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Sketch: network with complex and simple components

/ >
network, equatiogs (1-3) =
S E

L: EN (MoreSim4Nano), M: MBS (courtesy BMBF SOFA), R: PSM (BMBF SIMUROM)

Modeling
» PDAE system
Aim
» Accurate reduced order models for complex components in networks
» Validity over relevant parameter range
» Accurate and robust physical reduced order model of the coupled system
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Motivation: Coupled circuit and semiconductor models

Aim
» Accurate reduced order models for semiconductors in networks
» Validity over relevant parameter range

» Accurate physical reduced order model of the coupled system
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Outline

PDAE-model



UH Parametric MOR for PDEs in networks
Michael Hinze, Martin Kunkel, Ulrich Matthes, Morten Vierling, Andreas Steinbrecher, Tatjana Stykel

™
N Universitit Hamburg page 5

Coupled circuit and semiconductor models [M. Ginther ‘01, C. Tischendorf '03]

+12V

Kirchhoff’s’ laws (no semiconductors) read
Ai=0, v=ATe
A: incidence matrix.

Voltage-current relations of components:

do,

. d .
- qC(VC’ t)5 ]R - g(VRa t), VL= df (/L7 t)

Jc =

Modified Nodal Analysis: join all equations to DAE system
d . . .
AcS9e (AC e(t), ) + Arg (A;e(t), t) AL + Avju(t) = —Alis(t),

dt
0L (), 1) — AT e(t) =

Ay e(t) = vs(t).
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Coupled circuit and semiconductor models [M. Giinther '01, C. Tischendor

How can semiconductors be introduced?
» replace semiconductor by a (possibly nonlinear) electrical network,

» stamp semiconductor network into surrounding network,

» apply Modified Nodal Analysis.

» Here: use PDE model for semiconductors — DD equations.
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Coupled circuit and semiconductor models [M. Ginther ‘01, C. Tischendorf '03]

PDE-model (drift-diffusion equations) for semiconductors

div (eVy) = q(n— p - C),
—qdin+ divd, = qR(n,p),
qop + div Jp = —qR(n, p),
Jn = pnq( UrVn— nVi),
Jo = ppq(—UrVp — pVi),

on Q x [0, T] with Q C RY (d = 1,2, 3).
Dirichlet boundary constraints at I'o :

p(t, x) = nextslide, n(t,x) = n(x), p(t,x) =p(x) r
and Neumann boundary constraints at I';:

V(t, x) - v(x) = Jdp - v(X) = Jp(t, x) - v(x) =0

or mixed boundary conditions at Ml contacts (MOSFETS).
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uctor to circuit [M. Ginther '01, C. Tischendorf '03]

\fletwork, equatiens (1)-(3)

Iy
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Couple semiconductor to circuit [M. Gunther '01, C. Tischendorf '03]

Coupling conditions:

Js.k(t) = (Jn + Jp — €0/ VY) - v do,
Fo,k
Y(t, X) = Pui(x) + (As e(t))x
for (t,x) € [0, T] X Toxk,

and add current js to Kirchhoff’s current law:

dqgc

A
°dt

(Az;re, t) + Arg (A;e, t) + AL + Avjv+Asfs = —Ails,
d
OO nt) — ATe =0,
Ale = ve.

Add DD-equations + coupling conditions for each semiconductor.
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Outline

Finite Element Method
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Mixed formulation

The electric field E = — V1 plays dominant role in DD-equations.

Mixed formulation [Brezzi et al. '05]

Provide additional variable g,, and equation

gy = V.

Scaled DD equations then read:

Adivgy =n—p—C,

—On+vndvda= R(n,p),
8[p+'/p div Jp = —R(n,p),
gy = Vi,

dh= Vn-—ngy,
Jp = —=Vp—pgy.
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Finite Element approximation

Finite elements

» piecewise constant ansatz functions for v», n and p.
Basis functions: ¢;, i=1,...,N, N=|T]|.

» Raviart-Thomas elements for gy, J, and Jp.
Basis functions: ¢, i=1,...,M, M= |E| — |En|.

RTy := {y Q- Rd : y|T(X) —=ar+ brx, ar € Rd, br € R,
[Yle - ve = 0, for all inner edges E}.

