0 1 2 3 : 5 : '
A I
3
B >
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Nonlinear parametrized problems

B APPROoFI project
® supported by the French National Research Agency

R & SAFRAN

® collaboration between 7 industrials and academics Snacms
® driven by SAFRAN

B Problematic
® development of probabilistic approaches for the robust design in fatigue

® taking into account variability in durability simulations to guarantee
the robustness and reliability of the design

M Typical example

® blade of the Vulcain engine booster

® elasto-viscoplastic model

® variability of material properties

® variability of loadings




Engine blade

B Description of the test-case
® ANR project APPROFI

® elasto-vi lasti terial s
elasto-viscoplastic materia - SAFRAN

Snecma

Symmetry Prescribed /\ t 740,000 DOFs
conditions displacement S 60 time steps

18



Parametric study

| B Parametric study

® 3 parameters: loading amplitude and material characteristics (Ro ,Y)

® [0 x 10 x 10 = 1,000 sets of parameters (range of variation +30%)
UPDE: ;’f(u.M),.,.) 0

Idea:
to build a library of modes common
to all sets using the LATIN solver

® influence on the maximum value of the Omises

1,000 sets of parameters

(a R
=
© ﬁﬂx
(640 = 3 MO
i=1

_____

(0.F)

yield stress Ro

gamma

b'\ (ep,W)

19
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W

For a given set of parameters

B PGD modes

Equiv. plastic strain \J J U U




Virtual chart

B Parametric study
® 3 parameters: loading amplitude and material characteristics (Ro,Y)
® 10 x 10 x 10 = 1,000 sets of parameters (range of variation +30%)

® influence on the maximum value of the Omises

&
Qﬁj 4 months

O'mises with ABAQUS
(MPa) >35% of variation

500 - &
o e e LATIN+PGD

© 3 days (gain: 40)
450 -

Loading
amplitude

" True” complexity: 50 modes

400 -
(SVD of the ROB)
PGD based approach: 67 modes
200" 30 (few needless computations)

21
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Objectives

Goal: design a PGD algorithm such that:
- a given precision is attained
- as small as possible amount of computational work is needed

The designed error estimation method should:

- give a fully computable upper bound on the overall error (error control)

- enable to distinguish and estimate separately the different error components
- allow to adjust optimally the calculation parameters

Large litterature for error estimation and adaptive strategies (greedy) in reduced
basis methods [Machiels et al. 2001, Grepl & Patera 2005, ...]

specific case of PGD

[Ladevéze 1998] = a priori error estimation for separated variables
representations (LATIN method)

[Ammar et al. 2010] =8 a posteriori error estimation for outputs of interest
indicators based on residuals

[Moitinho de Almeida 2013] = goal-oriented error estimation using
J complementary solutions 23



Proposed estimate

PGD control, for linear elliptic or parabolic problems, with robust bounds
[Allier et al. 2015, Ladeveze & L.C. 2011, 2012]

—> use of the Constitutive Relation Error (CRE) concept

e widely used in the Computational Mechanics community for many years
[Ladeveze & Leguillon 83, Destuynder & Métivet 99, Ladeveze & Pelle 04]

e cuaranteed and fully computable a posteriori error estimate on the energy norm
method based on dual analysis, with recovery of equilibrated fluxes (verifying
equilibrium in a strong sense) from the FEM solution

® estimate split into several indicators to drive adaptive procedures

robust virtual charts that can be used for industrial design

P

24



Basics on CRE

| (_V : (kvu) = f in {) (equilibriumof flux q = kVU? f e L2(Q) ;g & LZ(FN)
u=0 onlp
. kVu-n=g only y

k : unif. bounded, strictly positive function

CONFORMING
FEM

a(u,v) = | kVu-VuvdSl '_’—d—”—* :
() /Q \@ partition Th
[(v) = / fodf) —|—/ guds "1 A
Q I'n e N —
V= H}, () — Qn = FVun

.....
........
o "’l;"“"

25



Basics on CRE

f_v : (k’VU) = f in ) (equilibriumof flux q = kVu? f € L2(Q) . g€ I? (FN)
u=0 onlp

k‘ : unif. bounded, strictly positive function
. kVu-n=g only )

Find 4 € V such that CONFORMING Find up, € V}f such that
FEM

;: ©oauw)=1w) YWEV g a(un,vn) =1(vy) Yo, € V)

| a(u,v kVu - VoudS S
% | /{dﬂ / ) \ - SR partition’ﬁL
= vall) + guds 5\
= — — qn — kVuh
V = Hp, o(Q)
E%

discretization error € = U — U}, \// k=1le.edQ

l—»globalmeasuremem —\/ae e) =|||la — thq

25



Basics on CRE

Space of equilibrated fluxes:

