
Nečas Center for Mathematical Modeling

Geophysical models of heat and fluid flow

in damageable poro-elastic continua
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Geophysical models of heat and fluid flow
in damageable poro-elastic continua

TOMÁŠ ROUBÍČEK

Mathematical Institute, Charles University, Sokolovská 83,
CZ-186 75 Praha 8, Czech Republic.

Abstract: A rather general model for fluid and heat transport in poro-elastic continua undergo-
ing possibly also plastic-like deformation and damage is developed with the goal to cover various
specific models of rock rheology used in geophysics of Earth’s crust. Nonconvex free energy at
small elastic strains, gradient theories (in particular the concept of 2nd-grade nonsimple continua),
and Biot poro-elastic model are employed, together with possible large displacement due to large
plastic-like strains evolving during long time periods. Also the additive splitting is justified in strat-
ified situations which are of interest in modelling of lithospheric crust faults. Thermodynamically-
based formulation includes entropy balance (in particular the Clausius-Duhem inequality) and an
explicit global energy balance. It is further outlined that the energy balance can be used to ensure,
under suitable data qualification, existence of a weak solution and stability and convergence of
suitable approximation schemes at least in some particular situations.

AMS Subject Classification: 35Q74, 35Q79, 35Q86, 74A15, 74A30, 74L05, 74R20, 80A20, 86A17.

1 Introduction

Amazing and rapidly developing application of Continuum Mechanics and Thermodynamics is
in geophysical modelling, both as far as fluids and solids concern, depending particularly on the
time/space scale. Here we focus on models applicable in upper Earth mantle (specifically in shal-
low depths of the crust, up to 30km or even less) which are therefore based on solid mechanics,
although some fluid (water) transport in porous media (rocks) considered usually in a simplified
way (in contrast to the full Navier-Stoke-type flow) plays typically an important role, too. The
heat and water transport processes are intimately coupled with mechanical properties and pos-
sibly also with evolution of porosity and of damage. Damage is microscopically understood as
density of microcracks and may evolve in bi-directional way (admitting also healing) and allows
for an interpretation of an aging. Simultaneously to such (usually relatively very slow) transport
processes, damage may concentrate in fault zones, leading to fast rupture of these lithospheric
faults and causing tectonic earthquakes with emission of elastic waves. Needless to say, mod-
elling of such complex response of poro-visco-elastic rocks is extremely complicated and a many-
decade-lasting effort has been done towards computational models in geophysics, combining basic
rational continuum-mechanical and thermodynamical machinery with sound concepts of the gen-
eralized standard materials [29] employing the extremely fruitful concept of internal variables
[21, 12], here specifically damage in the sense of the pioneering work of L.M. Kachanov [41] (cf.
also [24, 42, 45, 60]) and sometimes also porosity or some other variables (describing granular
or other phase transitions), various rheological and plasticity theories (although not always used
consistently), Darcy flow [15], Biot theory of saturated flow through porous media [6], Korteweg-
type stresses [43], sometimes also various gradient theories (although usually limited to only some
internal variables and avoiding nonsimple materials), etc.

Actually, instead of rocks, a concrete (as a damageable poro-elastic material) can be consid-
ered and then applications in civil engineering, cf. e.g. [40], although some aspects are naturally
suppressed due to shorter time/space scales considered, e.g. damage is irreversible (without heal-
ing) and displacements are indeed small.

The state of art in geophysical modelling is that (often) the above mentioned physical prin-
ciples and concepts are not fully respected, (often) unclarified simplifications are made, (mostly)
models which are not analytically justified (possibly with no solutions in any reasonable sense) are
routinely used, and (mostly) nonconvergent approximations which may easily be numerically un-
stable in some regimes are used for computational simulations of such models (that, as said, even
may not possess any solutions), even though they can be nicely visualized and nicely fitted to some
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experimental or real-world observations in particular cases. This is euphemistically called compu-
tational modelling and, unfortunately, is becoming a more and more dominant trend in some other
parts of science and engineering, too. In mathematics, these trends are occasionally manifested in
a rather opposite way by attempts of casting nonphysically weak concepts of solutions to facilitate
a rather junk analysis, cf. e.g. [74] for discussion of these issues. On the other hand, fortunately,
in combination with ever more interesting continuum-mechanical problems with real-world appli-
cations addressed, this gives a big challenge and inspiration to applied mathematics where ever
better applicable tools are developing during recent decades.

The goal of this article is to device a relatively general model that would possesses in particular
the following attributes:

α) main features of the models previously considered in geophysical literature are involved,
especially a free energy loosing its convexity if damage develops (together with a specific
flow-rule for damage evolution as devised in [55] and later used in numerous articles as e.g.
[31, 53, 54]), water flow coupled with porosity propagation as in [53], and a combination of
small elastic strain (relevant in modelling of poro-elastic rocks in upper lithospheric mantle)
with large displacement (relevant in geophysically large time scales),

β) thermodynamical consistency in the sense that the model possesses a clear energetics and
comply with the Clausius-Duhem inequality as well as with nonnegativity of temperature,

γ) a possibility to set length-scale separately for the (typically rather narrow) core of a fault
and the (typically wider) damage zone around it,

δ) validity of the model globally in time (not only till a unspecified short time [49] which, due
to spatial stress concentration, may even be zero), cf. also Remark 4.4 below,

ǫ) amenability for mathematical and numerical analysis (at least in some special cases) which,
in particular, would allow us to devise a numerically stable approximation scheme that
would converge to solutions of the original continuum-mechanical model.

Due to the nonconvexity mentioned in (α) which typically causes loss of existence of any solutions
and limits validity of the model in time, cf. the explicit discussion in [52, Sect. 4.1], to coupe with
(δ) we implement the concept of the 2nd-grade nonsimple materials, cf. Remark 2.2 below. As to
the attribute (γ), we use a gradient theory for damage similarly like in [54, 51] to control a width
of the damage zone but accompany it with another gradient theory for the inelastic strain to control
the width of the fault core. All these attributes will qualitatively improve the models formulated
and used in literature and provide a more thorough understanding.

We will consider inertia so that seismic waves typically emitted during fast damage and in-
elastic shift are not excluded from the model, although their proper computational implementation
within the nonlinear model requires special time-integration energy-conserving numerical tech-
niques (like Newmark or Hilber-Hughes-Taylor formulas [32], cf. e.g. [73]). In other words,
beside slower transport processes and compaction and healing, the model potentially captures also
earthquakes during fast rupturing of lithospheric faults. On the other hand, as usual, various sim-
plifications are adopted. In particular, we consider small elastic strains (but not necessarily small
inelastic strain and small displacements), isotropic material, and neglect the convective heat flux
due to the fluid flow and also thermal expansion both of the solid and water. Also density variations
will be neglected.

The plan of the paper is the following: in Section 2 we formulate a rather general model whose
energetics and thermodynamic consistency is then revealed in Section 3. Then, in Sect. 4, we con-
sider a more specific ansatz of the free energy which is used in geophysics, based on a damageable
poro-elastic rock model and the Biot theory of saturated flow through porous media. Due to keep-
ing the paper reasonably short and readable for a broader community, mathematical technicalities
are suppress and rather only a mathematical strategy to read necessary a-priori estimates from the
obtained energy balance and their usage for convergence of suitable approximation schemes that
can potentially be used for numerical simulations are only sketched in the Appendix (Sect. 5).
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2 A general model of damageable poro-visco-elastic continua with

heat and water transport

We will formulate the model in the Euler coordinates, Ω ⊂ R
3 being a bounded smooth (fixed)

domain. Distinguish intensive and extensive variables, cf. Remark 3.2 below, we consider the
basic variables of our general model as follows:

u displacement (valued in R
3),

α damage,
φ porosity (effectively understood as the volumetric part of the inelastic strain),
ζ water content (as a volume fraction),
π plastic-like part of the inelastic strain (valued in R

3×3
dev ),

θ temperature,

where R
3×3
dev := {A ∈ R

3×3; trA = 0}; let us emphasize that π need not be symmetric. The
variables α, ζ , and φ are scalar valued assumed to range over the interval [0, 1]. We count with
a saturated flow, which will be reflected by that ζ ≥ φ which, however, will not be counted as
a constraint but will be only involved in a “soft” way in the free energy through the so-called
Biot term, see (4.2). For readers’ convenience, Table 2 summarizes the main nomenclature used
through the paper, some of them introduced later in the subsequent sections.

σel elastic stress,

g gravity force,

̺ mass density,

ψ free energy,

ψ
Mech

mechanical part of ψ,

ψT thermal part of ψ,

δ potential of dissipative forces,

εe elastic strain (assumed small),

εi inelastic strain,

cv(θ) heat capacity,

k(ζ, θ) heat-conductivity coefficient,

ϑ heat content,

η entropy,

j heat flux,

λ = λ(α, φ), µ = µ(α, φ) Lamé coefficients,

γ = γ(α, φ) a non-Hookean coefficient,

e(u) = 1
2

(
∇u+∇u⊤

)
total-strain tensor,

p water pressure (as a chemical potential),

r the dissipated mechanical energy rate,

ψM mechanical part of ψ without gradients,

m = m(α, φ) the hydraulic conductivity,

M =M(α, φ) Biot modulus,

β Biot coefficient,

hext is the prescribed external traction,

fext the external water flux,

jext is the prescribed heat flux,

χ specific stored energy of damage,

κ0, κ1, κ2, κ3, length-scale coefficients.

Table 1. Summary of the basic notation used through the paper.

As in Maxwell viscoelasticity, the total strain tensor is a sum of the elastic and the inelastic
components of deformation:

e(u) = εe + εi where εi = φI+ π. (2.1)

where I ∈ R
3×3 is the identity matrix, cf. Proposition 2.1 for a certain justification of this de-

composition. Note that, like π, also εe and εi need not be symmetric but the free energies used in
Section 4 will eventually ignore the antisymmetric part of εe. In fact, the mentioned nonsymmetry
is related with the natural interpretation of π as ∇u up to lower-order terms, cf. (2.11), but actually
a symmetric part of ∇u can be taken with the same effect, which is likely an implicit understand-
ing in geophysical literature. Also, any “off-set” in φ is, for notational simplicity, not considered
and can be captured by an initial condition φ(0) = φ0. Note that we used the decomposition of the
inelastic strain εi to the spherical and the deviatoric parts, which reflects different physical mecha-
nisms and allows for specifying different flow rules that will govern their evolution. In particular,
the deviatoric part will be handled in reference configuration while the porosity will be displaced
according to u.
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(λ, µ, γ)D1

̺

φ

κ0

κ1 κ3

e = e(u)
εeπ

σel

−div hel

Fig. 1 Schematic rheological model used in (2.6a,b) and part of (2.6c): nonlinear elastic
material (=nonlinear elastic spring with parameters λ, µ, γ depending on damage α,
porosity φ, and water content ζ) combined plastic-like element D1 (depending on α,
φ, and temperature θ). Moreover, the hyper-stresses with the constants κ0, κ1, and κ3
are depicted, too. (The structural stresses sel from (2.4b) are not depicted, however.)