Galerkin ansatz:

P'(t, x) = Zw )ei(x)s gyt x) = Zgw,,(tqb,(x)

j=1

and analogously for n, p, Js, and Jp.
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Full model

+12V
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Ac d;’tc (AT et),1) + Ang (AT e(t). 1)
FALL(t) + Avjv () +Asjs(t) = —Ais(t),
L Gut), ) — AT e(t) = o,

A—\I/—e(t) = VS(t)a

Js(t) = C1n(t) — Cadp(t) — Cagy(t) = 0,

0 P(t)
— M A(t) (1)
Mip(t) p(t) hoh hy_ poaT _
0 + Arem au () +F(n",p", gy,) — b(Ag e(t)) = 0.
0 In(t)

0 Jolt)
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Outline

Simulation results
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vs(t)

current jv(t) [mA]

frequency = 1 MHz
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input voltage: vs(t) = 5[V] - sin(2xf - f)
similar results obtained by MECS [Selva Soto]

frequency = 1 GHz

0.5
scaled time

current jv(t) [mA]
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Outline

Construction of the reduced model
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Snapshot-POD (Proper Orthogonal Decomposition) [L. Sirovich '87]

Full simulation yields snapshots (here: y = 4, n,p,...)

{y(t/'")}i:1,...,m - Span{¢/}j:1,...,N’ with  y(t, x) = Zy/(t’ wilx

Gather coefficients in matrix
= (F(t), -+ F(tm)) € RV,
POD in Hilbert space X as eigenvalue problem:
KV = ofv®, with Ky = (y(ti-), ¥ (8, -))x -
Note that K = YT MY with M; = (i, ;) x. Write POD in terms of SVD:
UsVT =LTy, with LLT := M.

Then, the s-dimensional POD basis is

geevy

N
(=3 Te0) . U=@ )= L D,
.:1 -
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Model Order Reduction

Simulate the complete network at one or more reference parameters.

v

v

Take snapshots of the state of each semiconductor at time points .

v

Perform POD component wise on 4, n, p, g, Jn and Jp.

v

Use the POD basis functions as (non local) Galerkin ansatz functions:

YOt x) = 3 (1) iy ()

i=1
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Reduced model

Acddif (Age(t), t) + Arg (A?;,—e(t), t)

FALL(E) + Aviv(D)+Asis(t) = —Ais(t),

0L Gt 1) — AT e(t) = 0,

Ay e(t) = vs(1),

Js(t) = C1Uy,vu, (1) — CoUyvy, (1) — CaUgy, gy, () = 0,

0 Ya (1)
—n(t) Fn(t)
Yo(t t
p(t) + Arop o(t) + UT F(nPOP, pPOD, gPOD) _ T (AT e(t)) = 0.
0 'Ygu,(t)
0

Yoo (1)
0 4, (1)
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Computational complexity

Computational complexity of reduced model still depends on ngey:

T POD ,POD _PODy __ T
U F(n™,p",0, )= U F (U v UpYos Ugy gy )-
Npop X NFEM NFEM  neepm X Npop

With matrix-matrix multiplications in Jacobian computation:

T ’
U F(...) U
—~ . , ~—
Npop X Negwm, block-dense Xn sparse  FEM X Npop block-dense
FEM FEM > SP
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Discrete Empirical Interpolation Md. (DEIM) [s. Chaturantabut, D. Sorensen *09]

DEIM

» Do POD on snapshots {F(n(t), p(t), 9 (1))},
obtain basis W € R"E&m*"em (plock diagonal matrix).

» Ansatz
F(Unyn(t), Upvp(t), Ugy, ey, (1)) = We(t)

is overdetermined.
» Select npem “useful” rows:

PTF(...) = PTWc(t).
> If PT W is regular:
F(...) = We(t) = WPT W) "PTF(...)

The regularity of PT W can be guaranteed, see [CS09].
Again we apply the method component-wise.
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Discrete Empirical Interpolation Md. (DEIM) [s. Chaturantabut, D. Sorensen *09]

Reduced model
u’ F(Unvny Upps Ug¢79¢)

with DEIM:
(UT W(PT W)_1) ,PTF,(Un’Yns Up o, Ug¢7g¢)

npop X Npeiy block-dense  MDEIM  npey
Results for 1D-diode:
NFem FEM | neop ROM | npem ROM + DEIM
3003 3.15sec. | 220 3.52 sec. 187 1.93 sec.
15009 23.5sec. | 229 19.9 sec. 198 4.04 sec.
48015 82.3sec. | 229 74.2sec. 199 9.87 sec.
order ~ n8 ~ n2 S
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Discrete Empirical Interpolation Md. (DEIM) [s. Chaturantabut, D. Sorensen *09]

