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with respect to time

Difficulty- Problem is described in domain which is changing
How to solve problem?

m transformation of coordinate to frame of body (local or global
transformation)

m working in domain, which is changing with respect to time
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D(t) C R (n=2,3)

Ov —vAv+(v-V)v+Vqg = in  D(t),

O N

divv = in  D(t), (1)
v(y,t) = wxy on 9D(t),
viy,t) — veo as |yl —oo
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Global Transformation

in a time-dependent exterior domain D(t) C R3,t € (0, 00).

D(t) = O,(t)D,
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orthogonal matrix

where D C R" is a fixed exterior domain and O,,(t) denotes the
cos |w|t
O.(t) =

—sin|w|t 0
= | sin|w|t cos|w|t 0O
0 0

1

(2)
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or

_ [cos|w|t —sin|w|t
0u(t) = sin |w|t

if n
cos |w|t
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= 0,(t)Ty
u(x,t) =0V
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ur —vAu+ (u-V)u— ((wAx)-V)u

+((0u(t) Voo - VU +wAu+Vp=f

inD, t>0
divu=20 inD, t>0
u(x,t) + Ou(t) "veo =wAXx ondD, t>0
u(x,t) — 0 as |x| — oo.

((w A x) - V)u drift term with unbounded coefficient

(4)

((0u(t) Voo - V)u it depends if w is parallel to vsor not

w A u Coriolis force
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Local transformation

% +v(Lu)+ (Mu)+ (Nu) = 0inQx(0,7)

div 0in Q2 x(0,7) (5)
u(y,t) wxyondDx(0,T)
u(y,O) VO(Y)v y €
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is a non-linear term corresponding to (v - Vv)
is transformation of p and closed to t for small t
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Global transformation- existence of global solution- large time

Local transformation - existence of local solution- large time
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Global transformation linearized steady versions

e either in the whole space R" the modified Stokes systems,

—vAu—((wWAXx) - Vu+wAu+Vp="f

in R”,
divu=0org
where n =2 or n = 3;

in R”,
u—0 as |x| — oo,
(6)
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e or in an open set  the modified Oseen systems,

—vAu+ kdzu — (WA X)-VIut+wAu+Vp=f in €,
dvu=0org inQ
u(oyt) + o =wA X

u—20

on 0%,
as |x| — oo,

(7)
with an appropriate choice of the constant translational velocity at
infinity us, = kes # 0, therefore parallel to w.

5 =
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Goal: find LP estimates and characterize behaviour at infinity
Problem:

Solving our equation we arrive to singular integral- they are not

Calderon- Zygmund type - they have to be solved by Paley
Littlewood decompositions
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M.Krbec,R. Farwig,g. N.
Strong solution

Stokes system

r =

[V 2ullg + 1@ AX) - u =@ At + [Pl < €l Fllwg- (8)

x|, (L+|x])*, e € R, (14 |x[)*(1+r)?, o, B €R,
axis of revolution.

x2 + x2 is the radial distance of x = (x1, x2, x3) from the
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2<g< oo

—n<oz<"2q
l<g<?

-5 <a<n(q-1).
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2<g<

—2<fB<q
1<g<?

and —3<a+ﬂ<37q
—qg<pf<2(g—1) and —32q<oz+ﬁ<3(q—1)
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Oseen system

HI/V2UHq7W +1VPllgw < cllfllgws

9)

As an example of anisotropic weight functions we consider

|kOzullgw + [[(WAX) - u—wAulgw < clk,v,w)||flgw-

(10)
ng(x) = (L+ IXDY 1+ ()7, s(x) = [(xa,x2, x3)] = x3,
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g<oo —4<a<i,
l1<g<2 :-12
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and a+(> -1

and a+3>-1.

DA™



the rigid body moving with rotation and translation
P.Deuring, S.Kraémar, S.N.

—Au(z) = (U+w x z)-Vu(z)+w x u(z) + Vr(z) = f(2),

divu(z) =0

for z € R3\D.

