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SUMMARY

Within the framework of implicit constitutive relations we investigate steady flows of stress–power-law and
Bingham fluids. This leads naturally to the setting of mixed formulations for the corresponding boundary
value problems. We propose and compare several such formulations, their stable approximations and
particular examples of stable finite element spaces resulting in regular (well posed) linearized problems.
This systematic theoretical setting is then analyzed computationally and for the Bingham fluid we identify
certain combinations of the implicit function formulation and mixed finite element approximations which
result in problem solvable by the Newton method with mesh-refinement independent number of iterations.
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1. INTRODUCTION

There are many flows of various fluids, such as polymeric liquids, powders, food materials, etc., that

exhibit the formation of "dead-zones" - these are subdomains in which the fluid is merely rotating

and translating, and in fact no real flow takes place inside such parts of the flow container. Such

behavior of materials is usually described by the following dichotomy. If the shear stress is below

certain (given) critical value in a part of the fluid domain, then this part moves as a rigid body. On the

other hand, if the shear stress exceeds this critical value, the fluid behaves as a Navier–Stokes fluid

or a power-law fluid, depending on the response characterized by a specific constitutive relation.

The critical shear stress whose value plays a key role in the total response of the material is called

the yield stress, and such material behavior is named the presence of yield stress in a simple shear

flow, or more generally the presence of an activation criterion (in a simple shear flow). Since such

response differs from the behavior of a Navier–Stokes (Newtonian) fluid, the presence of yield stress

belongs among (significant) non-Newtonian phenomena. In fact, as a material particle can either be

located in the dead-zone or flow according to the generalized Navier–Stokes equations, the above

described fluid response is an interesting example of mixing. The importance of investigating such
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Figure 1. Yield stress response. Bingham and Herschel–Bulkley fluids.

activated materials is expressed for example in the survey [1] or in the collection [2] which was

published on the 100 years anniversary of original investigation by E.C. Bingham [3].

The response of incompressible fluid is usually encoded in the deviatoric (traceless) part† S of

the Cauchy stress tensor T, i.e.

T = mI+ S where m :=
trT

tr I
and S := T

δ. (1)

With this notation, the above described fluid behavior is written in a full three-dimensional setting

as follows, see [4]:
|S| ≤ τ∗ ⇔ |D| = 0,

|S| > τ∗ ⇔ S =

(
2ν +

τ∗
|D|

)
D.

(2)

Here, τ∗ > 0 is the yield stress (the critical value in which the activation takes place), D is the

symmetric part of the velocity gradient ∇v, v being the velocity. The symbols 0 and I represent the

zero and the identity tensors. Finally, the specific form of the generalized viscosity ν := R
+
0 7→ R

+
0

distinguishes between the fluid of a Bingham or a Herschel–Bulkley type. If ν > 0 is constant then

the response described by (2) is associated with a Bingham fluid. If ν > 0 for D 6= 0 and depends

on |D|2 := 1
2 trD

2 polynomially, one talks about a Herschel–Bulkley fluid. More complex forms

for the generalized viscosity can be however considered, see for example the list given in [5, part 6].

Other equivalent forms of (2) can be used, see for example [6, ch. 5, p. 171]:

|S| ≤ τ∗ ⇔ D = 0,

|S| > τ∗ ⇔ D =

(
1− τ∗

|S|

)
S

2ν
;

(3)

alternatively,
|D| = 0 ⇔ |S| ≤ τ∗,

|D| > 0 ⇔ S =

(
2ν +

τ∗
|D|

)
D.