Further, we consider a rather general free energy ψ = ψ(εe, α, φ, ζ, θ,∇εe,∇π,∇α,∇φ) but
we confine ourselves to linear and decoupled gradient theories (i.e. ψ is quadratic and additive in
the gradients) and to a separated thermal and mechanical parts (i.e. e.g. thermal expansion and
related adiabatic effects and possible dependence of heat capacity on mechanical variables are not
considered):

ψ = ψ(εe, α, φ, ζ, θ,∇e,∇π,∇α,∇φ) = ψ
Mech

(εe, α, φ, ζ,∇e,∇π,∇α,∇φ) + ψ
T
(θ)

= ψM(εe, α, φ, ζ) + ψT(θ) +
1

2
κ0|∇e|2 +

1

2
κ1|∇π|2 +

1

2
κ2|∇α|2 +

1

2
κ3|∇φ|2. (2.2)

In fact, we rather consider the free energy in terms of the total-strain tensor and inelastic/ductile
strains results after substitution εe = e−π−φI, cf. (2.1):

ψ̃ = ψ̃(e, π, α, φ, ζ, θ,∇e,∇π,∇α,∇φ)

:= ψ
M
(e−π−φI, α, φ, ζ) + ψ

T
(θ) +

1

2
κ0|∇e|2 +

1

2
κ1|∇π|2 +

1

2
κ2|∇α|2 +

1

2
κ3|∇φ|2 .

(2.3)

The partial derivatives of ψ̃ then determine corresponding driving forces. In particular, we define
the elastic stress σel and the so-called elastic hyper-stress hel respectively by

σel = ψ̃′
e, hel = ψ̃′

∇e = κ0∇e, (2.4a)

and the so-called structural stress (cf. Remark 3.3 below)

sel =
(

ψ
M
(e−π−φI, α, φ, ζ) + ψ

T
(θ) +

1

2
κ1|∇π|2 +

1

2
κ2|∇α|2 +

1

2
κ3|∇φ|2

)

I

− κ1∇π ⊗∇π − κ2∇α⊗∇α− κ3∇φ⊗∇φ, (2.4b)

and the resulting total stress σel,tot as:

σel,tot = σel − div hel + sel. (2.4c)

Furthermore, we define the driving stress for the plastification σi and the corresponding hyper-

stress hi as well as the resulting total stress σi,tot:

σi = ψ̃′
π, hi = ψ̃′

∇π = κ1∇π, σi,tot = σi − div hi, (2.4d)

driving “stress” for porosity-evolution (a so-called effective pressure) peff and the corresponding

hyper-stress heff as well as the total stress peff,tot:

peff = ψ̃′
φ, heff = ψ̃′

∇φ = κ2∇φ, peff,tot = peff − div heff , (2.4e)
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further we define the driving force for damage σdam and the corresponding hyper-force hdam as

well as the total driving force σdam,tot

σdam = ψ̃′
α, hdam = ψ̃′

∇α = κ3∇α, σdam,tot = σdam − div hdam, (2.4f)

and eventually the pore pressure p, entropy η, and the heat capacity cv respectively as:

p = ψ̃′
ζ , η = −ψ̃′

θ = −ψ′
T
(θ), and cv = −θψ̃′′

θθ = −θψ′′
T
(θ). (2.4g)

An important aspect is occurrence of the structural stress sel in (2.4a) which is related with the
proper energy balance in the case of gradient theories for the internal variables, cf. Remark 3.3
below.

Another important ingredient is a choice of a (pseudo)potential δ of dissipative forces for the
evolution of π, α, and φ in the form

δ(α, φ, θ; π̇, α̇, φ̇) = δ1(α, φ, θ; π̇) + δ2(α, φ, θ; α̇, φ̇) (2.5)

with δ1(α, φ, θ; ·) : R
3×3
dev → R

+ and δ2(α, φ, θ; ·, ·) : R × R → R
+ a convex of the rates,

vanishing at 0. Then their subdifferentials will define the (set-valued) mappings D1(α, φ, θ; ·) :=
∂δ1(α, φ, θ; ·) : R3×3

dev ⇒ R
3×3
dev for inelastic flow rule, and D2(α, φ, θ; ·) := ∂δ2(α, φ, θ; α̇, φ̇) :

R
2 ⇒ R

2 for the porosity-damage flow rule.
We assume rather for simplicity that cv is not dependent on any other variables than at most

temperature. The governing equations/inclusions are then considered as:

̺
..
u = div σel,tot + g, (momentum equilibrium) (2.6a)

D1

(

α, φ, θ;
Dπ

Dt

)

+ dev σi,tot ∋ 0, (flow rule for inelastic strain)

(2.6b)

D2

(

α, φ, θ;
D

Dt

(
α
φ

))

+
( σdam,tot+N[0,1](α)

peff,tot + N[0,1](φ)

)

∋ 0, (flow rule for damage/porosity)

(2.6c)

Dζ

Dt
∈ div

(
m(α, φ)∇p

)
−N[0,1](ζ), (water-transport equation)

(2.6d)

cv(θ)
Dθ

Dt
= div

(
k(ζ, θ)∇θ

)
+ r + θη div

.
u (heat-transfer equation) (2.6e)

with r = r
(

α, φ, θ;
Dπ

Dt
,

Dα

Dt
,

Dφ

Dt

)

= D1

(

α, φ, θ;
Dπ

Dt

)

:
Dπ

Dt
+D2

(

α, φ, θ;
D

Dt

(
α
φ

))

· D

Dt

(
α
φ

)

+m(α, φ)|∇p|2, (heat-production rate) (2.6f)

where “dev” denotes the deviatoric part of the involved tensor, D
Dt =

∂
∂t+

.
u·∇ denotes the material

derivative counting moving continuum with the velocity
.
u, and N[0,1] denotes the normal cone to

the interval [0, 1] where both α, φ, and ζ are valued during their evolution.
The system (2.6) deserves certainly some comments. We use description in the Euler coor-

dinates. The displacement u as well as the total and inelastic strain tensors are counted in this
fixed configuration but need not be small. In contrast, the elastic strain, εe, is however assumed
small. The other fields can thus be transported within the (possibly) large displacement. The in-

ertial term in the momentum equation (2.6a) is sometimes considered as ̺Dv
Dt for v =

.
u, which

means ̺
..
u + ̺

.
u·∇ .

u and reveals that we neglected the second order velocity term,
.
u·∇ .

u as this
term is supposed to be small under slow motion concept. The diffusion-type equation (2.6d) is a
combination of the Darcy law for a fluid flux with respect to a solid matrix being −m(α, φ)∇p
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and the equation for fluid mass conservation. In the heat-transfer equation (2.6e), we simplified
the convective heat flux by neglecting convection due to the water flow, i.e. an extra term of the
type ζmϑwater∇p in (2.6e) with ϑwater denoting the heat content corresponding to water; such a
term seems not to be amenable to a-priori estimation and related analysis. The last term in (2.6e) is
related with the adiabatic-heat effects in the heat-transfer equation and balances the entropy so that
both the Clausius-Duhem inequality and the energy balance hold, cf. (3.12) and (3.4) vs. (3.11),
respectively; in literature, this term is often considered and may have an important quantitative
contribution, cf. e.g. [58, Eq. (1.41)].

It is quite natural to assume D1(α, φ, θ;
Dπ
Dt ):

Dπ
Dt single-valued although D1(α, φ, θ; ·) itself

may be set-valued at 0, and similarly for D2, too. The water-transport equation (2.6d) can also be
viewed as a Nernst equation governed by the gradient of the chemical potential ψ′

ζ .

The system (2.6) is to be accompanied by suitable conditions on the boundary Γ of the refer-
ence domain Ω. Without going into unnecessary technicalities, we can consider

σel,totν − divs(helν) + kelu = hext, hel:(ν ⊗ ν) = 0, (2.7a)

∇πν = 0, ∇α·ν = 0, ∇φ·ν = 0, (2.7b)

m(α, φ)∇p·ν = fext, (2.7c)

k(ζ, θ)∇θ·ν = jext (2.7d)

where ν is the unit outward normal to the boundary Γ, “divs” denotes the surface divergence, and
kel describes an elastic support of the boundary, and where hext is the prescribed external traction,
fext the external water flux, and jext is the prescribed heat flux. The external traction can be con-
sidered as text = keluext with uext a prescribed displacement, cf. e.g. [31, 50], which overcomes
technicalities with prescribing the boundary displacement directly by Dirichlet conditions. For
the (rather technical) justification of the conditions (2.7a) as the truly natural for the nonsimple
material we refer e.g. to [76, 77] or also [71, Sect. 2.4.4]. In addition, the system (2.6) should be
accompanied by some conditions on its state at particular times, e.g. some periodicity condition
or, as considered below in (5.2), initial conditions.

The Green-Naghdi additive decomposition [28] used in (2.1) also deserves explanation. Gen-
erally, large displacements lead to large strains and, instead of the additive decomposition, to the
Kröner (also called Lee-Liu) multiplicative decomposition F = FelFpl with the deformation gra-
dient F = ∇y where y is the deformation, Fel denotes the elastic strain and Fpl the plastic strain,
cf. [47, 44]. Standardly, the small-strain tensor e(u) used in (2.1) arises, when introducing the
displacement

u = y − identity, (2.8)

from the Green-Lagrange strain tensor E = 1
2(F

⊤F − I) = 1
2(∇u)⊤+ 1

2∇u+ 1
2(∇u)⊤∇u with

I the identity matrix by neglecting the higher-order term 1
2 (∇u)⊤∇u. This is legitimate if ∇u is

small. In combination with plasticity, a rigorous passage from the multiplicative to the additive
decompositions in the quasistatic case under small deformation was performed in [62] by using
the ansatz

Fpl = I+ P (2.9)

while considering the so-called linearized plastic strain P small. However, in the geophysical
applications we have in mind situations where two (poro)elastic blocks can mutually move along
flat fault region (say, in this direction of x1-axis, while x2-axis is the normal to this fault) the
displacement u need not be small, cf. e.g. [50, 54]. In such stratified configuration, only u1 and
∂u1
∂x2

are really large. Then also [(∇u)⊤∇u]ij =
∑d

k=1
∂uk

∂xi

∂uk

∂xj
may be large for i = 2 = j.

This might (but may not!) be compensated by the combination with plastic slip. It seems that the
underlying assumptions were never really identified in the geophysical literature. In the following
assertion we consider a mere homogeneous shift in x1-direction together with the elastic strain not
far from identity:
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Proposition 2.1 (Green-Naghdi-type additive decomposition (2.1).) Let us assume (2.8) and
(2.9) with

u2, u3, P31, Pi2, and Pi3 for i = 1, 2, 3 and detFpl − 1 vanish and Fel − I is small. (2.10)

Then the elastic Green-Lagrange tensor Eel =
1
2(F

⊤
el Fel − I) equals up to higher-order terms to

the symmetric part of e(u)−εi provided F = I+∇u and ei = P .

