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1 Navier-Stokes-Fourier system, weak stratification

1.1 Classical formulation

o7 >0,t € [0,7T] is time variable, Q = R? (for simplicity) z € € is a space variable.
We are searching for unknown functions o(t¢,x) - density, ¥(¢, z)- absolute temperature,
u(t, ) - velocity vector satisfying

g i, (o) = 1 (1.1)

B,(o1) + divy(ou ® u) + Eizvmp@, 9) = *div,S(¥, V), (1.2)
di(0s(0,1)) + div,(0s(o,¥)u) + e'div, (M) = o, (1.3)
o= 52’”’% : Veu — 5bw - V.9, (1.4)

Mach number = ¢, Reynolds number = e7¢,  Péclet number = £7°

de — ¥ds = 2. do.
0
2
S(9, Vau) = p(0) (Vou+ (V)" — gdivgcu]l) + n(9)div,ul, (1.5)

AV, V,0) = —k(9)V,0 (1.6)



1.2 Expected target system as ¢ — 0




1.3 Constitutive relations
1.3.1 Pressure, Internal energy, entropy

e Gibbs relations

We assume that the thermodynamic functions p, e, and s are interrelated through Gibbs’
equation

ﬁds(g,ﬁ)::(kXQ,ﬁ)——]KQ;ﬁ)dg. (1.12)
0
e Pressure 0 a
— /6D @ g4
p(o,9) =90 P(lgl/('yl))—f_gﬁ ,a>0,v>3/2, (1.13)
where
P e C'0,00), P(0)=0, P'(Z)>0forall Z>0. (1.14)

e Internal Energy

1 /00— 0 94
e(o,9) = 1 o (791/(7_1)) + a?. (1.15)
P(Z)- P(2)Z
0 D -PDZ _ iz (1.16)

A

Relation (3.5) implies that the function Z — P(Z)/Z" is decreasing, and we suppose
that

. P(2)
e Specific entropy
B 0 4a 93

where, in accordance with Third law of thermodynamics,

1 yP(Z) - P'(2)Z
v—1 72

S"(Z)=— <0, Zlim S(Z) = 0. (1.19)
From the point of view of statististical mechanics, the above hypotheses are physically
reasonable at least in two cases: if v = 5/3 they modelize the monoatomic gas, if v = 4/3
they modelize the so called relativistic gas.



1.3.2 Transport coefficients
1, n € C'0, 00) are globally Lipschitz and (1 +9) < u(9), 0 < (), o >0, (1.20)

k€ CH0,00), Ko(l+9%) < k(W) <ri(1+9?%), 0< kKo< k. (1.21)



1.4 Weak and dissipative solutions
1.4.1 Ballistic free energy alias Helmholtz function

We introduce ballistic free energy

He (v, 0) = oe(0,9) — Ops(o,V)

We suppose that the fluid verifies the thermodynamic stability conditions,

op(e.9) _ , 9ele,V)

90 R R 0 for all o, > 0. (1.22)
We easily verify by using (1.12), that
0Hy ¥ — 9 de OPHy, — 10p, -
—(0,9) = o———(p,¥) and Y(0,9) = == (0,9). 1.23
99 (0,9) = 0— 819(@, ) an 95 (0,9) Qag(@, ) (1.23)

Thus, the thermodynamic stability in terms of the function Hy, can be reformulated as
follows:

0 — Hy(po,7) is strictly convex, (1.24)

while
¥ — Hyz(p,9) attains its global minimum at ¢ = . (1.25)

We set

E(0,9|r,0)= Heo(p,9)+ 0,Ho(r,0)(0—r) + Ho(r,O)

and notice that

E(0,9|r,0)>0 and E(o,9 | r,0)=0< (0,9) = (r,0).