W:={pe€ Hdiv,Q2),V-p+ f=0inQ,p-n = gon 0,2}

— [ p-Vudx= | fudx +/ guds Vv € Hy 5, o(Q2) (weak form of equilibrium)
829

N p € W is said statically admissible (SA)

[ @) = mip 1) a(p)i= 5 [ KD pix]

For any|approximation 2y, of 4 which is kinematically admissible (KA), we define:
(an € H'(Q) ;5 dppa,0 =0)

flux field P which is SA

CRE functional

B¢ pp(tn, p) = /Q k= (p — kViaR) dx = ||lp — kVan|||F = 2(J1(an) + J2(p))

— |||u — Uy||| = Ecre(tn,q) < Ecre(ln,p) VP EW -



Basics on CRE

Properties

® Prager-Svnge equality:

—> easily obtained from | (q —p) - V(u —4p)dx =0

e Hypercircle equality:

1
with p* = §(p + kVuyp)

—> used for goal-oriented error estimation

e Technical point: construction of a relevant admissible flux qp, € W

|—> post-processing of the approximate solution Uy, [Ladeveze & Leguillon 83,
: . Destuynder & Métivet 99,
(use of Galerkin properties in the FE context Vohralik 12,

no full dual computation) Pares & Diez 06
Pled et al. 11,12]

|_> provides for asymptotic convergence properties [Ladeveze & Pelle 2004]
||u —unll| < Ecre(un,an) < Clllu — up| 27




Construction of (,,

Hybrid approach (domain decomposition)[Ladeveze 75, Ladeveze et al 10]

Step 1 : construction of equilibrated tractions g = 0 i g~ on element edges 7

A N /
/ fdQ+/ jxds=0 VK : gx =g only &
K oK g
|—>conditi0n / Gxpids = / (an - Vi — fi;)dQ = QF \@ %
OK K ) ,,'i\\‘ \1:1\
[

Step 2 : local construction of qh|K at the element level, verifying:
—V-qur =/ ImK ; Qur ng=7gx ondKk

|_> solved using PGD (offline)
mmmmdp- implemented in a C++ plateform

26.57
24

21 2 8




Extension of CRE
/OT/Qk_lo-ondt

Definition in the unsteady case

E¢rp(un, an) = [|an — kVun||[;

Fundamental result

Rem : can be generalized to time-dependent nonlinear problems with dissipation

|—> dissipation error [Ladeveze & Moés 98, Chamoin et al. 07]
e5is(X, V) = o(X) + " (Y) - X Y
convex pseudo-potentials (with Fenchel’s duality)

29
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Use of the CRE concept

Example: thermal problem solved with PGD

X t,k, C sz )92( ) : Q(Um) = kVu,

e 1 should be compatible (KA): 4 = 0onI'p X 7 ; ﬁ|t:0 =0 Vp
mmmdp- \ve choose U = U,y

u, q should be equilibrated (SA) :

/ - Vu* dQ) = /(fd—c%) *dﬂ—l—/ gqu“ds Yu* € V,Vt,Vp
I'n

—»(um, q(um)) is not SA in a FE sense

mmmmP- Necessary to post-process to get (um, qm) SA In a FE sense

mmmmp- then, use of classical FE techniques (prolongation condition)

31



Post-processing

[Ladeveze & Chamoin 11,12]

We stop PGD sub-iterations with a problem in space
mmmp- for each PGD mode Mg & [1, m]

J J |
assumption : radial loading fq = Z Q; (t)fg (x) ga = Zﬁj(t)%(x)
e T j=1 j=1
~ L ao =" |os(0a ;%) + 8 (e, (%),
. j=1
E is equilibrated in a FE sense with (fd, qd) , forall ¢

Qmo Amo’i

/ ( / / Ao Dy (BV U, —qO)dtdp) L VrdQ + / > [ / / cAmOFmO}\idtdp] D dQ =0 Yo eV,
Q \Je /I Q- LJe Jz