Proof. The assumption detFpl = 1 in (2.10) causes that also P11 vanishes, which further causes

also that also ∂u1
∂x1

, together with ∂u1
∂x2

−P12 and ∂u1
∂x3

, are small because Fel = (I+∇u)(I+P )−1 ∼ I

implies that

∇u ∼ P ; (2.11)

note that I+P is indeed invertible because of the special form of P . The additive splitting (2.1)
can be seen when considering all small variables as zero and then to calculate

Eel =
1

2

(

F
⊤

el Fel − I
)

=
1

2

(

(I+P )−⊤(I+∇u)⊤(I+∇u)(I+P )−1
− I
)

=
1

2

( 1 P12 0
0 1 0
0 0 1

)−⊤( 1+ ∂u1

∂x1

∂u1

∂x2

∂u1

∂x3

0 1 0
0 0 1

)⊤( 1+ ∂u1

∂x1

∂u1

∂x2

∂u1

∂x3

0 1 0
0 0 1

)( 1 P12 0
0 1 0
0 0 1

)−1

−
1

2
I

=
1

2

( 1 0 0
−P12 1 0
0 0 1

)( 1+ ∂u1

∂x1
0 0

∂u1

∂x2

1 0
∂u1

∂x3
0 1

)( 1+ ∂u1

∂x1

∂u1

∂x2

∂u1

∂x3

0 1 0
0 0 1

)( 1 −P12 0
0 1 0
0 0 1

)

−
1

2
I

=
1

2

( (1+∂u1

∂x1
)2 ( ∂u1

∂x2
−P12)(1+

∂u1

∂x1
) (1+ ∂u1

∂x1
) ∂u1

∂x3

( ∂u1

∂x2

−P12)(1+
∂u1

∂x1

) 1+( ∂u1

∂x2

−P12)
2 ( ∂u1

∂x2

−P12)
∂u1

∂x3

(1+ ∂u1

∂x1
) ∂u1

∂x3
( ∂u1

∂x2
−P12)

∂u1

∂x3
1+( ∂u1

∂x3
)2

)

−
1

2
I

=
1

2

( 2∂u1

∂x1

∂u1

∂x2

∂u1

∂x3
∂u1

∂x2

0 0
∂u1

∂x3
0 0

)

−
1

2

( 0 P12 0
P12 0 0
0 0 0

)

+
1

2







( ∂u1

∂x1
)2 ( ∂u1

∂x2
−P12)

∂u1

∂x1

∂u1

∂x1

∂u1

∂x3

( ∂u1

∂x2

−P12)
∂u1

∂x1

( ∂u1

∂x2

−P12)
2 ( ∂u1

∂x2

−P12)
∂u1

∂x3
∂u1

∂x1

∂u1

∂x3
( ∂u1

∂x2
−P12)

∂u1

∂x3
( ∂u1

∂x3
)2






.

The last term is of a higher order since ∂u1
∂x1

, ∂u1
∂x2

−P12, and ∂u1
∂x3

are small. Altogether, this yields

Eel ∼ e(u)− 1
2 (P

⊤+P ), which justifies usage of the small strain and the additive splitting in (2.1)
provided P = εi. �

Let us still comment that the assumption about incompressibility of the plastic strain, i.e.
detFpl = 1 in (2.10), is quite usual in plasticity and here compatible with the concept (or an
assumption, not explicitly articulated in geophysical literature, however) of only small volumetric
variations of porosity. Let us also note that the standard frame-indifference qualification of the
stored energy implies that it depends on the right Cauchy-Green tensor F⊤F and therefore on the
symmetric Green-Lagrange tensor Eel, ignoring thus the antisymmetric part of e(u)−ei, which
explains the assertion of Proposition 2.1. Let us also remark that, when taking into account that
the original ψ

M
depends on the Green-Lagrange tensor Eel rather than on the symmetric part of εe,

the ansatz (4.2) used below is known as a St. Venant-Kirchhoff material (generalized here towards
possible nonconvexity for γ 6= 0).

Remark 2.1 (Constraints in (2.6).) The relations (2.6c,d) are inclusions due to the set-valued
mapping N[0,1](·) rather than equalities. In particular, N[0,1](·) = ∅ if its argument is out of the

interval [0, 1], which eventually ensures that any (weak) solution (u, π, α, φ, ζ, θ) to this system
must be composed from α, φ, and ζ valued in [0, 1]. In fact, the weak formulation leads to
suitable variational inequalities which explicitly involve these constraints, cf. e.g. [14, 22, 33, 71]
for an introduction of this rather standard technique. As we use the 1st-order gradient theory, an
alternative model might avoid N[0,1] and consider (2.6c,d) as equalities provided the corresponding

driving forces vanishes out of [0, 1], i.e. ψ̃′
α|α∈R\[0,1] = 0, ψ̃′

φ|φ∈R\[0,1] = 0, and ψ̃′
ζ |ζ∈R\[0,1] = 0.
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As far as damage concerns, such alternative is sometimes considered in unidirectional damage in
a famous Ambrosio-Tortorelli approximation of cracks (see [2, 10, 73] and references therein) but
is usually not applied in geophysical models, cf. (4.4) below.

Remark 2.2 (Concept of nonsimple materials.) The concept of gradient-theories for strains to
describe materials referred as nonsimple, or also multipolar or complex, has been invented long
time ago, cf. [81] or also [27, 45, 59, 65, 66, 80, 82]. Here, rather for notational simplicity, we
used the potential in the quadratic form with only one coefficient, namely 1

2κ0|∇e|2; for a more
realistic form see also e.g. [79]. Moreover, let us note that, in (2.2), we have used ∇e but not ∇εe
which would yield terms like κ0∇e(u)

...∇Dπ
Dt and κ0∇e(u)

...∇Dφ
Dt in the energy balance (3.1) and

(3.10) which do no seem amenable to estimation within the considered model.

3 Energetics of the general model

An important attribute of the model is a possibility to articulate the energy balance in a sense
that can be effectively used for a rigorous analysis and designing numerically stable computa-
tional schemes. It needs not only local energy balances but an energy on the whole considered
domain Ω ⊂ R

3. Here, the energetics of the system (2.6) can be revealed by testing the particular

equations/inclusions in (2.6a-d) successively by
.
u, D

Dtπ, D
Dtφ, D

Dtα, and p; here “testing” means
(as usual in mathematical jargon) a multiplication by the indicated field and integration over the
domain Ω and, whenever needed, usage of the Green formula and boundary conditions.

Proposition 3.1 (Mechanical-energy balance.) Let the evolutionary boundary-value problem
(2.6)–(2.7) with (2.4) possess a smooth solution (u, π, α, φ, ζ, θ). Then the following energy bal-
ance holds:

d

dt

(∫

Ω

̺

2
| .u|2 + ψ

Mech

)

dx+

∫

Γ

kel
2
|u|2 dS

)

+

∫

Ω
r dx

=

∫

Γ
hext·

.
u+ pfext·ν − ψ

M

.
u·ν dS +

∫

Ω
(
.
u⊗ σel)

...∇e(u)− ψ
T
(θ)div

.
udx,

(3.1)

where ψ
Mech

is the total mechanical energy from (2.2), r is the specific dissipation rate from (2.6f),

and where the last term (3.1) means componentwise
∑d

i,j,k=1

.
uk[σel]ij

∂eij
∂xk

.

Proof. First, as already mentioned, a multiple usage of the Green formula will be the standard
ingredient. In particular, denoting a generic scalar field z with ∇z·ν = 0 on Γ, we will repeatedly
use the calculus
∫

Ω
∆z(

.
u · ∇z) dx = −

∫

Ω
∇z · ∇(

.
u · ∇z) dx = −

∫

Ω
(∇z⊗∇z

)
:e(

.
u) + (∇z⊗ .

u):∇2z dx (3.2)

and also
∫

Ω
(∇z⊗ .

u):∇2z dx = −
∫

Ω
div(∇z⊗ .

u)·∇z dx = −
∫

Ω
|∇z|2div .

u+ (∇z⊗ .
u):∇2z dx

so that (3.2) can rather be written as

∫

Ω
∆z(

.
u · ∇z) dx =

∫

Ω

1

2
|∇z|2div .

u− (∇z⊗∇z
)
:e(

.
u) dx. (3.3)

This last formula is important because it reveals that the “optically” high order term ∆z
.
u · ∇z is

actually the desired structural-stress-type term (∇z⊗∇z − 1
2 |∇z|2I

)
:e(

.
u).
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The test of (2.6a) leading to (a part of) the mechanical energy balance is standardly by the
velocity

.
u. This test yields

d

dt

(∫

Ω

̺

2
| .u|2 dx+

∫

Γ

kel
2
|u|2 dS

)

+

∫

Ω

(

ψ̃′
e − κ1∇π⊗∇π − κ2∇α⊗∇α− κ3∇φ⊗∇φ

)

:e(
.
u)

+
(

ψ
M
+ ψ

T
+
κ1
2
|∇π|2+ κ2

2
|∇α|2+ κ3

2
|∇φ|2

)

div
.
u+ κ0∇e(u)

...∇e( .u) dx =

∫

Γ
hext·

.
udS.

(3.4)

The test of (2.6b) by Dπ
Dt yields

∫

Ω
ψ̃′
π:

.
π + κ1∇π

...∇ .
π +D1

(

α, φ, θ;
Dπ

Dt

)

:
Dπ

Dt
dx

=

∫

Ω

1

2
κ1|∇π|2div

.
u− κ1(∇π⊗∇π):e( .u)− ψ̃′

π:(
.
u·∇π) dx; (3.5)

here we used the formula (3.3) with z = π and “| · |” in (3.5) denotes the Frobenius norm and “⊗”
means also the summation along the indices of the 3×3-tensor π. Similarly, the test of (2.6c) by
Dφ
Dt and Dα

Dt gives

∫

Ω
ψ̃′
φ

.
φ+ ψ̃′

α
.
α+ κ2∇α·∇

.
α+ κ3∇φ·∇

.
φ+D2

(

α, φ, θ;
D

Dt

(
α
φ

))

· D

Dt

(
α
φ

)

dx

=

∫

Ω

(
κ2∆α− ψ̃′

α

)
(
.
u·∇α) +

(
κ3∆φ− ψ̃′

φ

)
(
.
u·∇φ) dx

=

∫

Ω

1

2
κ2|∇α|2div

.
u− κ2(∇α⊗∇α):e( .u)− ψ̃′

α(
.
u·∇α)

+
1

2
κ3|∇φ|2div

.
u− κ3(∇φ⊗∇φ):e( .u)− ψ̃′

φ(
.
u·∇φ) dx; (3.6)

here we used (3.3) with z = φ and z = α. The mentioned test of (2.6d) by p = ψ̃′
ζ yields

∫

Ω
ψ̃′
ζ

.
ζ dx =

∫

Ω
m(α, φ)|∇p|2 − ψ̃′

ζ(
.
u·∇ζ) dx+

∫

Γ
pfext·ν dS. (3.7)

By summing (3.4)–(3.7), we enjoy the cancellation of the structural stresses and eventually
obtain

d

dt

(∫

Ω

̺

2
| .u|2 + ψ

Mech
dx+

∫

Γ

kel
2
|u|2 dS

)