150 10

—e— POD =
'g —&— DEIM i ES

2, =

ﬁ 100 —k— unreduced 2 10
S
= o
2

5 5

E 5o P10
g o
E T

U (i ]
0 500 1000 1500 2000 2500 10° 10" 10"

number of finite elements frequency [Hz]
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Outline

Location dependence of reduced model
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Reduced model depends on position of diode in network

Bridge rectifier with 4 diodes:
Input: vs(t)
Output: eg)(t)—e1 ()

potential [V]

-2t

0 05 1 1.5
time [sec] x107°
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Reduced model depends on position of diode in network

The distance between the spaces U' and U? which are spanned, e.g., by the
POD-functions Uj, of the diode Sy and U7, of the diode S, respectively, is
measured by

d(U',U?) ;== max min |[u—v|2=1/2—2V2,
U vel?
[lulla=11Ivil2=1

where X is the smallest eigenvalue of the positive definite matrix SST with
Sij = (Usp,is U3 )2

A aut, u?) au, U®)

10— 0.61288 5.373.1078
10~° 0.50766 4.712-1078
108 0.45492 2.767 - 107
10~7 0.54834 1.211 .10~

Table: Distances between reduced models in the rectifier network.



UH Parametric MOR for PDEs in networks
Michael Hinze, Martin Kunkel, Ulrich Matthes, Morten Vierling, Andreas Steinbrecher, Tatjana Stykel

T
M Universitit Hamburg page 27

Outline

Residual based parameter sampling
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Problem setting

MOR test problem

Basic circuit with frequency f of the voltage source vs(t) = 5[V] - sin(2xf - t)
as model parameter.

ei(t) Jv(t) ea(t)




UH Parametric MOR for PDEs in networks
Michael Hinze, Martin Kunkel, Ulrich Matthes, Morten Vierling, Andreas Steinbrecher, Tatjana Stykel

T
M Universitit Hamburg page 29

Reduced model at a fixed freque

First test: Compare reduced and unreduced system at a fixed frequency.

reduced simulatio
16 — — — full simulation ]

relative error
>
simulation time [sec]

-8

10
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Reduced model over parameter space

Construction of reduced model requires snapshots from full simulations at
reference parameters.
Is the model valid over a large parameter space?

reference parameter: Py := {f;} := {10"°[Hz]}
parameter space P = [10%,10'3]
error

error 1
P reference frequencies

10" 10
parameter (frequency)
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Reduced model over parameter space - sampling

Find new sampling parameter f,.1 (reference frequency) without simulating
the full, unreduced system. Set Piy1 := Pk U {fii1}-

v

We do not consider the PDE discretization error.
» Rigorous upper bound for the error not available

IE(E PNl = Nly"(f) — y™°(f; POl <2(s)

where yh = (’l/)h5 nh7 Ph, gz;’ JI,77’ JS)T: yPOD = (d"POD, nPOD7 .. ‘)T'
Rigorous RB methods, Greedy algorithm [see e.g. A. Patera, G. Rozza '07]:
a-posteriori error estimates required.

Linear ODEs [see e.g. B. Haasdonk, M. Ohlberger '09]: build difference
between residual and unreduced equation to derive an ODE for the error.

v

v
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Residual based sampling

Define residual R(z"°P(f; Px)): insert z"°P(f; Py) into unreduced equation,

0 $FOP(1)
_ MLhPOD(t) nPOD(t)
M ~POD t POD t
R = LP ( ) + Arem pPOD( ) + T(nPOD, PPOD, Q;Z,OD) - b(ePOD(t))'
0 Gy (1)
0 JFOP (1)
0 JPOD(1)

Residual admits different scales.
Scale with block diagonal matrix-valued function

D(f) = diag( dy (1), ch(F)ls Ab(F)ls o, (F)1, duy(F)y di(F)])
and choose dy(f) according to

heey _ ,POD(£.
d¢(’;) . ”RIIJ(yPOD(fI; Pk))” _ “’lnb ()j) 1’{’ . (’7v Pk)“ , \V/f} c Pk—
1" (5)l