(4)

Recently, Rajagopal and Srinivasa [7] (see also [8]) and Bulíček et. al. [9] observed that the

response (2) (sketched in Figure 1) can be equivalently described through

2ν
(
τ∗ + (|S| − τ∗)

+
)
D = (|S| − τ∗)

+
S , (5)

where z+ := max{z, 0} for z ∈ R. Thus, setting

G1(S,D) := 2ν
(
τ∗ + (|S| − τ∗)

+
)
D− (|S| − τ∗)

+
S, (Bi-1)

†If A is a second order tensor, then its deviatoric part is defined through A
δ
:= A−

trA
tr I

I, and trA :=
∑d

i=1 Aii.
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we can capture the material behavior described in (2) by implicit relation G1(S,D) = 0. Using the

equivalences (3) and (4) this can be reformulated as:

G2(S,D) = 0 with G2(S,D) := 2ν(τ∗ + |2νD|)D− |2νD|S, (Bi-2)

G3(S,D) = 0 with G3(S,D) := 2ν(τ∗ + |2νD|)D− (|S| − τ∗)
+
S, (Bi-3)

G4(S,D) = 0 with G4(S,D) := 2ν|S|D− (|S| − τ∗)
+
S. (Bi-4)

We conclude that the Bingham and Herschel–Bulkley fluids are special cases of incompressible

fluids described through an implicit constitutive equation of the form

G(S,D) = 0. (6)

One of the main aims of this study is to investigate problems associated with Bingham and

Herschel–Bulkley fluids using the formulations (Bi-1), (Bi-2), (Bi-3) or (Bi-4) rather than (2), see

below for more comments concerning theoretical results for such problems.

Starting from the seminal work of Rajagopal [10], it has been observed that the framework of

implicitly constituted materials provides an appropriate theoretical basis for derivation/justification

of many models that have been used, mostly successfully, in various areas (engineering, chemistry,

food processing) but that have been proposed in an ad hoc manner. It concerns both fluid and solid

mechanics. To be more specific, we give a few examples.

In fluid mechanics, the relation G(T,D) = 0 is rich enough to include models where the

generalized viscosity is a function of both the pressure (mean normal stress) and the shear rate.

Recall that although the fact that the viscosity of many liquids changes dramatically with the

pressure is known since the works of Barus [11] and Bridgman [12], the model cannot be deduced

if one starts with the assumption that T = T̃(D), see [10], [13].

In solid mechanics, more specifically in the theory of elasticity, the equation G(T,B) = 0

with B = FF
T , where F stands for the deformation gradient, is an elegant way out for non-

linear relations between the stress and the linearized strain ε := 1
2 (∇u+ (∇u)T ). Note that the

traditional approaches in the non-linear elasticity, stemming from the assumption that T = T̃(B) and

investigating consequences that come from an additional assumption that the displacement gradient

is small, end-up always with linear relations between the stress and the linearized strain ε, see for

example Rajagopal [14].

In continuum thermodynamics, the implicit constitutive theory helped naturally to equalize the

role of thermodynamical fluxes (such as the heat flux or the dissipative part of the the Cauchy stress)

and thermodynamical affinities (such as temperature gradient or D). Such a viewpoint leads to the

development of a thermodynamical basis for complete fluid models of Korteweg, Cahn–Hilliard and

Allen–Cahn type, see [15], [16] and [17].

As shown above, see (5), the framework of implicitly constituted fluids is also a powerful

framework for involving responses with activation or deactivation criteria (that have been studied

earlier using calculus of multi-valued functions, theory of variational inequalities, etc.)

It is also worth mentioning that not only does the framework (6) include classical explicit

constitutive models

S = S̃(D) , (7)

but it also contains a new class of explicit non-linear models, namely those characterized by

D = D̃(S) . (8)

This has interesting consequences as well. To give an example, let us first observe that a Navier–

Stokes fluid characterized by

T = mI+ 2ν∗D with ν∗ > 0 (9)

can be written in the form (7) through S = 2ν∗D or in the form (8) as D = 1
2ν∗

S. More interestingly,

the standard power-law model

T = mI+ 2ν∗|D|r−2
D with ν∗ > 0 and r ∈ (1,∞) (10)
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can also be written in both forms, namely,

S = 2ν∗|D|r−2
D ⇔ D =

(
1

2ν∗

) 1

r−1 |S| 2−r

r−1S =
(

1
2ν∗

) 1

r−1 |S|r′−2
S . (11)