+

∫

Ω
r dx

=

∫

Ω

( ∂

∂t

̺

2
| .u|2 + ψ̃′

e:e(
.
u) + ψ̃′

π:
.
π + ψ̃′

α
.
α+ ψ̃′

φ

.
φ+ ψ̃′

ζ

.
ζ

+ κ0∇e(u)
...∇e( .u) + κ1∇π

...∇ .
π + κ2∇α·∇

.
α+ κ3∇φ·∇

.
φ+ r

)

dx

=

∫

Γ
hext·

.
u+ pfext·ν dS

−
∫

Ω

(
ψ

M
+ ψ

T

)
div

.
u+ ψ̃′

π(
.
u·∇π) + ψ̃′

α(
.
u·∇α) + ψ̃′

φ(
.
u·∇φ) + ψ̃′

ζ(
.
u·∇ζ) dx

=

∫

Γ
hext·

.
u+ pfext·ν − ψ

M

.
u·ν dS +

∫

Ω
(
.
u⊗ σel)

...∇e(u)− ψ
T
div

.
udx, (3.8)

which is just the balance of mechanical energy (3.1).
The last equality in (3.8) have used the identity

∫

Ω ψM
div

.
udx =

∫

Γ ψM

.
u·ν dS −

∫

Ω∇ψM ·
.
udx =

∫

Γ ψM

.
u·ν dS −

∫

Ω ψ̃
′
e(

.
u·∇e(u)) + ψ̃′

π(
.
u·∇π) + ψ̃′

α(
.
u·∇α) + ψ̃′

φ(
.
u·∇φ) +

ψ̃′
ζ(

.
u·∇ζ) dx. �
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We still rewrite the heat-transfer equation (2.6e) in terms of the heat content ϑ := Cv(θ) with
Cv denoting a primitive function to the heat capacity cv. Then (2.6e) transforms to

.
ϑ+ div(

.
uϑ) = div

(
k(ζ, θ)∇θ

)
+ r

(

α, φ, θ;
Dπ

Dt
,

Dα

Dt
,

Dφ

Dt

)

+ (ϑ−θη)div .
u. (3.9)

Sometimes, the rescaling temperature ϑ = Cv(θ) and thus the transition from (2.6e) to (3.9) is
called an enthalpy transformation, here presented under advection in compressible continuum. To
see that (3.9) is indeed equivalent to (2.6e), it suffices to substitute ϑ and use the calculus

.
ϑ+ div(

.
uϑ) + (θη−ϑ)div .

u =
.
ϑ+

.
u·∇ϑ+ (div

.
u)ϑ + (θη−ϑ)div .

u = cv(θ)
Dθ

Dt
− θη div

.
u.

Proposition 3.2 (Total-energy balance.) Assume again that the evolutionary boundary-value
problem (2.6)–(2.7) with (2.4) possesses a smooth solution (u, π, α, φ, ζ, θ). Then the following
the total energy balance holds:

d

dt

(∫

Ω

( ̺

2
| .u|2 + ψ

M
+ ϑ

︸ ︷︷ ︸

kinetic, mechanical and

heat energies in the bulk

)

dx +

∫

Γ

kel
2
|u|2

︸ ︷︷ ︸

elastic-support

energy on Γ

dS

)

=

∫

Γ
hext·

.
u

︸ ︷︷ ︸

power of

external force

+ pfext·ν
︸ ︷︷ ︸

flux of energy due

to water flow thru Γ

+ jext
︸︷︷︸

heat flux

thru Γ

− (ψ
M
+ ϑ)

.
u·ν

︸ ︷︷ ︸

internal energy

flux thru Γ

dS +

∫

Ω
(
.
u⊗ σel)

...∇e(u) dx.

(3.10)

Proof. Now we can test the transformed heat equation (3.9) by 1 and we obtain the balance of the
overall heat-energy balance

d

dt

∫

Ω
ϑ dx =

∫

Ω
r + div(j− .

uϑ) + (ϑ−θη)div .
udx =

∫

Ω
r + ψ

T
(θ)div

.
udx+

∫

Γ
jext−ϑ

.
u·ν dS,
(3.11)

where j = k(ζ, θ)∇θ is the heat flux. Adding it to (3.1), we can see cancellation of a lot of terms,

in particular also ±(r+ψ
T
(θ)div

.
u), and we obtain (3.10). �

Proposition 3.3 (Entropy balance.) Let us again assume that the boundary-value problem (2.6)–
(2.7) with (2.4) possesses a smooth solution and moreover let θ > 0. Then:

d

dt

∫

Ω
η dx

︸ ︷︷ ︸

total entropy

=

∫

Ω

r

θ
+
k|∇θ|2
θ2

︸ ︷︷ ︸

entropy production

in the bulk Ω

dx−
∫

Γ

jext
θ

+ η
.
u·ν

︸ ︷︷ ︸

entropy flux thru

the boundary Γ

dS . (3.12)

Proof. Realizing the Gibbs relation ϑ = ψ
T
(θ) + θη = ψ

T
(θ)− θψ′

T
(θ) and the calculus

.
ϑ+ div(

.
uϑ)− (ϑ−θη)div .

u =
(
ψT(θ)−θψ′

T
(θ)

).
+ div(

.
uψT(θ)−

.
uθψ′

T
(θ))− ψT(θ)div

.
u

= θ
.
η + div(

.
uψT(θ))− θdiv(

.
uψ′

T
(θ))− ψ′

T
(θ)

.
u·∇θ − ψT(θ)div

.
u

= θ
(.
η+div(

.
uη)

)
+ div(

.
uψT(θ))−

.
u·∇ψT(θ)− ψT(θ)div

.
u

= θ
(.
η+div(

.
uη)

)
, (3.13)

the heat equation in the entropy formulation (3.9) can be written in the form of a so-called entropy
equation as:

θ
(.
η+div(

.
uη)

)
= r − div j (3.14)
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with the heat flux j = −k∇θ. Hence, we obtain (3.12) by the following calculus:

d

dt

∫

Ω
η dx =

∫

Ω

.
η dx =

∫

Ω

r−div j

θ
− div(

.
uη) dx =

∫

Ω

r

θ
+

k|∇θ|2
θ2

dx−
∫

Γ

jext
θ

+ η
.
u·ν dS.

�

Noteworthy, for the isolated system the last boundary integral vanishes in (3.12) and, counting
that the heat-production rate r and the heat-transfer coefficient k are non-negative, we obtain the

Clausius-Duhem inequality d
dt

∫

Ωη dx ≥ 0 representing the 2nd Law of thermodynamics.
The positivity of temperature assumed in Proposition 3.3 can be seen from the original form

of the heat-transfer equation (2.6e) by using usual arguments relying on physically relevant ini-
tial/boundary conditions in cooperation with the last (adiabatic) term in (2.6e) which may alternate
sign (and hence cause both heating and cooling) but which is “switched off” if temperature ap-
proaches zero. In other words, our system is (at least formally) consistent also with the 3rd Law of
thermodynamics. The rigorous proof of the non-negativity of temperature is usually executed by
the test by θ− = min(0, θ). Let us emphasize that, however, the proof of positivity of θ is much
more difficult and requires much stronger data qualification, cf. [25, Sect. 4.2.1], or [60, Remark
5.3.13] or also [71, Remark 12.10].

Note also the difference between (2.6e) and (3.9) expressing the advection of temperature θ as
an intensive variable in contrast to the heat content ϑ as an extensive variable, cf. also Remark 3.3.

Remark 3.1 (Gradient theory used in the model (2.2).) The gradient theory for elastic strain
(related to the κ0-term, discussed already in Remark 2.2) as well as for the internal variables
(related to the κi-terms with i = 1, 2, 3) is quite standard concept in literature and are used for
decades and the related literature is very wide. For gradient plasticity, we refer to e.g. [1, 18, 39]
or also [34, Sec. 4.3 and 7.3], while for the damage gradient to e.g. [5, Chap. 13] or [24, Chap. 12].
All these gradients are natural in the model for various reasons. The κ-coefficients yields in a way
a typical internal length scaling:

• κ0 is responsible for controlling a scale of a possible fine microstructure that may possibly
occur due to nonconvexity of ψ in terms of εe, like it is routinely observed in ferroelastic
materials, cf. e.g. [3] or also e.g. [70],

• κ1 “controls” the width of the shear (=slip) bands that can inelastic strain create,

• κ2 controls the width of the damage zone, cf. e.g. [39], and

• κ3 controls the internal length scale of the porosity.

The more specific quantitative influence of these κ-coefficients on the particular length scale may
however be not simple, cf. e.g. [4, 5]. In this model, the coefficient κ1 ≥ 0 fully influences
the internal scale of the plastic deformation π. In particular, for κ1 = 0, one gets the fully rate-
independent Prandtl-Reuss perfect plasticity which allows for developing an infinitesimally narrow
shear bands, i.e. modelling of a fault core of zero thickness as a crack, surrounded by the damage
zone whose width is controlled independently by κ2 > 0. Cf. Remark 5.3 below. All the gradients
∇e(u), ∇α, and ∇φ yield also a natural control of the gradient of the water content through (5.7)
which facilitates convergence and existence of solutions, cf. the Appendix below.

Remark 3.2 (Intensive vs extensive physical quantities.) The classification intensive vs exten-
sive standardly relates to the independence or dependency of the properties upon the size or extent
of the system. Typically temperature θ or chemical potential (here pressure p) are intensive prop-
erties of the system but e.g. energy, entropy, or here the heat content ϑ used in (3.9) are extensive.
Also the ratio of two extensive properties is scale-invariant, and is therefore an intensive property.
The damage variable α, meaning the ratio between damaged and undamaged material, is thus an
intensive property. Also the other fractions used here, i.e. porosity φ and water content ζ , are
intensive. If the medium is compressed or expands, intensive variables do not change, in contrast
to extensive ones. Thus, when transported in a moving medium, the transport equations must be
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designed differently for both mentioned class of variables unless the medium would be incom-
pressible, cf. (2.6b–e) vs (3.9). To this goal, as we neglect here mass density variation, the signif-
icant attribute is rather “volume-dependent” vs. “volume-invariant”, reflecting how the particular
variable reacts on multiplication of volume rather than addition. Here however all extensive (resp.
intensive) variables are volume-dependent (resp. volume-invariant). Yet, e.g. concentration (with
the standard physical dimension mol/m3) would be an intensive variable but volume-dependent.