(12)
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se(x):=1+7-(|x| —x1) for x € R3.

Let p € (1,00), (u,m) € Mp. Put F := L(u)+ Vr. Suppose there

are numbers Sy, S, v € (0,00), A € [2,00), B € R such that
5 < 5, D C BS17

Eduard Feireisl, 1, Ondrej Kreml, 1, Sirka Netasova, 1, Jiti Neustupa, 1, Jan Stebel, = & <

DA™

Weak solutions to the barotropic Navier-Stokes system with slip boundary conditions in time dependent domains




u|BS € L°(BS)*, Vu|BS € L*(BS)°, n|BS € L*(BS),
supp(divu) C Bs,,

A+ min{l,B} > 3,

IF(2)] <7 |z2|™ s (2) B for z € Bs, .
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Put § := dist(D,dBs). Let i,j € {1, 2, 3}, y € BS. Then

1) = (lyl s:(0) " Ias(y),

(13)

Eduard Feireisl, 1, Ondrej Kreml, 1, Sirka Netasova, 1, Jiti Neustupa, 1, Jan Stebel, =

=

Weak solutions to the barotropic Navier-Stokes system with slip boundary conditions in time dependent domains

DA™




uOO

Weak solutio
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R.Farwig, E.Thomann, E.Guenther, S

Oy —vAu+Vp—
—[(wAx+0(t)Tux) - V]u+wAu =
dvu = 0

u = Uupp
u(x,t) — 0
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D % (0,00)
D x (0, 00)
0D x (0,00)
|x| — o0

(14)
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U(t) = O(t) s = e i,
U(t) the solution of the differential equation

SoHwAU=U(), U0
U(t) = te Quy,,
fixed z € R3

=0,

(15)
2(t) = e~z — U(t)

(16)
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K(y—z(t),t){ [/— b=
_< ,

5 |y —z(t))?
27

X
)
X[l,

3

(v —z(t) @ (y — 2(t))

e fee
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y,z,t)=

ly —z(t)]? } -
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Q(y,z,t) !

1
a7y — 2(t)]
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do(t) = Q(y, z(t)) do(t).

(17)
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Let T > 0 and assume that for some 1 < p < o0, 0 < a < 1,

up € LP(R3)3, F € C([0, T]; LP(R3)3) N C1T¥(R3 x [0, T])® and
V - ug = 0. Then the unique solution (v, p) € C([0, T], (LP(R3))*
of

%_(U+w/\y)-Vv+w/\v—Av+V7r F
V.-v = 0

with initial data v(0,y) = uo(y) is given by

in R3x (0,00
in R3 x (0,00
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t
v(y, t):/o /R3 M(y,z,t —s)F(z,s)dz ds+

4 / My, 2, t)uo(z) dz,
R?a

ply,t) =

R3

Q*(y,z(t)) - F(z,t) dz.
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The fundamental solution I'(y, z,t — s) from Theorem previous is
"unique”. As a function of (y,t) it satisfies for (y,t) # (z,s),
L(Ta) =0, V-(Fa) =0 for any a € R3, and as a function of (z,s)

its transpose, [ satisfies the adjoint problem L*(I"'a) =0,
V.- ("a) = 0. Furthermore, for F € S(R3)3

lim

My, z, t)F(z)dz = H(y°
Lolm, /R (.2, )F(2) )
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and

where H is the projection of F onto divergence free vector fields

/ MNy,z, t—7)[(Z,z,7 —s)dz =T(y,z,t —s).
R3

Eduard Feireisl, 1, Ondrej Kreml, 1, Sirka Netasova, 1, Jiti Neustupa, 1, Jan Stebel, =

=

Weak solutions to the barotropic Navier-Stokes system with slip boundary conditions in time dependent domains

DA™




Introduction

Problems involving the motion of solid objects in fluids occur
frequently in various applications of continuum fluid
dynamics, where the boundary conditions on the interfaces
play a crucial role.