1.4.2 Very weak solutions

Let Q = R3 be a bounded Lipschitz domain. We say that a trio {p,9,u} is a very weak
solution to the Navier-Stokes-Fourier system (1.1 - 1.8) if:

(i) the density and the absolute temperature satisfy o(t,x) > 0, U(t,z) > 0 for a.a

(t,2) € (0,T) xQ, 0—7 € L7+ LXS), ou € L*(0,T; L/ T™V(Q; R%)), ou® €
L>(0,T; LY(Q)), ¥ —J € L*(0,T;L* + L*(Q)) N L*(0,T; W'2(Q)), V,logd €
L2(0,T; L*(Q; R?)) and u € L*(0,T; Wy (% R?));

(”) 0 € Cweak([07 T], L]

L) and equation (1.1) is replaced by a family of integral
identities

/Qggo dx‘; = /OT/Q <Qat<,0+ Qu-ngo) dx dt (1.26)

for all T € [0,T] and for any ¢ € C*([0,T] x Q);

(iii) ou € Cuyear(]0,T]; LD/ OFY

ton (2; R3)) and momentum equation (1.2) is satisfied in
the sense of distributions, specifically,

/qu-go dx ; = /T/Q (Quﬁtgp—l—gu@u : Vep+p(o,9)divep—S(d, V,u) - ngp) dx dt
0

(1.27)
for all T € [0,T] and for any ¢ € CX([0,T] x Q; R?);

(iv) the entropy balance (1.3), (1.8) is replaced by a family of integral inequalities



for a.a. 7 € (0,T) and for any p € C1([0,T] x ), ¢ > 0;

(v) the dissipation inequality holds,

for a.a. T €(0,7).

Here and hereafter, the symbol [, gdx‘; means [ g(z,7)dz — [ go(x)dz.



1.4.3 Renormalized very weak solutions

We say that the triplet (o,9,u) is a renormalized weak solution to the Navier-Stokes-
Fourier system (1.1 - 1.8) if it is a very weak solution, and if the couple (o, u) satisfies
the continuity equation in the renormalized sense,

/Q 0)p dx / / 3t90+u ngo)dxdt—i—/ / ob'(0) — b(o ))dlvugodxdt
(1.30)

for any T € [0,T], and any
be Cl0,00), Ve€C[0,00) and ¢ e CH[0,T) x Q).

Notice that the set of admissible renormalizing functions b can be extended by density
and Lebesgue dominated convergence theorem to

b e C[0,00) NCHO,00), 20" € L>(0,1), b/z>¢, 2/ /27/* € L®(1,00).



1.4.4 Dissipative solutions

We say that a trio {p, ¥, u} is a dissipative solution to the Navier-Stokes-Fourier system
(1.1 - 1.8) if:

1) the density and the absolute temperature satisfy o(t,x) > t,x) > or a.a.
he d d the absol fi 0, ¢ 0 f
(t,z) € (0,T) xQ, o—2 € LY + L), pu € L>(0,T; 2 ”H)(Q R3)), ou? €

loc
L>=(0,T; L)), 9 — 9 € L>(0,T;L* + L*(Q)) N L*(0,T;W'%(Q)), V,logd €
L2(0,T; L*(Q; R?)) and u € L*(0,T; Wy (Q; R?));

(11) the so called relative entropy inequality holds,

/Q(%Q|U—UIQ+E(QJ9IT, @)) (r,-) dz (1.31)

// (19Vu vu—q(ﬁ’v’”::)'v”ﬁ> dz dt

_/ ( oolug — U )|2+5(90,?90| (0,-), @(()’.))> dz
+/ / S(9, Vou) : VoU — (1919V ) . V,0) dadt
+[" [ (e(00+u-V,U) - (U-w) —plo,9)div,U) da dt

_/ / 5(r,0)) (90 +u-V.0) dz dt

L (-2~ i) o

for all
7,0, C*[0,T] xR*), r > 0,0 >0, Uec C'([0,T] x R?).
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1.5 Existence theorem for the original problem

Theorem 1.1 Suppose that the thermodynamic functions p, e, s satisfy hypotheses

(8.6 - 8.9), and that the transport coefficients u, n, and k obey (8.10), (8.11). Finally
assume that the initial data (1.8) verify

1
/Q (§g0u3 + ooe(00,J0) + Qols(go,ﬁoﬂ) dzr < oo. (1.32)

Then the Navier-Stokes-Fourier system (1.1-1.8) admits at least one very weak renor-
malized dissipative solution.