UH Parametric MOR for PDEs in networks
Michael Hinze, Martin Kunkel, Ulrich Matthes, Morten Vierling, Andreas Steinbrecher, Tatjana Stykel

T
M Universitit Hamburg page 33

Residual based sampling

Algorithm: sampling

1. Select fy € P, Pwest C P, tol > 0,and set k :=1, Py := {fi }.

2. Simulate the unreduced model at f; and calculate the reduced model
with POD basis functions Us.

3. Calculate weight functions d(.)(f) > 0 for all f € Px.

4. Calculate the scaled residual || D(f)R(z"P(f, Px))|| for all f € Prest.

5. Check termination conditions, e.g.

> maxrep, [ID(FR(2FP(f, Pe))ll < tol,
> no progress in weighted residual.

6. Calculate fi 1 := argmax,cp, _, [|D(R(27°(f, Px))||-

7. Simulate the unreduced model at fx. 1 and create a new reduced model
with POD basis Uk++ using also the already available information at f;,
.., fy.

8. Set Pyy1 := Px U {fks1}, k := k + 1 and goto 3.
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Numerical example - sampling step 1

Let f; := 10'°[Hz], Py := {10"°[Hz]}, P = [108,10"3].

sampling step 1

™
M Universitat Hamburg

error
o L residual ]
------- reference frequencies

10° 10" 10"

parameter (frequency)

f = argmax,cp_ ||D(f)R(27°(f, P1))|| = 108[Hz]
P, = {10%[Hz], 10"°[Hz]}
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Numerical example - sampling step 2

P> = {108[Hz], 10"°[Hz]}

sampling step 2

2

10 T T
error

1 residual ]
e reference frequencieg
10°
107'F
107t
10°k
1074

8

16“’ 16‘2
parameter (frequency)
f; = argmax,cp__ [|D(f)R(z7°(f, P2))|| = 1.0608 - 10°[Hz]
P; = {108[Hz], 1.0608 - 10°[Hz], 10'°[Hz]}

10
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Numerical example - sampling step 3

P; = {10%[Hz], 1.0608 - 10°[Hz], 10'°[Hz]}

sampling step 3
2

10 T - v .

: : error
0l : : residual ]

: I R reference frequencieg
10° | ]
107} 1
1070 ]
10°} ]
1074

8

10'° 10
parameter (frequency)

10

Terminate with “no progress in residual”.
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PABTEC and POD, joint work with A. Steinbrecher & Tatjana Stykel
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Combination of PABTEC (Reis & Stykel 2010) and POD; joint work with
[A. Steinbrecher, T. Stykel]

subproject 1

Vip)|

subproject 3 +12V subproject 1+3 +12V

Vin| Vin|
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Combination of PABTEC (Reis & Stykel '10) and POD

POD method | PADBDTEC method

% ' ’
=

‘ % =
( Recoupling |

e -
E =t

H., Kunkel, Steinbrecher, Stykel; Int. J. Numer. Model. 25:362-377 (2012)
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Substitution of nonlinear components for PABTEC and recoupling

A. Steinbrecher, T. Stykel (Int. J. Circuits Theory Appl., 2012):

Nonlinear inductor — current source

Nonlinear capacitor — voltage source

Nonlinear resistor — linear circuit with 2 serial resistors and one voltage
source parallel to one of the resistors

Diode
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Combination of PABTEC and POD; Int. . Numer. Model. 2012

net full / diode full
——net red / diode full
net full / diode red
——net red / diode red
--- input wq(t)

input in 5-10* V / output in A

Il Il Il Il
0 5.107° 1-107* 1.5-107* 2.107* 25-.107*

time
network diode coupled  simul  Jacobian absolute relatrve
(MNA equations) (DD equations)  system  time  evaluations etyor error
e dm e dm dm oy Ll
[

unreduced 1303 unreduced 6006 7310 2337 20

reduced 24 umeduced G006 6031 16.90s 17 2165-107% 73351074
ueduced 1303 reduced 105 1609 13z 16 2052-107% 1000107
reduced 24 peduced 105 130 119 11 2054-107% 1000107
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Next steps

» Include QDD models.
» Include EM effects.

» Apply approach to other equation networks containing simple and
complex components.
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Next steps

» Include QDD models.
» Include EM effects.

» Apply approach to other equation networks containing simple and
complex components.

Thank you for attending!
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