no-slip condition, where the velocity of the fluid coincides with
that of the adjacent solid body

u- nfaﬂ = 0, (18)
u — the velocity of the fluid
n — the outer normal vector on the boundary of a spatial domain
Q c RN, N =2,3, occupied by the fluid.
The behavior of the tangential component [u]ia, is @ more delicate
issue.
the no-slip boundary condition

u= [u,ltan‘aﬂl =0 & =) «E (1%) DA

Eduard Feireisl, 1, Ondrej Kreml, 1, Sirka Netasova, 1, Jifi Neustupa, *, Jan Stebel, o

Weak solutions to the barotropic Navier-Stokes system with slip boundary conditions in time dependent domains



Introduction

Hesla, 2005

Hillairet, 2006

2D - absence of collisions in viscous fluids
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Introduction

Feireisl, Hillairet, N. 2008 non-Newtonian fluids
boundary conditions

Neustupa, 2007, 2008 the existence of collisions depends on the
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Introduction

2D bounded domains with C1*-Hdlder regularity, 0 < a < 1, -

boundary by Gérard - Varet and Hillairet(09)
all time;

in the half space)

m a > 1/2 no collision can occur and strong solutions exist for
m for @ < 1/2, one can find solutions for which collisions occur

Hillairet, Takahashi 2009 extend result of no collision(falling body
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Navier proposed the boundary conditions in the form

u-nlpg =0,
[Sn]tan + R [U - v]tan |r7 = 05 R 2 07
position of the interface at a time T,

S is the viscous stress tensor, k represents a “friction” coefficient,
u and V denote the fluid and solid body velocities, I is the
outer normal vector n.
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Introduction

If k=0,
we obtain the complete slip while the asymptotic limit xk — oo

gives rise to the standard no-slip boundary conditions.
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The standard Navier-Stokes system:

0ro0 + divk(ou) = 0,

where g is the density, p = p(¢) the (barotropic) pressure, f a
rheological law

given external force, and S is determined by the standard Newton

(21)

Ot(ou) + divy(ou @ u) + Vyp(o) = div,S(Vyu) + of,

(22)

2
S(Vxu) = i (qu + Viu-— gdivxuﬂ> + ndiveul, >0, n > 0.
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Introduction

The boundary of the domain €2; - by means of a given velocity
field V(t,x), t > 0 and x € RS.
V.. regular

d
—X
dt

(t,x):V(t,X(t,x)), t >0, X(0,x) = x,

(24)
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Introduction

Q, = X(7,90), where Qo C R® is a given domain,
and Q- = {(t,x) | t € (0,7), x € Q;}.
The boundary '+ is impermeable,

(u—=V) - n|r_ =0 for any 7 > 0.

(25)
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Introduction

The problem (20 - 25) is supplemented by the initial conditions

0(0,+) = 00, (ou)(0,-) = (ou)o in Q.

(26)
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Our main goal: existence of global-in-time weak
initial data.

solutions to problem (20 - 26) for any finite energy
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Introduction

m The existence theory for the barotropic Navier-Stokes system
on fixed spatial domains in the framework of weak solutions
was developed - P.L. Lions extended - E. Feireisl + col. a
class of physically relevant pressure-density state equations.

m The investigation of incompressible fluids in time dependent
domains started with a seminal paper of Ladyzhenskaya,
Fujita, Sauer, ..

m Neustupa, Penel
m Compressible fluid flows in time dependent domains,
supplemented with the no-slip boundary conditions, were

examined in Feireisl, Neustupa, Stebel -by means of
Brinkman's penalization method.

5 =
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A penalization method to the slip boundary
conditions is more delicate.

no-slip........
slip

only its normal component u - n

the fluid velocity coincides with the field V outside .,
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Introduction

Penalty approach to nonslip condition - see eg. Angot et al. we

add to the momentum equations the term

——x(u-V
-X( )

where

X(t,X) =

=0ifte(0,T),xe€Q,

= 1 otherwise
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Introduction

Penalty approach to slip conditions for stationary incompressible
fluids was proposed by Stokes and Carey.