11



2 Euler system




3 Main result

Let the thermodynamic functions p, e, and s comply with hypotheses (1.12 - 8.9), and
let the transport coefficients p and r satisfy (8.10), (8.11). Let b >0, 0 < a < .
Furthermore, suppose that the initial data (1.8) are chosen in such a way that

{Q(()}g}wo, {19(()2}90 are bounded in L? N LOO(R:S)7 g((fs) — Q(()l), 19(()2 — 19(()1) in LQ(R?’),
(3.1)

and
{ug}eso is bounded in L*(R* R?), ug. — ug in L*(R*; R?), (3.2)

where
5
oV, 9 e W2 N W2 (R?), Hlug] = vo € W*?(R?; R?) for a certain k > 5 (33)
Let Thnax € (0, 00] denote the maximal life-span of the regular solution v to the Euler

system (1.9), (1.10) satisfying v(0,-) = vo. Finally, let {o., V., u.} be a dissipative
solution of the Navier-Stokes-Fourier system (1.1 - 1.8) in (0,7) x R3, T < Trax-

Then
ess sup || o:(t,-) = 0 llp2qzs/3(me) < €¢, (3.4)
te(0,7)

Vo — o vin Li, (0, T); L, (R%; R?)) and weakly-(*) in (0, T; L*(R%; RY)),
(3.5)

and
195 — : o q 3. p3 : 0o 2/ p3

— Tin L5 ((0,T); LL (R*; R%)), 1 < ¢ < 2, and weakly-(*) in L>(0,7"; L*(R”)),
€

(3.6)
where v, T' is the unique solution of the Euler-Boussinesq system (1.9 - 1.11), with
the initial data

9s(o, E)19(1) _10p(0,9) ()
9 ° "3 a9 2

vo = Hlu], To =0 (3.7)

13



4 Limit ¢ — 0

4.1 Relative entropy inequality




4.2 Ill-prepared initial data versus well-prepared initial data
0(0,) = 00e =0+ 2062, 9(0,7) = Do =T+ 0}, u(0,) = w0 (4.3)

{ob2}es0, {062}es0 ave bounded in L* N L¥(RY), o5} — of”, 062 — 0y in L(R?),
(4.4)
and
{ug.}eso is bounded in L*(R* R?), ug. — ug in L*(R* R?), (4.5)

where

oV, o5 e W2 A Wh(R®), Hlug) = vo € WH(R?; R?) for a certain k > 2 (4.6)

15



4.3 Acoustic equation

We set -

o\ = Lp(@,9) 1
o 0o 2 W

4.3.1 ”Linearization” of the NSF system
The triplet

g 9-7
(42,525 9.0),  where V.0 = HE (w)

satisfies

c0,(= 2) 4 a0 = c0(1),

4

£V, D+ V, (aQ -
e

at(éﬁ;0—59;9)+u.vx(5§_ﬁ—ﬁg_9)+(5ﬁ_ﬁ—59;9)&@:50(1)

€ €
with initial data

(Q ; ?’ v ; ﬁ,vx(b)(O, ) = (Q(l)aﬁ(l)vHL(u@)

4.4 ”Linearization of NSF” an equivalent form

e Acoustic equation for a%ﬁ + B%

58t<04Q — 2 +619 — 19) +wAd =0(1),
€ €

gatvx@+vx(@9;9 +ﬁﬁ_ﬁ)

)= £0(1)

. 9-3 3
e Transport equation for (57 — p&e

at(aﬁ_ﬂ—5Q;Q)+u.vx(5ﬁ_‘9—59_9)+(5§_ﬂ—ﬁggg)m:gou)

€

16



4.5 Choice of test functions (r,0,U) in the relative entropy in-
equality

T:T5:@+€R5;@:@5:§+6T€7U:U€:V+v$q}5; (47)

where v is the solution to the incompressible Euler system (1.9), (1.10), with the initial
condition (3.7), and R., T., and ®. solve the acoustic equation:

edy(aR. + OT;) + wAdD,. =0, (4.8)
eV, 0. + V. (aR. + 1) =0, (4.9)

with the initial data determined by
RE(07 ) = RO,E? T€<07 ) = T0,€7 q)s(oy ) = q)O,EJ (410)

and the transport equation
0y (0T. — BR.) + U, - V(0T — BR:) + (0T: — BR.)div, U, =0, (4.11)

4.6 Goal

To find estimate

| R (o0

re, 0, Ue) (t)d(t),

re, 0, U.) dt < xl(r) + /T & (0.0,u
0

where
X. — 0in LY0,7T)
and finally to get from the relative entropy inequality the inequality

/OT E. (g, J,ulr., O,, UE) < xiT) + /OT 2(t)E. (g, J,ulr., O, U5> (t)d(t)

that implies

esSSUPye (o7 Ee (Q, J,ulr., O, UE) — 0.