Remark 3.3 (Structural stresses.) The structural stresses sel as chosen here in (2.4a) are mo-
tivated primarily to achieve the balance energy (3.1) and (3.10), which is essentially based on
formula (3.3). Actually, such stresses are known in incompressible-fluid mechanics under the
name Korteweg stresses [43]. If an extensive variable is transported in a compressible medium,
this stress takes rather the form

Kext = ∇z⊗∇z −
(

z∆z +
1

2
|∇z|2

)

I = ∇z⊗∇z − 1

2

(
∆z2 − |∇z|2

)
I. (3.15)

Such stress balances the time derivative
.
z + div(

.
uz) = ∆z when tested by

.
z + div(

.
uz), which

gives, when again assuming isolated system on the boundary ∂Ω, that

∫

Ω

∣
∣
.
z+div(

.
uz)

∣
∣2 +

1

2

∂

∂t
|∇z|2 dx =

∫

Ω
∆zdiv(

.
uz) dx =

∫

Ω
z∆z(div

.
u) + ∆z(

.
u·∇z) dx

=

∫

Ω

(1

2
|∇z|2 + z∆z

)

div
.
u− (∇z⊗∇z

)
:e(

.
u) dx =

∫

Ω
Kext:e(

.
u) dx,

(3.16)

where, for the last-but-one equality, we used (3.3). Then testing the momentum-equilibrium equa-
tion ̺

..
u−div(σ+Kext) = f by

.
u, we enjoy cancellation of the terms

∫

ΩKext:e(
.
u) dx and obtain

the energy balance. It reveals that | .z+div(
.
uz)|2 = |∆z|2 is the specific dissipation rate due to

diffusion/convection. Such a Korteweg stress (3.15) can be found relatively frequently in literature
e.g. in [11, Sec.2], [46, Formulas (4.15) + (6.15)], or [64, Formula (2.20)], etc. On the other hand,

when considering a transport of an intensive variable, we would have the structure D
Dtz = ∆z to

be tested by D
Dtz. It modifies the above considerations only by taking

Kint = ∇z⊗∇z − 1

2
|∇z|2I (3.17)

instead of (3.15), cf. [19]. Then, instead of (3.16), we would have

∫

Ω

∣
∣
∣
Dz

Dt

∣
∣
∣

2
+

1

2

∂

∂t
|∇z|2 dx = −

∫

Ω
∆z(

.
u·∇z) dx

=

∫

Ω
(∇z⊗∇z

)
:e(

.
u)− 1

2
|∇z|2div .

u dx =

∫

Ω
Kint:e(

.
u) dx. (3.18)

Again it reveals that | DDtz|2 = |∆z|2 is the specific dissipation rate due to diffusion/convection.

In particular, if the moving medium is incompressible, i.e. tr e(
.
u) = div

.
u = 0, both options of

transport of extensive or intensive variable coincide with each other and, in particular, the term
1
2 |∇z|2div

.
u in (3.18) disappears and Kint in (3.17) reduces to Kint = ∇z⊗∇z, which was used

e.g. in [48, 26]. In geophysical models, such reduced Korteweg stress is used under the name
structural stress in [51, 54] even in compressible situations but without deriving any global energy
balance analogous to (3.1) or (3.10). Even more, if the diffusion/convection would be accompanied
by a reaction term, then, e.g. in the case of an intensive variable, the equation in question would

be D
Dtz = ∆z + ψ′(z). Again it is to be tested by D

Dtz, which leads to the structural stress

Kint = ∇z⊗∇z −
(1

2
|∇z|2 + ψ(z)

)

I (3.19)
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instead of (3.17), cf. again [19]. The contribution ψ(z) to the pressure in (3.19) arises by augment-

ing (3.18) by the calculation
∫

Ω ψ
′(z)(

.
u·∇z) dx =

∫

Ω ψ
′(z)

.
u·∇ψ(z) dx = −

∫

Ω ψ(z)div
.
udx.

For such a pressure term in the extensive-variable case, where such an additional pressure term
takes the form ψ(z)− zψ′(z) instead of ψ(z), we refer e.g. [20].

Remark 3.4 (The energy balance (3.10).) The last terms in the energy balances (3.1) and (3.10)
are rather not desired and expected. Its meaning is not entirely clear, and it may be a result of
a conceptual discrepancy of mixing the concept of small strains with large displacements (and
using the additive decomposition which seems justified only up to higher-order terms, as claimed
in Proposition 2.1)

or of the missing (and varying) mass density ̺ to be governed by the diffusion-less extensive-
variable transport

.
̺ + div(

.
u̺) = 0. Yet, there is a certain experience that the influence of the

structural stresses is anyhow very small in specific geophysical simulations [49]. In addition,
in typical (rather stratified) geophysical simulations of moving lithospheric domains adjacent to
straight faults as already mentioned in Proposition 2.1, the vectors

.
u and ∇eij(u) are (mostly)

orthogonal to each other so that our term (
.
u ⊗ σel)

...∇eij(u) in (3.1) and (3.10) is (nearly) zero.

Likewise, the volume variations are (mostly) not substantial so that also the term ψ
T
(θ)div

.
u

might be nearly zero, too. This justifies in some sense this (to some extent still simplified) model
from the viewpoint of geophysical applications. It should be also mentioned that considering sel
without any pressure-like term (as often done in literature, cf. Remark 3.3) would instead give rise

many other terms, namely 1
2(κ1|∇π|2+ κ2|∇α|2+ κ3|∇φ|2)div

.
u− ψ̃′

π:(
.
u·∇π)− ψ̃′

φ(
.
u·∇φ)−

ψ̃′
α(

.
u·∇α)−ψ̃′

ζ(
.
u·∇ζ) whose estimation like in Section 5 below would be questionable and which

need not be small even in the stratified situations.

Remark 3.5 (Surface tension in water.) Notably, there is no contribution to the structural
stresses in (2.4b) coming from ∇ζ , which is due to that we did not consider any gradient the-
ory for the diffusion. Of course, if (2.2) were augmented also 1

2κ4|∇ζ|2, the chemical potential

would have been ptot = ψ̃′
ζ −divψ̃′

∇ζ and (2.6d) would got a form of the Cahn-Hilliard [13] equa-

tion D
Dtζ = div(m∇ptot) and, if m is constant, the dissipation rate m|∇p|2 would been expanded

for κ4|m∆ζ|2. Such additional term would describe a surface tension and there is wast literature
addressing physics, analysis, and numerics possibly coupled with mechanical effect including also
damage as here, cf. e.g. [23, 35, 73] and references therein.

4 Special cases towards geophysical applications

We now be still more specific about ψ
M

in the ansatz (2.2), having in mind certain concrete geo-
physical applications. We introduce the notation for the two invariants of the elastic strain

I1 = tr εe = tr e(u)− tr ei = div u− 3φ and (4.1a)

I2 = |εe|2 = |e(u)|2+ 9φ2+ |π|2− 2φdiv u− 2e(u):π, (4.1b)

where we used already the ansatz (2.1), and further consider the following ansatz for the free
energy:

ψ
M
= ψ

M
(εe, α, φ, ζ, θ) =

1

2
λ(α, φ)I21 + µ(α, φ)I2 − γ(α, φ)I1

√

I2 +
1

2
M(α, φ)|βI1−ζ+φ|2 + χα.

(4.2)

For the Biot M -term see e.g. [53] while the non-Hookean γ-term was suggested in [55].
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Note that, in view of (4.2) with e = e(u), we have a simple expression

σel =
(

λ(α, φ)−γ(α, φ)
ξ

)

I1I+ βM(α, φ)(βI1−ζ+φ)
)
I

+
(
2µ(α, φ)−ξγ(α, φ)

)
εe with the strain invariant ratio ξ =

I1√
I2
,

(4.3a)

σi =
(
2µ(α, φ) − γ(α, φ)

)
εe, (4.3b)

σdam =
1

2
λ′α(α, φ)I

2
1 + µ′α(α, φ)I2 − γ′α(α, φ)I2ξ + χ+

1

2
M ′

α(α, φ)|βI1−ζ+φ|2, (4.3c)

peff =
1

2
λ′φ(α, φ)I

2
1 + µ′φ(α, φ)I2 − γ′φ(α, φ)I2ξ +

3

2
(3φ − div u)λ(α, φ) + 2µ(α, φ)tr εe

− γ(α, φ)ξ′φ − p+
1

2
M ′

φ(α, φ)|βI1−ζ+φ|2 + (1−3β)M(α, φ)
(
(1−3β)φ − ζ + βdiv u

)
,

(4.3d)

p =M(α, φ)(ζ−βI1−φ), (4.3e)

where I denotes the identity matrix, and while the heat capacity cv(θ) = −θψ′′
T
(θ) is again as in

(2.4g) which yield the form of the heat content:

ϑ = Cv(θ) = ψT(θ)− θψ′
T
(θ). (4.3f)

Here we already used that tr π = 0. In (4.3a), we use the standard notation ξ for the so-called

strain invariant ratio, ranging from −
√
3 for isotropic compaction to

√
3 for isotropic dilation.

Let us first specify the above (still general) model for a relatively simple particular case, ig-
noring the water flow and porosity, i.e. M ≡ 0 and φ ≡ 0 ≡ ζ , and (2.6c) simplifies while (2.6d)
does not occur in the resulting system at all. Such sort of models has been devised in literature by
setting

λ(α) = λ0, µ(α) = µ0 − αµr, γ(α) = αγr, (4.4a)

cf. [30, 31] together with D2(α; ·) = ∂ .
αδ2(α; ·) given by the pseudopotential of dissipative forces

for the damage evolution δ2(α, ·) : R → R as

δ2(α;
.
α) =

{
1
2c0

.
α2 if

.
α ≥ 0,

1
2c1

e−α/c2 .
α2 if

.
α ≤ 0

(4.4b)

with some c0, c1, and c2 positive. Let us note that δ2(α; ·) is convex, degree-2 homogeneous, and

non-differentiable at
.
α = 0. This last property corresponds to the activation phenomena both for

damage and for healing, while the degree-2 homogeneity yields that the damage dissipation rate is

D2(α;
.
α)

.
α = 2δ2(α;

.
α). (4.5)

Then, denoting by δ∗2(α; ·) the conjugate functional to δ2(α; ·), by the convex-analysis calculus
we obtain

[D2(α; ·)]−1(z) = ∂zδ
∗
2(α; z) =

{

c0z if z ≥ 0,

c1e
α/c2z if z ≤ 0,

(4.6)

which has been actually devised in [52, Formula (42)] and later used e.g. in [31, 50, 54] without
identifying the underlying dissipation potential (4.4b), however. Here σdam,tot from (2.4f) now
uses σdam from (4.3c) in the form

σdam,tot = γrI1
√

I2 − µrI2 = γrI2(ξ−ξ0) with ξ0 = −µr
γr

(4.7)
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with µr and γr from (4.4) with ξ0 having the meaning of a critical strain invariant ratio which
is a decisive threshold between damaging and healing. The damage flow rule (2.6c), i.e. now

∂ .
αδ2(α;

Dα
Dt ) ∋ κ2∆α − σdam − d with the reaction force d ∈ N[0,1](α) = the normal cone

to the interval [0, 1] where damage α is assumed to be valued, can be rewritten as D
Dtα ∈

∂zδ
∗
2(α;κ2∆α−σdam−d). In view of (4.6), we arrive at

Dα

Dt
=

{

c0
(
γrI2(ξ−ξ0) + κ2∆α

)
if γrI2(ξ−ξ0) + κ2∆α ≥ 0,

c1e
α/c2

(
γrI2(ξ−ξ0) + κ2∆α

)
otherwise.

(4.8)

Nearly the same flow rule has been devised in [51, Formula (25)], except that the switching thresh-
old in (4.8) has incorrectly ignored the κ2-term in [51], however.