32



Post-processing

—>/ AW, %) +/{Q}"1” VYdQ =0 Yy* eV
Q Q2

—y/ xpmw*d§2+/ ATHQY™ - VY dQ =0 W* €V,
Q Q

Ly, @ Ay, @ W, 0" dQ + / L @A, QATHQY - Vy*dQ =0 Yoo* € V3, Vi, Vp
Q

am _(_Im

—

Q

—»(um, Am T q()) satisfies FE equilibration

sy Ve construct a SA field following the standard procedure

33



EcrE

0.4 T T T T T T T

CRE estimate

llamlllq

0.351
0.3r
0.25r

0.2

relative error

0.15r

01

0.05r

— convergence for m = 3

— asymptotic value = discretization error

9 10

34



Splitting of error sources

ex uh,At) 4+ (uh,At o uh,At)

:(u m

total error PGD truncation error discretization error

estimated with a discretized reference model

post-processing of(um, qm)to get an admissible solution (f&h’At7 qh At)

.
—
E in the sense of the new reference problem (weaker sense in space and time)

T
l qrAt = NT| / NTNdt] " Ry, ..., Ryl
T 0

Rz‘:/ qm N;dt
0

EcrE PaD = |’|Ah o kVﬁh’AtHb

_ 2
EcRrE,dis = \/ ECRE ECRE,PGD 35



P

Splitting of error sources

0.4

T > T
Ecre
2
0.35r == —PGD
2 2
- = -Fcre~Epep

0.3

—Pp after 3 modes, discretization
error is dominating

025\
0.2} -
0.15F |
0.1F

0.051

Possible to split space/time discretization errors

2 0 2
EerE ais = Lore.n T EORE A
— —

lla—a"lllg llla" —a™>ll,

— discretization error in space : 83%
36



Adaptivity

IDEA : the model is adapted mode after mode by comparing contributions of
error sources (greedy algorithm)

04 - : A -

p—r compute mode

' PGD error dominant

compute mode 2

‘ PGD error dominant

compute mode 3

0.05 | L , o ,
discretization error dominant
0 1 1 i I —y
1 2 3 4 5 6

m local refinement of mode 3 mesh

T | \
:1: :1: :1: . R [ ] E: ‘ PGD error dominant
]
H | 1

compute mode 4

035 L

03}

0.25 |

02}

015 ¢

01}

e first PGD modes give general aspects : coarse approximation is sufficient
® next modes need more accuracy : fine discretization required 37



.\‘/.

Error on a Qol

An optimal PGD decomposition for Uy, is usually not optimal for I(um)

\

use of goal-oriented techniques

Adjoint problem

u=0 ond,Qx7T
T > —
I(u) :/0 /Q(OIZ . Vu+ fru)dQdt el Yt=T = 0

o -

Caf: V-(q—qx)=fs
g n=0 ond,dxZT
q=kVu

solution U = influence function (impact of global error on local error)
38



Goal-oriented error estimation

)
I(u) — I(upm) / / ca(u_um)ﬁ -V (u— ) - q p dQdt

\ /

N\
~

From an admissible solutlon u

I»Q2>

A
~

/ / q kVu)det—kIcow( .q)

| [ (1) — [(U,) — Leorr(Q él)| < EcRE X ECRE

|_>optimized bounding possible

[Chamoin et al 08, Pled et al 12]

Sources splitting

I(uea:) o I(uh,At) _ [I(ueac) o ](uh,At)] + [I(uh,At) o ](uh,At)l

m m
N J/ (&

discretization error PGD truncation error

s indicators are computed after changing reference problem 39



Solving the adjoint problem

[Chamoin & Ladeveze 2008]

hand X t) —|—ﬂhand(X t)
\———

residual term, computed with PGD

local enrichment ~ ) e (x) A
oeneralized Green’s function) '



Goal-Oriented Error Estimation

From adjoint-based techniques + CRE properties

]e:L‘ o Ih,At _ []eaj o ]h,At] + [Ih,At o [S{At]

discretization error PGD truncation error

supy . Fore-ECcRE
|Im + Icorr| 04

estimated with a
discretized reference model

1
I:sup—/u|wa

k.c W

41



supy . Ecre-EcRE
’Im + Icorr‘
04

Adaptivity

compute mode 1

035+

03¢

0.25 +

02F

015+

01F

0.05

' PGD error dominant

compute mode 2

‘ PGD error dominant

compute mode 5

: - ‘ discretization error dominant

local refinement of mode 5 mesh

oL
iittiiici M PGD error dominant
i '

compute mode 6

e first PGD modes give genera

aspects : coarse approximation is sufficient

L ® next modes need more accuracy : fine discretization required 42
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Guaranteed virtual chart

I(k,c) =<u(x,t,k,c) >y 1
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Idelsohn's benchmark