The variational (weak) formulation of the momentum equation is
supplemented by a singular forcing term

1 /T
g/ /(u—V)-nnp-ndSth,€>Osmall, (27)
o Jre

penalizing the normal component of the velocity on the boundary
of the fluid domain.
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The time-dependent geometries
Three level penalization scheme:

m In addition to (27), we introduce a variable shear viscosity
w — 0.

coefficient u = pu,, where p,, remains strictly positive in the
fluid domain Q7 but vanishes in the solid domain Q% as

m Similarly to the existence theory developed in Feireisl,

Novotny, Petzeltova we introduce the artificial pressure
5

ps(0) = p(o) + 60, 5>2, 6> 0,
in the momentum equation (22).
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Introduction

m Keeping ¢,9, w > 0 fixed, we solve the modified problem in a
(bounded) reference domain B C R® chosen in such a way
that

Q, C B forany 7 > 0.

(we adapt the existence theory for the compressible
Navier-Stokes system with variable viscosity coefficients
developed in Feireisl)

m We take the initial density gg vanishing outside g, and
letting € — 0 for fixed d, w > 0 we obtain a “two-fluid”
system, where the density vanishes in the solid part
((0, T) x B) \ Q of the reference domain.

m Letting the viscosity vanish in the solid part, we perform the
limit w — 0, where the extra stresses disappear in the limit
system. The desired conclusion results from the final limit
process d — 0.
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Preliminaries, weak formulation, main result

/QT op(7, ) dx—/

Qo

00p(0,-) dx = / /Q (00t + ou - Vyp) dx dt
0 t

for any 7 € [0, T] and any test function ¢ € C°([0, T] x R3).

(28)
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Preliminaries, weak formulation, main result

and Lions)

Equation (21) -in the sense of renormalized solutions ( DiPerna
fQ ) dx — fQO 00)¥(0,-) dx =
Jo Jo, (b

0)0rp + b(o)u - Vo + (b(0) — b'(0)0) divyuyp) dx dt
for any 7 € [0, T], any ¢ € C([0, T] x R®), and any

b € C[0,00), b(0) =0, b'(r) = 0 for large r. Of course, we
suppose that o > 0 a.a. in (0, T) x R3

(29)
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Preliminaries, weak formulation, main result

identities

The momentum equation (22) is replaced by a family of integral

/ ou () dx - /Q (oo - 0(0.") dx

= Jo Jq, (ou - drp + olu @ u] : Vi + p(o)diveep) dx dt
S

+ Jo Jo, (—S(Vxu) : Vi + of - ) dx dt
satisfying

(30)

for any 7 € [0, T] and any test function ¢ € C°([0, T] x R3; R3)

@ -n|r. =0 forany 7 €[0, T].
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Preliminaries, weak formulation, main result

traces,

The impermeability condition (25) is satisfied in the sense of

uc 20, T; WH(R3; R®)) and (u—V)-n(r,-)|r, = 0for a.a.7 € [0, T].

(32)
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Preliminaries, weak formulation, main result

Let Qo C R3 be a bounded domain of class C>t¥, and let

V € CL([0, T]; C3(R3; R®)) be given. Assume that the pressure
p € C[0,00) N C}(0,00) satisfies

p(0) =0, p'(¢) >0 for any o0 >0,
’;7(_@1 = pso > 0 for a certain v > 3/2.

Let the initial data satisfy

—

limy— o0

00 € L(R?), 00>0, 00 #0, 0olrs\q, =0,
(ou)o = 0 a.a. on the set {go = 0},
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Preliminaries, weak formulation, main result

1

/ —|(ou)o|? dx < .
Qo €0

Then the problem (20 - 27) admits a weak solution on any time

interval (0, T) in the sense specified through (28 - 32).
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Penalization

k=0,7=0,and f =0.
Choose R > 0 :

Vo, 71x{x>rt =0, Qo C {|x| < R}
The reference domain B = {|x| < 2R}.

(33)
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Penalization

fo € C2([0, T x R?), 0 < p < po(t,x) < pin [0, T] x B,
po(7, )@, = p forany 7 €0, T].