The flow rule (2.6b) can cover a conventional linearized plasticity model (either rate-dependent
or rate-independent) with a yield stress σy = σy(α) for plastification possibly dependent on dam-
age. Counting isotropic material, such a model is governed by the potential

δ1(α;
.
π) = σy(α)|

.
π|. (4.9)

Now, δ1(α; ·) is degree-1 homogeneous so that, in contrast to (4.5) where the factor “2” occurred,
the dissipation rate is

D1(α;
.
π)

.
π = δ1(α;

.
π). (4.10)

A specific, even more general yield stress σy = σy(α, ξ) depending also on ξ has been devised
in [50, Formula (11)].

Let us now briefly come to the model of poroelastic damageable rocks, and consider other
internal variables: the porosity φ and the water content ζ . The nonlinearities (4.4) are then con-
sidered in [30, 53] modified as

λ(α, φ) = λ0
(
1−φ/φcr

)
, (4.11a)

µ(α, φ) =
(
µ0 − αµr

)(
1−φ/φcr

)
, (4.11b)

γ(α, φ) = αγr
(
1−φ/φcr

)
, (4.11c)

M(φ) =M0

(
1−φ/φcr

)
(4.11d)

where φcr denotes the porosity upper bound in which the material loses its stiffness. Moreover,

the driving force for porosity evolution (4.3d) now simplifies as

peff = − 1

3φcr
trσ0el − p (4.11e)

with σ0el from (4.3a) for φ = 0 and p again from (4.3e). The flow-rule for damage (4.8) may
modify and a flow-rule for porosity added as

Dα

Dt
=

{

c0
(
γrI2(ξ−ξ0) + κ2∆α

)
if γrI2(ξ−ξ0) + κ2∆α ≥ 0,

c1e
α/c2eb(φ0−φ)

(
γrI2(ξ−ξ0) + κ2∆α

)
otherwise,

(4.12a)

Dφ

Dt
= d(φ)

∣
∣peff+κ3∆φ

∣
∣n
(
peff+κ3∆φ

)
. (4.12b)

This would lead to a potential which is (2, n+2
n+1)-homogeneous in terms of the rates (

.
α,

.
φ):

δ2(α, φ;
.
α,

.
φ) = n+1

n+2d(φ)
−n−1|

.
φ|(n+2)/(n+1) +

{
1
2c0

.
α2 if

.
α ≥ 0,

1
2c1

e−α/c2e−b(φ0−φ) .
α2 if

.
α ≤ 0.

(4.13)
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Actually, a non-dissipative coupling between both flow rules in (4.12) has been considered in an
antisymmetric way in [30, 31, 53]. Such dissipation does not have any potential and even does not

control Dφ
Dt so that no standard existence theories for solutions is applicable, although sometimes

[56] it is admitted that it is not necessary and a dissipative coupling makes sense, too (and in
particular a symmetrical variant with a potential similarly as in [51] for a similar model with a
granular-phase field instead of the porosity). In fact, even a non-monotone dependence of the
right-hand side of (4.12b) has been devised in [30, 53] for n 6= 0, which is again not consistent
with any standard existence theories for solutions.

Note that we count with dissipation of mechanical energy via diffusion m|∇p|2 occurring in
(3.1) through (2.6f), see also e.g. [30, Formula (11)].

It should be emphasized that no explicit energetics in a form like that one presented in Sect. 3
can be read from the cited (and many other) geophysical articles [49] and thus any attempt for
rigorous analysis has ever not been made. Sometimes, even obviously misconceptual models are
used, like negative entropy production due to negative friction (as already noted in [16], see also a
critical survey with many such references in [72]) or strain acceleration contributing to the entropy
production [54, Formulas (6) and (a10)]. Thus, using the concrete data in this section in the general
model devised in Sections 2–3 yield a qualitative improvement of existing models in geophysical
literature.

Remark 4.1 (Driving force for healing.) Let us note that the healing is possible due to two
mechanisms, the possibly negative values of γ (which typically dominates in geophysical mod-
els [49]) and the χ-term in (4.2) which reflects the phenomenon that microcracks and microvoids
related to damage bears a certain energy χ > 0 and nature likes minimizing energy.

Remark 4.2 (Maxwell rheology.) Instead of (4.9), one could consider δ1(α;
.
π) = 1

2λv|tr
.
π|2 +

µv
.
π :

.
π with some Lamé type coefficients µv > 0 and λv > 2µv/3. This results to the Maxwell

rheology. In geophysical models of the upper lithosphere, usually these “viscous moduli” takes
very large values about 1022±2Pa s and this creep rheology applies under very slow load around
µm/year which does not lead to earthquakes. A combination with activated plasticity (4.9) ac-
tivated by large stress and leading to earthquakes is well possible by adding another strain into
the splitting (2.1), cf. also e.g. [75]. Due to its hyperbolic character, the Maxwell rheology then
exhibits a very low attenuation reflecting a relatively easy propagation of seismic waves on very
long distances.

Remark 4.3 (Rate-and-state depedendent friction.) This model can be used also for the popu-
lar rate-and-state dependent friction [16] used for contact of elastic rocks on lithospheric faults.
The damage α is then interpreted as the so-called aging variable, while the role of temperature
may serve both to follow the velocity of mutual shift on the fault to reflect low-velocity laboratory
experiments governed by the Dieterich-Ruina-type laws, cf. [72], or/and to reflect the so-called
flash heating leading even to melting during high-velocity experiments or real earthquakes, cf. e.g.
[7, 17, 68].

Remark 4.4 (Validity of the model in time and further transitions.) Damage models used in
geophysics often play with an idea that their validity is terminated when the material is completely
disintegrated. Then a so-called time-to-failure is considered as a vital outcome and sometimes es-
timates in 0-dimensional models do exist [49]. The model looses validity beyond this time. This
is motivated by some laboratory experiments. Apart that this validity time is not estimated (and
likely can be zero) in multi-dimensional cases, the physical time certainly goes on forever, in par-
ticular in the real geophysical applications. Models capturing global-in-time validity are certainly
physically worth considering and should then either prevent complete disintegration (reflecting the
phenomenon that rocks are staying relatively compact even when partly damaged in seismogenic
zones many kilometers deep, as considered in this paper), or cope with possible complete disinte-
gration of the material either by considering a complete damage (which is mathematically difficult
and restricted so far on rather simpler models without healing, see [9, 61] or [60, Sect. 4.3.2.2]) or
allow for a transition to a granular-material-type models (see e.g. [36, 37, 51], and also [38, 78]
for a wide menagerie of granular-type models).



T.Roubı́ček: eophysical models of heat and fluid flow in poroelastic continua (Preprint: No.2016-012, Nečas Center for Math. Modeling, Prague) 19

5 Appendix: mathematical analysis outlined

The mathematical analysis yields important theoretical justification of the system under consider-
ation as far as mere existence of its (suitably defined) solution, and may yield a useful hint for a
strategy concerning a numerical discretisation which would be stable and even convergent. Apart
mere existence, a further and more difficult goal (not addressed in this paper) would be regularity
(=smoothness) of (some or all) solutions which was, in fact, used in Propositions 3.1–3.3 in the
position of an assumption.

Within the presented model, the rigorous energy conservation unfortunately seems not ensured
and, related to this drawback, except Remark 5.1, we confine ourselves to a model either restricted
to an isothermal situation or modified to small displacements with Kelvin-Voigt rheology. The
later option is particularly relevant during ongoing earthquakes of medium magnitude when dis-
placement is indeed small although the heat production is considerable. On top of it, we confine
ourselves to rather special boundary conditions instead of (2.7a), cf. Remark 5.2, namely

u = 0 and hel:(ν ⊗ ν) = 0 on Γ. (5.1)

The analysis is then similar to [76] except that the damage considered here is rate dependent
and allows also for healing, and except that we consider 2nd-grade nonsimple material but do not
consider any Kelvin-Voigt-type rheology so that the momentum equation (2.6a) has a hyperbolic
instead of a parabolic character, even if another attenuation as in Remark 4.2 would be considered.

We only briefly outline main features and tricks. We use the standard notation for function
spaces, namely Lp for the Lebesgue space of measurable functions whose p-power is integrable,
W k,p for Sobolev spaces whose k-th derivatives are in Lp-spaces, and the abbreviation Hk =

W k,2. Also,H−k = (W k,2
0 )∗ denotes the dual space toHk

0 which is a subspace ofHk of functions
with zero traces on the boundary. We further consider a fixed time interval I = [0, T ] and we
denote by Lp(I;X) the standard Bocher space of Bochner-measurable mappings I → X with X
a Banach space. Also, W k,p(I;X) denotes the Banach space of mappings from Lp(I;X) whose
k-th distributional derivative in time is also in Lp(I;X).

We consider an initial-boundary-value problem for the system (2.6) with the initial conditions
at time t = 0:

u(0) = u0,
.
u(0) = v0, π(0) = π0, ζ(0) = ζ0, φ(0) = φ0, α(0) = α0, ϑ(0) = ϑ0.

(5.2)

By a solution, we will understand a conventional weak solution to (2.6), cf. e.g. [71, Chap. 13]
for the doubly-nonlinear inclusions involved in (2.6). Without going into any technical details,
we assume that we have approximated somehow the system (2.4)–(2.6) in a constructive way, and
denote its solution by (uh, πh, αh, φh, ζh, θh) as well as the corresponding pore pressure ph and
the rescaled temperature ϑh with h > 0 a discretisation parameter. One can imagine discretisation
in space (i.e. the Galerkin approximation) based on a finite-element method with h denoting a
mesh parameter, or a suitable semi-implicit decoupled discretisation in time like in [76, Sect. 5]
with h > 0 denoting a time step.

Let us summarize the main assumptions considering the isothermal case ψ
T
≡ 0, again without

going into technical details and without optimizing:

ψ
M
, δ1, δ2, m, k, continuous together with all their second derivatives in all their arguments,

considering α, φ, ζ ranging over in [0, 1]3, and θ ranging over in [0,∞),
(5.3a)

∫

Ω
ψ̃(e(u), π, α, φ, ζ,∇e,∇π,∇α,∇φ) dx ≥ ǫ‖u‖2H2(Ω;R3) + ǫ‖∇π‖2L2(Ω;R3×3)

+ ǫ‖φ‖2H1(Ω) + ǫ‖α‖2H1(Ω) − 1/ǫ,

(5.3b)
∣
∣ψ′

M
(εe, α, φ, ζ)

∣
∣ ≤ 1/ǫ, ǫ ≤ [ψ

M
]′′ζζ(εe, α, φ, ζ) ≤ 1/ǫ, (5.3c)

∣
∣[ψ

M
]′′ζεe(εe, α, φ, ζ)

∣
∣ ≤ 1/ǫ,

∣
∣[ψ

M
]′′ζα(εe, α, φ, ζ)

∣
∣ ≤ 1/ǫ,

∣
∣[ψ

M
]′′ζφ(εe, α, φ, ζ)

∣
∣ ≤ 1/ǫ, (5.3d)
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δ1(α, φ, θ; ·) : R3×3
dev → R convex, with quadratic growth and coercivity, (5.3e)

δ2(α, φ, θ; ·) : R2 → R convex, with quadratic growth and coercivity, (5.3f)

ǫ ≤ m(α, φ) ≤ 1/ǫ, ǫ ≤ k(ζ, θ) ≤ 1/ǫ, (5.3g)

̺, κ0, κ1, κ2, κ3 > 0, g ∈ L2(0, T ;L1(Ω;R3)), fext ∈ L2(0, T ;L2(Γ)), (5.3h)

u0∈H2(Ω;R3), v0∈L2(Ω;R3), π0∈H1(Ω;R3×3
dev ),

ζ0, α0, φ0∈H1(Ω), and α0(x), φ0(x), ζ0(x) ∈ [0, 1] for all x ∈ Ω, (5.3i)

for some ǫ > 0, where ψ
M

refers to (2.2) and ψ̃ to (2.3).