17



5 Some elements of the proof

5.1 Dispersive estimates and energy identity for the acoustic
equation

The acoustic equation (4.8 - 4.10) possesses a (unique) smooth solution @., Z. = aR.+ 51
satisfying the energy equality

(5 ) t=T1
IV2®e (¢, Mwragmsme) + 57— 1Rt ) + BTelt, Miweamsy| =0 (5.1)
(R%R%) T 32 4 4§ ( )t:0
forall >0, k=0,1,2,....
In addition, we have the dispersive estimates
IVa®e(t, )lwramsrsy T ll0Re(t, ) + BL(E )l wrams) (5.2)

1 1

e
<c (1 + g) C (||VI®0,E||Wd+k,p(R3;R3) + ||05R0,5 + /6T0,€||Wd+k,p(R3)> )

for all t > 0, where

called Strichartz estimates.

18



5.2 Estimates for the transport equation

For the solutions of the transport equation (4.11), we have

[/Q 6T. — BR.? dz] = — /OT/QACD&.MTE _ BR.|? d dt, (5.3)
and

ts[%pT] 16T, — ﬂRa“vvl,q(Q) <c(n,T) H‘STO,S - 5RO,EHW1,«1(Q) , 1< g < oo (5.4)
€0,

19



5.3 Uniform bounds for the weak solution

It is convenient to introduce a decomposition
h = [h]ess + [P]res for a measurable function h,

where
[Mess = h 1{@/2<ge<2@ 9/2<0: <20} [Alres = B — hess.

Consequently, realizing that

E(,912,9) > c([1+ 0" +0"es + [0 — 22 + [0 = V)2,

we derive from the relative entropy inequality

ess sup. [Voeue(t, )|l r2(rsre) < c, (5.5)
2 9. -
ess sup [QE Q(t,ﬂ + ess sup [ d (t,~)1 <e¢, (5.6)
te(0,7) € ess|| L2(R3;R3) te(0,7) € ess|| L2(R3;R?)
5/3 5/3
ess sup [ ([o3 ] + [0t s + Ls(t,)) de < e, (5.7)
t€(0,T) R3 res
and
a/2
£t L2(0,T;W1:2(R3;R3)) =6 (5:8)
(b—2)/2 _ (b—2)/2 _ 9
H (19 19) L2(0,T;WL2(R3;R3)) T H€ (IOg(ﬁE) lOg(ﬁ)) L2(0,T;WL2(R3;R3)) e
(5.9

20



5.4 Once more the relative entropy

/OTR Qﬂu‘r@U // 5819Vu V.U — (19579)

V.0) do
// s(0,9) — s(r,9) (U—u)-Vx@d:B

+/0 /ﬂg(atu+u-va)-(U—u)—1u Vep(r,©) dx

err
1 /7 =\ ..
——/ / p(o, 1) —])(Q,??))leU} dx
Q

/ /Q s(0,) — s(r,©) )dfG + Q(s(g,ﬁ) — s(r, @))U : vm@> da

r—o
?/{J/Q . Owp(r, ©) da

/T/ e’s(¥,Veu) : V U—ebq(ﬁ’ﬁvmﬁ) -Vw@) dx

// s(0,9) — s(r, ©) (U—u)-Vx@deX;(T)

+/o/9 [0o(8U +u-V,U) - (U-u)- égu-vxp(r, )| dx

< [/Q|vxq>|2 dx];+x§(r)+/OTxg(t)5(t)dt

21



where

Xi — 0in LY(0,T).