(34)
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initial data :

00 = 00,5; 00,6 =

0, 00,6 0, 006lra\, =

/B <Q&5 + 5@0 5) dx
Jao 75 1(eu)osl? dx <

(ou)o = (ou)o.s, (ou)os =0 a.a. on the set {og s = 0}

(35)
(36)
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Penalization

The weak formulation of the penalized problem:

/ op(r, ) dx— / 00(0,-) dx = / / (00 + ou - V) dx dt
B B 0 B

(37)

for any 7 € [0, T] and any test function ¢ € C°([0, T] x R3);
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Penalization

/ ou (10(7'7 ) dx — / (QU)O . (’0(07 ) dx
B B
= [y J5 (ou-drp + olu @ u] : Vi + p(0)diviep + 50 diviep ) dx dt—
f(;- fB (,u'w (vxu + Viu — %diVXUH) : VX‘P) dx dt
"’l/ / ((V—u)-n¢e-n) dS, dt
€Jo Jr,

for any 7 € [0, T] and any test function ¢ € C>([0, T] x B; R3),

(38)
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Penalization

u e L2(0, T; Wy % (B; R%)),

u satisfies the no-slip boundary condition

ulss = 0 in the sense of traces.

(39)
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Penalization

€, 0, and w are positive parameters.

The existence of global-in-time solutions to the penalized problem
- Feireisl

The energy inequality

s (eluP + Plo) + 7210%) (7.") dx+

%foT fB e ‘qu + Viu-— —leXUH‘ dx dt

+2 o Jr l(u

)-nJu-ndS, dt <
S (3551000, + Ploos) + 52700,5) dx,
where ? p(2)
p(z
P(o) = d
(0) =0 /1 2
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Penalization

The quantity on the right-hand side of (40) representing the total
energy of the system is finite because of (35), (36).

Since (8 > 2, the density is square integrable and we may use the

regularization technique of DiPerna and Lions to deduce the
renormalized version of (37), namely

Jg b(0)e(T,-) dx — [ b(00)#(0, ) dx

Jo Jg (b(e)0ep + blo)u - Vi + (b(e) — b'()e) diviup) dx dt
for any ¢ and b as in (29).

(41)
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Since the vector field V vanishes on the boundary 9B, it may be
used as a test function in (38). Combining the resulting expression
with the energy inequality (40), we obtain

the following bounds independent of the parameters ¢, J, and w:

ess sup |l\/ou(t,")|l;2(s;r3) < €,
te(0,T)
ess sup /
te(0,T) /B

(42)
P(0)(t.-) dx < cyielding ess sup_[lo(t,)] sy < <
te(0,T)
ess sup dlo(t,-)
te(0,T)

T 2
/ / o |Vu + Vf(u — —=div,ul
0 B
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The total mass is conserved:

and
.
/ (u—V)-n2 dS, de < ec.
0 e

(46)
/ o(r,:) dx = / 00,5 dx = / 00,5 dx < ¢ for any 7 € [0, T].
B B Qo

Relations (42), (45), (47), combined with the generalized version
of Korn's inequality imply that

(47)
T 2
| IR g < )
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-
deduce the uniform bounds

I, are determined a priori, The so-called Bogovskii operator to

0)o” —1—595*”) dx dt <

for any compact IC C [0, T] x B such that

¢(K) for a certain v > 0 (49)

Kn (UTE[O,T] ({T} X rr)) 0,
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Singular limits

The singular limits ¢ — 0, w — 0, and § — 0.