» ,
E & Reference solution

'l o brute force FEM solution
r‘

. 6/

Q2 .
-
o
iv'E

4

, v

r

£

o SVD decomposition
according to energy norm

o optimal one <

& Reference reduction error

o neglect the discretization

error 103 ' ' '
0 10 20 30 40
PGD modes m
=l
ref —
Huh HE =@= Reference == Galerkin =¢= Petrov-Galerkin
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Idelsohn's benchmark

» ,
E & Reference solution

'l o brute force FEM solution
r‘

. 6/

Q2 .
-
o
iv'E

4

, v

r

£

o SVD decomposition
according to energy norm

o optimal one <

& Reference reduction error

o neglect the discretization

error 103 ' ' '
0 10 20 30 40
PGD modes m
=l
ref —
Huh HE =@= Reference == Galerkin =¢= Petrov-Galerkin
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Convergence of PGD strategies

Update of time fonctions (LMT method)

109 | | |

_3 | | |
= 0 10 20 30 40

PGD modes m

=@= Reference == Galerkin == Petrov-Galerkin

46



Minimal CRE in PGD

| [Allier et al 2015]
@ Idea

o Minimizing the CRE indicator: arg min HGCRE (u, U) HE

o Under the condition of equilibriurﬁ’g/vithout the constitutive relation)
B(u,o;v) = L(v) YveVRT
(y Advantages
o Immediate reduction error estimator;

o Pilots the progressive algorithm;

o Easy access to full error estimator through classical FEM CRE methods.

100

& Minimisation
o partial 1071

< fUIl

€CRE

1072 F

& Estimation through CRE

1072 ¢
o Only an estimation ! '

8um 0 10 30 40
|7m — 52| E PGD modes m
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== SVD == Full Minimal CRE == Partial Minimal CRE F7/
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Minimisation of CRE

Update of time fonctions (LMT method)
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-

=@= S\VVD =@= Full Minimal CRE === Partial Minimal CRE
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E

Space x

A lifting technique

@ Lifting

o with the solution of infinity domain: ue(z,t) = olw = vi) (e —1) 4 B@) () _ ey

cv Ccv

o with space limit conditions: T (x,t) = U (x,t) x §(0) x (L)

m
QZ» Galerkin PGD method for correction u,,(z,t) =t (z,t) + Z i ()i (x)

i=1

The reference solution s

L The lifting solution The PGD correction u,,
L L —

|~
|~
N

Time ¢t



Is the exact solution separable ?

¢ Influence of the instationnary term A

o targeted error: 102

40
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PGD modes required
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Is the exact solution separable ?

@ Influence of the instationnary term (v=L/T)

o targeted error: 102

150

100

50

PGD modes required

— SVD — Galerkin = Petrov-Galerkin
(WL EYCT Il = = = Full Minimal CRE = = = Partial Minimal CRE === Lifted Galerkin
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Conclusions and prospects

2 PGD model reduction

® a priori construction of modes

explicit solution with respect to parameters

offline/online strategy

variable separation should be driven by the physics of the problem

= Error estimation for PGD reduced models
® separates the sources of the error
e allows adaptative PGD procedure

e guaranteed bounds (robust virtual charts)

= In progress

® extension to space separation: u=) ¥:(z)%(y)Xi(2)
=1
® error estimation in the non-linear case (through LATIN method)

53



|
| P

References

e . Chinesta, A. Ammar, E. Cueto, Recent advances and new challenges in the use of PGD for solving
multidimensional models, ACME, 17:327-350 (2010)

e A short review on model order reduction based on PGD, ACME, 18:395-404 (2011)

e B. Marchand, L.C., C. Rey, Real-time updating of structural mechanics models using Kalman filtering,
modified CRE and PGD-reduced models (submitted)

e |.C, P. Diez, Verifying calculations, forty years on: an overview of classical verification techniques for
FEM simulations, SpringerBriefs (2015)

e P.E. Allier, L.C., P. Ladeveze, PGD computational methods on a benchmark problem: introducing a
new strategy based on Constitutive Relation Error minimization, AMSES, 2(17) (2015)

e R. Bouclier, F. Louf, L.C., Real-time validation of mechanical models coupling PGD and constitutive
relation error, CM, 52(4):861-883 (2013)

e P Ladeveze, L. C., Towards guaranteed PGD-reduced models, Bytes and Science (2012)
e |.C., P. Ladeveze, Robust control of PGD-based numerical simulations, EJCM, 21(3-6):195-207 (2012)

e P. Ladeveze, L. C., On the verification of model reduction methods based on the Proper Generalized
Decomposition, CMAME, 200, 2032-2047 (2011)

54