Lemma 5.1 (A-priori estimates) Let the assumptions (5.3) hold. Then the (unspecified) approxi-
mate solution (uh, πh, αh, φh, ζh, θh, ph, ϑh) to the system (2.4)–(2.6) together with (2.2) and with
the boundary conditions (2.7b-d) and (5.1) satisfies the following a-priori estimates:

∥
∥uh

∥
∥
L∞(0,T ;H2

0 (Ω;R3))∩W 1,∞(0,T ;L2(Ω;R3))∩W 2,1(0,T ;H−3(Ω;R3))
≤ C, (5.4a)

∥
∥πh

∥
∥
L∞(0,T ;H1(Ω;R3×3

dev ))∩H1(0,T ;L1(Ω;R3×3
dev ))

≤ C, (5.4b)
∥
∥αh

∥
∥
L∞([0,T ]×Ω)∩L∞(0,T ;H1(Ω))∩H1(0,T ;L1(Ω))

≤ C, (5.4c)
∥
∥φh

∥
∥
L∞([0,T ]×Ω)∩L∞(0,T ;H1(Ω))∩H1(0,T ;L1(Ω))

≤ C, (5.4d)
∥
∥ph

∥
∥
L∞([0,T ]×Ω)∩L2(0,T ;H1(Ω))

≤ C, (5.4e)
∥
∥ζh

∥
∥
L∞([0,T ]×Ω)∩L2(0,T ;H1(Ω))∩H1(0,T ;H1(Ω)∗)

≤ C (5.4f)

with some C <∞. In addition, if Ω is smooth, then for some CΩ also

∥
∥πh

∥
∥
L2(0,T ;H2(Ω;R3×3

dev ))
≤ CΩ,

∥
∥φh

∥
∥
L2(0,T ;H2(Ω))

≤ CΩ,
∥
∥αh

∥
∥
L2(0,T ;H2(Ω))

≤ CΩ, (5.4g)

and the estimates in (5.4a-d) improve by

∥
∥
..
uh

∥
∥
L1(0,T ;H−2(Ω;R3))

≤ CΩ and
∥
∥(

.
πh,

.
αh,

.
φh)

∥
∥
L2(0,T ;L3(Ω;R3×3

dev ×R×R))
≤ CΩ. (5.4h)

Sketch of the proof. The estimates (5.4a-e) follow from the mechanical-energy balance (3.1) writ-
ten for the approximate solution; for technicalities related to a fractional-step-type semi-implicit
time-discretisation with a suitable regularization of the growth of the heat sources see [76]. The
bulk right-hand side term in (3.1) can be estimated as

∣
∣
∣

∫

Ω
(
.
u⊗ σel)

...∇e(u) dx
∣
∣
∣ ≤

∥
∥σel

∥
∥
L∞(Ω;R3×3)

∥
∥
.
u
∥
∥
L2(Ω;R3)

∥
∥∇e(u)

∥
∥
L2(Ω;R3×3×3)

≤ sup |ψ̃′
e|

4ǫ

∥
∥
.
u
∥
∥2

L2(Ω;R3)
+ ǫ

∥
∥∇e(u)

∥
∥2

L2(Ω;R3×3×3)
(5.5)

and then, for a sufficiently small ǫ > 0, use the coercivity (5.3b) and the Gronwall inequality,

relying on the kinetic-energy term. Realizing that, due to (2.3), ψ̃′
ζ = [ψ

M
]′ζ(εe,h, αh, φh, ζh) so

that

∇ph = ∇(ψ̃′
ζ) = ψ̃′′

ζζ∇ζh + ψ̃′′
ζεe∇εe,h + ψ̃′′

ζα∇αh + ψ̃′′
ζφ∇φh, (5.6)

and using (5.3c) and (5.3d), we can perform also the estimation of the boundary term

∫

Γ
phfext·ν dS ≤

∫

Γ

1

4ǫ
f2ext + ǫp2h dS ≤ Cǫ

∫

Ω
1 + ǫ|∇ζh|2 + ǫ|∇εe,h|2 + ǫ|∇αh|2 + ǫ|∇φh|2 dx
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and then, choosing ǫ > 0 sufficiently small, to absorb the respective terms in the left-hand
side by using the coercivity (5.3b). An estimate of πh is little peculiar due to the absence
of any hardening in the stored energy, but one can use the dissipation D1 which controls
D
Dtπh ∈ L2([0, T ] × Ω;R3×3) due to (5.3e) and thus also

.
πh = D

Dtπh − .
uh · ∇πh is controlled

in L2(0, T ;L1(Ω;R3×3)) because the velocity
.
uh is bounded in L∞(0, T ;L2(Ω;R3)) thanks to

the inertial term and because ∇πh is bounded in L∞(0, T ;L2(Ω;R3×3)). Therefore also πh is
controlled in L∞(0, T ;L1(Ω;R3×3)) and, due to the estimate of ∇πh ∈ L∞(0, T ;L2(Ω;R3×3))
thanks to κ1 > 0 assumed in (5.3h) we eventually have πh ∈ L∞(0, T ;H1(Ω;R3×3)). Simi-

lar arguments show boundedness of
.
αh = D

Dtαh − .
uh · ∇αh and of

.
φh = D

Dtφh − .
uh · ∇φh

in L2(0, T ;L1(Ω)). Altogether, we thus have obtained the estimates (5.4a-e) except the W 2,1-

estimate of uh. This last estimate can be obtained by comparison
..
uh = (div σel,tot,h +

g)/̺ = (div(σel,h+sel,h) − div2 hel,h + g)/̺ when realizing that, due to the already ob-

tained estimates, σel,h = ψ′
M
(e(uh) − πh − φhI, αh, φh, ζh) ∈ L∞([0, T ] × Ω;R3×3)), sel,h ∈

L∞(0, T ;L1(Ω;R3×3)), and hel,h = κ0∇e(uh) ∈ L∞(0, T ;L2(Ω;R3×3×3)), cf. (2.4b).

Using again (5.6), also the L2-estimate of ∇ζh contained in (5.4f) then follows from

∇ζh =
[
ψ̃′′
ζζ

]−1(∇ph − ψ̃′′
ζεe∇εe,h − ψ̃′′

ζα∇αh − ψ̃′′
ζφ∇φh

)
, (5.7)

exploiting also the boundedness of [ψ̃′′
ζζ ]

−1 assumed in (5.3c) as well as of ψ̃′
ζεe

, ψ̃′′
ζα and of ψ̃′′

ζφ,

cf. (5.3d), and that the other gradients are already estimated. By comparison, we also obtain the

estimate for
.
ζh contained in (5.4f), namely (written possibly only formally)

sup
‖v‖

L2(0,T ;H1(Ω))≤1

∫ T

0

∫

Ω

.
ζhv dxdt = sup

‖v‖
L2(0,T ;H1(Ω))≤1

∫ T

0

∫

Ω
m∇ph·∇v dxdt ≤ ‖m∇ph‖L2(0,T ;H1(Ω)).

The regularity (5.4g) follows from the flow rules for π, α, and φ, from which we can see
that κ1∆πh, κ2∆αh, and κ3∆φh are already estimated in L2(0, T ;L2(Ω))-norms. Using H2-
regularity theory on smooth domains, we obtain (5.4g). Actually, handling of the constraints
formed by K is a bit technical and needs a smoothing technique, cf. [57]. Also let us emphasize
that the concept of healing in damage and porosity is essential for these estimates. Then, we
can also improve the bound of

.
uh · ∇πh in L2(0, T ;L3(Ω;R3×3)) because

.
uh is bounded in

L∞(0, T ;L3(Ω;R3)) and πh in L2(0, T ;L6(Ω;R3×3)) due to the Rellich embedding theorem
H1(Ω) ⊂ L6(Ω). Similar arguments hold for αh and φh, so that we prove also (5.4h).

The first estimate in (5.4h) can be seen by comparison
..
uh = (div(σel,h+sel,h) −

div2 hel,h + g)/̺ when realizing that now sel,h ∈ L2(0, T ;L3/2(Ω;R3×3)) which can be

seen by interpolating (∇π,∇α,∇φ) ∈L∞(0, T ;L2(Ω;R3×3+2)) ∩ L2(0, T ;L6(Ω;R3×3+2)) ⊂
L4(0, T ;L3(Ω;R3×3+2)). �

Proposition 5.1 (Convergence towards weak solutions in the isothermal case.) Let the heat
part of the problem is ignored (i.e. D1 and D2 are independent of temperature so that the heat-
transfer becomes separate and irrelevant for the mechanical part of the model) and let again (5.3)
hold. Then, letting the abstract discretisation parameter h to converge to 0, there is a subse-
quence so that the (unspecified) approximate solutions (uh, πh, αh, φh, ζh, ph, ) converge to some
(u, π, α, φ, ζ, p) weakly* in the topologies indicated in (5.4a-f,i-k). Moreover, every such a limit
is a solution (in a usual weak sense) to the initial-boundary-value problem for the system (2.6a-d)
with the initial-boundary conditions (2.7b,c) and (5.1) and (5.2) and, in addition, the inclusions
(2.6b-d) hold even almost everywhere.

Sketch of the proof. First, the weakly* convergent subsequence in the topologies indicated in
(5.4a-f,i) can be chosen by the Banach selection principle. The strong convergence of α, φ, and ζ
needed for limit passage through the nonlinear terms is by the Aubin-Lions theorem based on the
estimates of the gradients and of the time derivatives. In particular, note that the kinetic term ̺

..
uh
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in (2.6a) estimated in (5.4a) is needed to get strong convergence in e(uh) and thus also in εe,h. The
highest-order gradient terms are linear so that the limit passage via the weak convergence works.
�

The energy conservation is a-priori not guaranteed just by basic energy estimates (5.4) which
do not make the acceleration ̺

..
u in duality with the velocity

.
u so that possibly some energy may

be lost on possible shock waves as, without considering the Kelvin-Voigt-type viscosity in the
material, the momentum equation (2.6a) has a hyperbolic character. Even worse, it does not seem
obvious that our “inviscid” model indeed allows for the expected energy conservation at all. More
specifically, this can be seen from the analysis performed in [67, Prop. 2] where the energy con-
servation was essentially proved (without considering internal parameters) in the two-dimensional
case if the elastic stress σel, cf. (2.4a), is twice differentiable as a nonlinear function of all involved
variables and the initial conditions for u and

.
u are more regular by employing differentiation of

the momentum equation (2.6a) in time and testing it by
..
u. For the physically relevant three-

dimensional situation, the analysis in [67], if generalized for situations with internal variables,
indicates that one would need to modify our model by using 3rd-grade nonsimple materials and
2nd-order gradients of the internal variables π, α, φ, and also the gradient theory for the diffusion
leading to the Cahn-Hilliard model, cf. also Remark 3.5 above; to this goal, also a test of (2.6a) by
∆

.
u is employed.