The parameters 6, w fixed, our goal is to let ¢ — 0 in (37), (38).
Let {oc,u-} be the corresponding weak solution of the perturbed
problem constructed in the previous section. To begin, the

estimates (43), (48), combined with the equation of continuity
(37), imply that

0: — 0in Cweak([oa T], L’Y(B))’
and

u. — u weakly in L2(0, T; W, ?(B, R®))
at least for suitable subsequences, where, as a direct consequence
of (46),

(u—=V)-n(r,")|r, =0 foraa.7€][0,T]

Eduard Feireisl, 1, Ondrej Kreml, 1, Sirka Netasova, 1, Jiti Neustupa, 1, Jan Stebel, = & <

E DA

Weak solutions to the barotropic Navier-Stokes system with slip boundary conditions in time dependent domains



1
obtain

(42), (43) and the compact embedding L7(B) << W~12(B), we
0eu: — ou weakly-(*) in L%°(0, T; L27/(v+1)(B; R3)),

and, thanks to the embedding W, ?(B) — L5(B),

(51)
0:u; ® u; — gu® u weakly in L2(0, T; L57/*1+3)(B; R%)),
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From the momentum equation (38) that

for any space-time cylinder

geu: — ou in Cuearc([ T, Tol; L2/0FD(0; R?)
(T17 T2) x 0 C [07 T] X 87 [T17 T2] X 5mUTE[O,T] ({T} X rT) = @
127/ F1)(B) < W~12(B) we conclude, exactly as in (51), that

ou@u=pu®uaa.in(0,T)xB.
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Singular limits

Passing to the limit in (37) we obtain

/Q<P( ) dx /QO5<P( dx_/ / (00:p + ou - Vo) dx dt

for any 7 € [0, T] and any test function ¢ € C°([0, T] x R3)

(52)
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The limit in the momentum equation (38) is more delicate-
Feireisl's method
The momentum equation reads
_ T

/Bgu (7.") dx—/B(gu)o(g (0, dx
= Jo Jg(ou- 0Ot + olu® u]

o
Jo S5 (60°diviep — pro (Viu+ Viu — —dlvxu]l) \Y%
for any test function

(53)
xp + p(o)divyy) dxdt+
p) dx dt
e e CY([0,T] WOIOO(B; R3)), supp[div,e(
-n|r, =0 for all 7 € [0, T]

a')]ﬂrT_wa

In addition, as already observed, the limit solution {o, u} satlsfles
Eduard 8ds@1 Ehenremarnma izedieauation fddda 1 jan stebel, P
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Singular limits

Our next goal is to use the specific choice of the initial data gg s to
get rid of the density-dependent terms in (53) supported by the
“solid" part ((0, T) x B)\ Qt. To this end, we show the following
result, rather obvious for regular solutions but a bit more delicate

in the weak framework, that may be of independent interest.
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Singular limits

Lemma

Let o € L0, T; L2(B)), 0 >0, u € L%(0, T; W, *(B; R%)) be a
weak solution of the equation of continuity, specifically,

/B(@(T,.)w(r, -)—00(0, .)>dx _ /OT/B <gattp+9”'vxw) dx di

(55)
for any T € [0, T] and any test function ¢ € CX([0, T] x R3).
In addition, assume that

(u—=V)(r,:)-n|r, =0 fora.a. 7€ (0, T),

(56)
and that

00 € L*(R?), 00 >0, oolg\q, = 0.
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Then

o(7,-)|lg\, = 0 for any 7 € [0, T].
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Thus, by virtue of Lemma 6, the momentum equation (53) reduces
to
Q

/ Cou-p(r ) dx /Q (oo - (0, dx

= foT th (ou - Orp + olu @ u] : Vi + p(o)divep+
60 divep — p (Viu+ Viu

(57)
— %divxuﬂ) : Vi dx dt
T 2
/ / Lo <qu + Vf(u — —divxu]I> : Vyp dx dt
o JB\Q:

density g to be square integrable.

for any test function ¢ as in (54). We remark that it was exactly
this step when we needed the extra pressure term §o° ensuring the
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1 = const > 0 in QT,

In order to get rid of the last integral in (57), we take the viscosity
coefficient
Ho =

pe — 0a.a. in ((0,7) x B)\ Qr.
Denoting {ow,u,} the corresponding solution constructed in the

previous section, we may use (45) to deduce that
T
b b,
while

5 2
Viu, +Viu, — gdivxuwﬂ

dx dt < c,

(58)

2

-
2
/ / Lo querVf(uw —divyu,I
0o JB\Q:
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where the latter estimates yields

T 2
/ / Lo (quw + Viuw - —divxuwﬂ> Ve dx dt =
0 JB\Q: 3

Jo fB\Qt Vil (Vxu, + Vi,
asw — 0

for any fixed .