22



5.5 Example of the treatment of the "red” term

e Residual part goes to zero.

e Essential part

_i /OT/Q [Qe (5(95, J.) — s(re, &))&Tg + 0e (s(gg,ﬁa) — s(re, @E)>U8 . vaE} d$(§t10)

/ O e i (r., © dxdt——// (0-,92) — p(2, 7)) A®, dr dt

:_// =9 50— )(8tTE+UE~VxTE)dxdt

_/OT/Q 0 ; raat(aRerﬁTE) dxdt—i_/(:/g 525_&5 (a96;9+5195;19)at(aR5+ﬁT€) dz dt+x.(7)

:/0' /Q(éT ~ BR.)O/T. dqdf+/ /Raf (aR. + A1) de dt

_[/07/9(57955—79 QE; )@T de dt

-0 JoZ Y —
+/ / ﬁz‘i‘@é £ : a ﬁ2+04(5 c )at(aR€+ﬂTs> dx dt‘|

_/‘r/ (5195 - @s . ﬁgs - 7ae){_}g -V, T. dx dt“—Xe(T)y
0 JQ g g

23



/U.T /Q (07 — BR)O T dx dt + -/(;T /Q R.0,(aR. + AT.) da dt (5.11)

;ﬂQJr 5{/ laR. —I—ﬁT|2dx} +;52+ 6{/5T—JR\2dx] .

_/ / 19 _19 Q _Q)atTE de dt (5.12)

T 3 o.—0 B35 9.—90
_//ﬂ(ﬁ2—|—aéggg_ﬁ2+&5 - )8t(aRa+ﬁTg) dx dt

// g )5t(5T BR.) dx dt

52—1—046

// e —)U. - VLT da dt (5.13)

// e — BE—)U. -V, (aR. + BL) do dt

524—&5

ﬁQ +a5/ / 19 — 8 QS — )Us . Vm<5T5 - ﬁRE) dx dt

[blue} + [black] — 7 i — /OT/Q (5195 ; O 595 ; Tf)AqDE dr dt + (1) = x.(7).

24



6 Navier-Stokes-Fourier system, strong stratification
- limit to strongly stratified flows remains an open
problem

00 + div,(ou) = 0, (6.1)

1 1
Oi(pou) + div,(ou ® u) + ?pr(g, ¥) = e*div,S(v, Vmu)—i-g—QVwF, (6.2)

di(0s(0,9)) + div,(os(o,9)u) + e'div, (W) =0, (6.3)
S(v 9, V0
o= g2—i-a ( 7?9qu) . vmu . gbq( be ) . V1197 (64)



6.1 Expected target system as ¢ — 0




6.2 Acoustic equation remains still unresolved in this situation

We set _ _

_ 190p(0,9) N 10p(0,9) . . _0s(9,7)
=575, PO=55s D=5

6.2.1 ”Linearization” of the NSF system
The triplet

(Q —2 V- 19,Vx<13), where V,® = H*(u)
€ £

satisfies

e0,(° ; é) +div(gV,®) = 0(1),

0,(2V.) + 0. (0(2) 2= 2) + V. (a5(0) " =7) = c0()

at(aﬁgﬁ—ﬁg_g)+u.vx(5”‘9—ﬁ—59_9)+(5§_ﬂ—ﬁ929)m:50(1)

€ € €
with initial data

(£22 77 9,0)(0.) = (ab o), H ()

27



7 Navier-Stokes-Poisson system and strongly strati-

fied flows

7.1 Navier-Stokes-Poisson system

7.1.1 Equations

00 + div,(ou) = 0,

1 1
O(ou) + div,(ou ® u) + gvxp(g) = div,S.(V,u) + ?vaF,

2
Se(Vzu) = e (qu + Vg’u — 3divu]1> , e >0, pe — 0,

u—0, p—poas x| — o0, g>0.

7.1.2 Equilibrium state

Vap(0) = 0V F, 0 — 0 as x| — oo,

7.1.3 Initial data

- 1
00 = 0+ €0y, Uo = Uge

7.1.4 Expected target system as ¢ — 0 - Lake equations

ov+v-V,v+ VIl =0,
div,(gv) = 0.