A generalization of Proposition 5.1 for the full anisothermal model needs a limit passage in
the heat source r from (2.6f) which needs (and is known to be essentially equivalent to) energy
conservation which is however difficult, as discussed above. It is at least well possible in some sort
of special cases (modifications) of the model for short times and thus small displacements where
D
Dt is replaced by ∂

∂t . Then the structural stresses are omitted, i.e. σel,tot from (2.4c) is considered

with sel = 0. A need related to energy conservation is to get ̺
..
u in duality to

.
u, which can be

achieved by involving a Kelvin-Voigt type rheology in such a way that
.
u would get estimated in

L2(0, T ;H2
0 (Ω;R

3)). Altogether, (2.6) then modifies as:

̺
..
u = div

(
σel + λvtre(

.
u) + 2µve(

.
u)− div(hel + κv∇e(

.
u))

)
+ g, (5.8a)

D1

(
α, φ, θ;

.
π
)
+ dev σi,tot ∋ 0, (5.8b)

D2

(

α, φ, θ;
( .
α.
φ

))

+
( σdam,tot+N[0,1](α)

peff,tot + N[0,1](φ)

)

∋ 0, (5.8c)

.
ζ ∈ div

(
m(α, φ)∇p

)
−N[0,1](ζ), (5.8d)

cv(θ)
.
θ = div

(
k(ζ, θ)∇θ

)
+ λv|div

.
u|2 + 2µv|e(

.
u)|2 + κv|∇e(

.
u)|2

+m(α, φ)|∇p|2 + θη div
.
u+D1

(
α, φ, θ;

.
π
)
:
.
π +D2

(

α, φ, θ;
( .
α.
φ

))

·
( .
α.
φ

)

,

(5.8e)

where λv ≥ 0, µv > 0, and κv > 0 are coefficients related to the mentioned Kelvin-Voigt (linear)
rheology.

Proposition 5.2 (Weak solutions in the small-displacement case.) Let again (5.3) be valid to-
gether with

ψ′
T
(θ) ≥ ǫ(1 + θ)6/5+ǫ and |ψ

T
(θ)| ≤ (1 + θ)/ǫ, (5.9a)

jext ∈ L1(0, T ;L1(Γ)), ϑ0∈L1(Ω), and ϑ0(x) ≥ 0 for all x ∈ Ω. (5.9b)

Then, for (again unspecified approximate solutions), the estimates (5.4a-f,h) hold completed now
with ‖uh‖H1(0,T ;H2

0 (Ω;R3)) ≤ C due to the newly added Kelvin-Voigt viscosity, also the a-priori

estimates

∥
∥ϑh

∥
∥
L∞(0,T ;L1(Ω))

≤ C,
∥
∥ϑh

∥
∥
Lr(0,T ;W 1,r(Ω))

≤ Cr,
∥
∥θh

∥
∥
Lr(0,T ;W 1,r(Ω))

≤ Cr, (5.10)
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hold for any 1 ≤ r < 5/4 with some C and Cr < ∞, and any weakly* convergent subsequence
has a limit which is a weak solution to the system (5.8) with the boundary conditions (2.7b-d) and
(5.1) and with the initial condition (5.2).

Sketch of the proof. The estimates (5.4) follow again by Hölder, Young, and Gronwall inequalities
from (3.1) but simplified because the last bulk integral (related to large displacement model) is now
omitted. Also the estimates of

.
uh is simplifies and the estimate (5.4h) of

..
uh holds even without

assuming Ω smooth because sel ≡ 0 here.
The first estimate in (5.10) then follows from (3.10) if one proves ϑh ≥ 0, which follows from

the non-negativity of the initial conditions ζ0 assumed in (5.3i) and of the heat sources (2.6f). Here
(5.9) is used, and also a certain consistency of the discretisation scheme is needed but we omit
technical details; for the spatial discretisation it is important that there are no adiabatic-cooling
effects in the model while for the time-discretisation we refer to [76]. The resting two estimates in
(5.10) can be obtained by a rather sophisticated test technique of the heat equation combined with
Gagliardo-Nirenberg interpolation developed for nonlinear heat-transfer equation with L1-data in
[8]; cf. also e.g. [71].

The convergence in the semi-linear mechanical part toward (5.8-d) is quite standard by the
weak convergence combined with Aubin-Lions compactness theorem. The limit passage towards

(5.8e) needs the strong convergence in ∇e( .
u),

.
π,

.
α,

.
φ, and ∇p, which is however essentially

equivalent to the energy conservation. For this, it is important that
..
uh ∈ L2(0, T ;H−2(Ω;R3)) is

in duality with
.
uh ∈ L2(0, T ;H2

0 (Ω;R
3)) due to the Kelvin-Voigt viscosity.

For various technicalities see also [75] for a model without porosity and water transport, or [73,
76] for a poroelastic model without the non-Hookean γ-term, and thus without the hyper-stresses.
Moreover, if Galerkin’s technique is used, two-step approximation has to be made because of a
nonlinear test needed for (5.10), cf. e.g. [69] for details. �

Remark 5.1 (An anisothermal model at large displacements.) The above outlined mathemati-
cal analysis works if one modifies (2.6) by replacing (2.6a) by (5.8a) and augmenting r in (2.6f)
by λv|div

.
u|2 + 2µv|e(

.
u)|2. Although conceptually a bit questionable, such system may still be

used for large displacements during long periods of aseismic slips combined with Kelvin-Voigt at-
tenuation of seismic waves emitted during short period of earthquakes under small displacements.

Remark 5.2 (More general boundary conditions.) If the Dirichlet condition for u
D
·ν would be

inhomogeneous, one should made the shift transformation u 7→ u + u
D

with u
D

a suitable ex-
tension of the boundary data into the domain. This would lead to the homogeneous Dirichlet
condition u = 0 on Γ but would give rise a lot of bulk terms in (2.6) not only in (2.6a), but e.g..
uD ·∇π in (2.6b) or

.
uD ·∇α and

.
uD ·∇φ in (2.6c), etc. The above analysis could be performed but a

lot of technicalities would arise. Coming back to the Robin-type boundary conditions considered
in Section 3 would however bring a problem with estimation of the term

∫

Γ ψM

.
u·ν dS because

the traces of
.
u on Γ are not well defined and the by-part integration in time, which can otherwise

be used for the term
∫

Γ hext·
.
u dS in (3.1) if hext ∈ H1(0, T ;L2(Γ;R3)), does not seem to work.

Again, a modification by a Kelvin-Voigt type viscosity like in [54] would be needed.

Remark 5.3 (Perfect plasticity.) For κ1 = 0 and δ1 degree-1 homogeneous in terms of
.
π, we

would get the Prandtl-Reuss plasticity model which can exhibit shear bands and can thus model
infinitesimally thin core of the lithospheric faults. It is important to see that no gradient of π is
needed in (5.7). For a combination with damage without diffusion, porosity, and temperature,
see also [77] where the concept of 2nd-grade nonsimple materials occurred again essential for
analysis. This case however requires a special technique using the so-called bounded-deformation
spaces and e.g. estimates (5.4a,b) are to be modified accordingly. Here it would still need to ver-
ify a so-called safe-load condition in case of gravity load, unless one confines on mere Dirichlet
loading only. Yet, more important, ∇π is not controlled at all, and the term

.
u·∇π in the convec-

tive derivative could hardly have a meaning. This observation applies to geophysical models in
literature using possibly visco-plastic models but without gradient plasticity, as e.g. [54].
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Remark 5.4 (Geophysical models regularized.) Let us remark that a pointwise coercivity of ψ
M

in all variables (5.3c) is not satisfied by (4.2) if γ is large, and without the gradient terms even
the integral-type coercivity would not be satisfied. The interpretation of such model sometimes
adopted in geophysical literature (cf. [52, Sect. 4.1]) is that its validity remains only until the
non-Newtonian γ-term does not start dominating, believing that initial conditions and the loading
regime keeps it valid at least for some short time, as discussed already in Remark 4.4. On the
other hand, applicable in long time, the γ-term brings an essential driving force for healing of
the damage [49]. It is therefore particularly important here that we involved the gradient terms
and consider the integral-type coercivity (5.3b) which can be ensured by Korn’s inequality in
cooperation Dirichlet boundary conditions. Moreover, to satisfy some other assumptions in (5.3),
the ansatz (4.2) must be regularized. In particular, to comply with the growth assumption (5.3b)
which was casted to cope with the unpleasant growth of the last tri-linear term in (3.10), one can
think about

ψM,ǫ(εe, α, φ, ζ) =
1

2

λ(α, φ)I21 + 2µ(α, φ)I2 − 2γ(α, φ)I1
√
I2 +M(α, φ)|βI1−ζ+φ|2√

1 + ǫI2
+ χα

(5.11)

with ǫ > 0 presumably small. Obviously, for ǫ → 0, ψM,ǫ from (5.11) approximates the original
ψ

M
from (4.2) although the rigorous proof of convergence of corresponding solutions is not clear.

For fixed ǫ > 0, ψM,ǫ(·, α, φ, ζ) : R3×3 → R has a linear growth and, in particular, the uniform
boundedness of ψ′

M,ǫ(εe, α, φ, ζ) assumed in (5.3c) and used in (5.5) is satisfied; sometimes, such

nonlinear-elastic models are referred to as Hook’s law with perfectly plastic domain [63, Sect. 3.5].
Here, choosing ǫ > 0 small, any visible deviation from the desired model ǫ = 0 can be made only
for so big elastic stresses which anyhow no rock material can withstand so it does not represent
any essential model modification while facilitates its rigorous mathematical support.
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(Engl. transl. Springer, Berlin, 1976).

[23] H. GARCKE: On Cahn-Hilliard systems with elasticity. Proc. Royal Soc. Edinburgh A 133 (2003),
302–331.
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Exactes Nat. 6 (1901), 1–24.
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[60] A. MIELKE, T. ROUBÍČEK: Rate-Independent Systems - Theory and Application. Springer, New
York, 2015.
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[77] T. ROUBÍČEK, J. VALDMAN: Perfect plasticity with damage and healing at small strains, its mod-
elling, analysis, and computer implementation. SIAM J. Appl. Math. 76 (2016), 314–340.

[78] O. SADOVSKAYA AND V. SADOVSKII: Mathematical Modeling in Mechanics of Granular Materials.
Springer, Berlin, 2012.

[79] G. SCIARRA, S. VIDOLI: Asymptotic fracture modes in strain-gradient elasticity: size effects and
characteristic lengths for isotropic materials. J. Elast. 113 (2013), 27–53.
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