%divxuwﬂ) :Vyp dx dt — 0

Eduard Feireisl, 1, Ondrej Kreml, 1, Sirka Netasova, 1, Jiti Neustupa, 1, Jan Stebel, =

=

Weak solutions to the barotropic Navier-Stokes system with slip boundary conditions in time dependent domains

DA™




Singular limits

We know from Lemma 6 that the density g, is supported by the
inequality to obtain

“fluid” region Qr, we can still use (42), (58), together with Korn's

-
/ / ]Vqu]2 dx dt < c.
0 Jo
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Repeating step by step the arguments of the preceding section, we

let w — 0 to obtain the momentum equation in the form

/T ou - p(7,-) dx — /QO(QU)O"S(‘O(O") dx

(59)
— foT fm (Qu -0t +olu®u] : Vip + p(g)divxcp) dxdt+

for any test function ¢ as in (54). Note that compactness of the
density is now necessary only in the “fluid” part Q1 so a possible
loss of regularity of u,, outside Q7 is irrelevant.
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Singular limits

The final step is standard, we let § — 0 in (59) to get rid of the

artificial pressure term §0% and to adjust the initial conditions, see

Feireisl. However, the momentum equation identity (59) holds only
for the class of functions specified in (54). The last step of the
proof of Theorem 5 is therefore to show that the class of

admissible test functions can be extended by density arguments.
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Singular limits

Consider a test function ¢ € C2°([0, T] x R3; R3) such that

@(7,-) -n|r, =0 for any 7. (60)
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Singular limits

Our goal is to show the existence of an approximating sequence of

functions ¢, belonging to the class specified in (54) and such that
HLPnHWl’OO((O,T)XB;R:") < C, $n— P, 8t‘Pn - 8“)07

and V,p, — Vyp a.a. in Q7.

(61)
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Singular limits

Combining (61) with Lebesgue dominated convergence theorem we
for (30).

may infer that ¢ belongs to the class of admissible test functions

single closest point b, (x) € I';.

We have to find a suitable solenoidal extension of the tangent
neighborhood £, of - such that each point x € U, admits a

vector field |r_ inside Q. Since I'; is regular, there is an open

Eduard Feireisl, 1, Ondrej Kreml, 1, Sirka Netasova, 1, Jiti Neustupa, 1, Jan Stebel, =

=

Weak solutions to the barotropic Navier-Stokes system with slip boundary conditions in time dependent domains

DA™




Set

We define

where

h(7,x) = ¢(7,b;(x)) for all x € U, .

w(7,x) = h(,x) + g(, %),

g(7,x) = 0 whenever x € I';,
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Singular limits

x — b;(x), we set

The local coordinate system at x so that e3 coincides with

g(r,x) = [0, O,g3(7',x)], 6X3g3(7',x) = —lehl(T,x) — Oy, h2(7',x).
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We check that

divxw(7,) =0 in Uy, w(r, ')|r7 = (T, ')|r7'
to conclude that

Extending w(T,-) inside Q,, we may use smoothness of ¢ and I';

w e Wh(Qr).
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Writing

o= (p—w)+w,
the field w belongs to the class (54), while

(¢ —w)(7,-)|oq, = 0 for any 7 > 0.
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Construct a sequence a,, such that

a, € C([0, T] x B; R3), supplan(7,-)] C Q. for any 7 € [0, T],
in particular a, belongs to the class (54), and

||anHW17°°((O,T)><B;R3) < ¢, ap — (¢ —w), dra, — Or(p —w),
and Vya, — Vy(¢ —w) a.a. in Q.
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The sequence

Yp=ap+w
complies with (61).
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