28

(7.5)



7.2 Acoustic waves

e0ise + div, [0V, D] =0, (7.8)

€60,V ®. + 5V, [p(gf’)sel =0, (7.9)

7.3 Relative entropy inequality
We set

S(g,u

We know that any finite energy weak solution to the NSP system satisfies the relative
entropy inequality in the form:

r, U) — /Q Bmu U+ ;(P(g) —P'(r)(o—r1)— P(T))} dx. (7.10)

£ (oulr

+/ / 5.(V,U)) : (Vou - va) dz dt  (7.11)
gé'(g,u’r,U / (0,u,r,U) d

for a.a. 7 € [0, 7], where
R(o,u,r,U) = /Qg(ﬁtU +u- VxU) -(U—-u) dz (7.12)
]' / /
—|—/QS€(V¢CU) :(V,U-=V,u) dz + ?/Q ((r — 0)O:P'(r) + V P'(r)- (rU — gu)) dz

1

=, (p(g) — p('r’))diva dz + 6—12 /Q oV F - (U- — U) dz,

where 7 > 0, U are smooth functions, r — g, U compactly supported in R2.

7.4 Choice of test functions in the relative entropy inequality

r=o+es.,, U=v+V,o..

29



7.5 Abstract formulation of the acoustic equation

Consider an abstract linear operator

A;[v] =v — P (ég) div,(0V,v),

with the domain of definition

D(A;) = {v € L*(R?) | V,v € L*(R* R?), /R Vo0V, (p ;Q) gp) dr = /Qggp do

for all ¢ € C°(R?) and some g € Lz(R2)}.

Duhamel’s formula:
) s
Py — — [p Q saa” (7.13)

®.(0) = gesp (iv4c;) el

cI)O,a + ; [2@80,61] )
0
(

—i—; exp (—i@i) \//Té
=16 {; exp <1\/Z,z) [i\/xg[cbo,s] + p’@@)SO’E] (7.14)
+; exp (—i\/fT@z) l—i\/I@[cI)O,E] + p'(;)mg] } ‘

se(t) =

30



8 Dispersive estimates (case R?)

8.1 Global Strichartz estimates in the integral form for —A

/_O:o Hexp (i\/It) [h]

6 6
oy S Cllbllzzage).

8.2 Local energy decay for —A

2

/_O:O ng exp (i\/Ilt) [h]

He:2(R2) < C(cp)HhH?{a»?(R?): a < 1/27 Y e CCI(RQ)

8.3 Spectrally localized local energy decay for A;

| oG esp (iy/Azt)

for any p € C°(R?), G € C>(0,00), a > —1.

2

2
Ho(R2) < (g, G)HhHL?(R?);

8.4 Spectrally localized energy estimates

| H A exo (i/A5t)

for any H € C2°(0, 00).

6
6
LS(R?) dt < c(H)||hllz2r2)

31
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8.5 Dispersive estimates

J AR XCR] (85

+||55(t, ’)||Wm,oo(R2)j| dt S w(a, m, 5) |:||V33®0,5,5||L2(R2;R2) =+ ||T0,6,5||L2(R2):|7

where
w(e,m,0) — 0 as € — 0 for all fixed values m >0, § > 0.

8.6 Main result
8.6.1 Hypotheses on pressure and potential force

We suppose the pressure p is a continuously differentiable function of the density such

that
p € C'0,00) N C>=(0,00), p(0) =0, p'(g) >0 for all o > 0,

(8.6)
lim, oo % = Poo > 0 for some v > 1
and
F e CX(R, F>0. (8.7)
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8.6.2 Main result

Let the pressure p and the potential F' comply with the hypotheses (8.6), (8.7) for
some vy > 1.

Let, moreover, the viscosity coefficients satisfy

te =g, o >0, 0<v <1, ue +X\. >0, A\, > 0ase— 0. (8.8)

Suppose that the initial data gy = 0o, (0u)o = (ou)o. take the form

00, = é + ET0,e5
(8.9)
{roc}eso bounded in L? N L*>®(R?), ro. — 19 in L*(R?),
(ow)oe = 00U, With ug. — ug in L*(R?),
(8.10)

H;[ug] = vo € W™?(R?% R?) for some m > 3.

Let oc, u. be a family of finite energy weak solutions to the Navier-Stokes system (7.1
-7.4) in (0,T) x R? emanating from the initial data gg ., ug..

Then

- . 2
ess sup |[lo(t,) — Q||L2+L~/(R2) < cg?, ¢ =min{l, -}, (8.11)
te(0,T) Y
weakly-(*) in L>(0,T; L*(R% R?)),
Voeu. — \/ov (8.12)
and (strongly) in L?(0,T; L2 (R?; R?)),

loc

where v is the unique solution of the lake system (3.6) satisfying the initial condition
v(0,-) = vo.
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