Here, r′ = r/(r − 1) denotes the exponent dual to r.
This equivalence suggests to consider and study the following generalizations of power-law fluids,

namely,

S = 2ν∗(1 + |D|2) r−2

2 D , (12)

versus

D =

(
1 +

( |S|
2ν∗

)2
) r

′
−2

2

S

2ν∗
. (13)

Although these models are asymptotically (for |S| and |D| large) equivalent, (13) is not inversion

of (12). Thus, (13) provides a new formula that is capable of capturing the same experimental data

as (12). The advantages of this extended framework of power-law models have been investigated

recently in [18] for various flows in special geometries. Thus, another aim of this study is to compare

the analytic solutions derived in [18] with the results of numerical simulations that are not based

on the ansatzes used in derivation of analytical solutions.

We also notice that the above equations (Bi-1)–(Bi-4), (12) and (13) belong to a subclass of fully

implicit relations G(S,D) = 0; this subclass is characterized by the relation

α(|D|2, |S|2)D = β(|D|2, |S|2)S (14)

with α being positive and β non-negative. In the remaining part of the paper we restrict ourselves to

implicit constitutive equations given by (14), i.e., G in (6) is of the form

G(S,D) = α(|D|2, |S|2)D− β(|D|2, |S|2)S. (15)

In what follows we neither consider the thermal effects nor inhomogeneity of the incompressible

fluids. Hence the density and the temperature are constant and are equal to ̺∗ and θ∗. Thus, for a

given T > 0 the governing equations in (0, T )× Ω, Ω ⊂ R
d being an open bounded set, take the

form

̺∗

(
∂v

∂t
+ div(v ⊗ v)

)
= divS+∇m+ ̺∗f ,

div v = 0 ,

G(S,D) = 0.

(16)

Besides the existing success of implicit constitutive theory in theoretical foundation of continuum

mechanics and thermodynamics, general implicit relations (6) have inspired mathematical analysts

to generalize the traditional setting so that its renovation is very suitable for large-data theoretical

results concerning existence of weak solution and its properties. More precisely, introducing

A := {(S,D) ∈ R
3×3
sym ×R

3×3
sym ;G(S,D) = 0} , (17)

where R
d×d
sym stands for the set of all symmetric matrices of order d, all the considered examples

(Navier–Stokes fluids (9), power-law fluids (10) and (12), stress–power-law fluids (13), Bingham

and Herschel–Bulkley fluids (6)) can be put into the following set of requirements:

(A1) A contains the origin: (0, 0) ∈ A.

(A2) A is a monotone graph:

(S1 − S2) · (D1 −D2) ≥ 0 for all (S1,D1), (S2,D2) ∈ A .

(A3) A is a maximal monotone graph: Let (S,D) ∈ R
3×3
sym ×R

3×3
sym .

If (S̄− S) · (D̄−D) ≥ 0 for all (S̄, D̄) ∈ A then (S,D) ∈ A.
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(A4) A is a r graph: There is c∗ > 0, α∗ > 0 and r > 1 such that

S ·D ≥ −c∗ + α∗(|D|r + |S|r′) for all (S,D) ∈ A .

We refer the reader to Lemma 1.1 in [9] for the proof of the statement saying that the Bingham

and Herschley–Bulkley fluids given by (5) with ν(|D|) = ν0(1 + |D|2) r−2

2 fulfill all the structural

assumptions (A1)–(A4).

The setting characterized by (A1)–(A4) is very transparent and makes the analysis presented

recently in [19], [9], [20] very straightforward if one deals with the concept of weak solution. The

following text should underline these statements.

Let us, for simplicity of next discussion, assume that v = 0 on (0, T )× ∂Ω. Multiplying (16)1 by

v, integrating the result over Ω and using the integration by parts, we obtain

d

dt

∫

Ω

̺∗
|v|2
2

dx+

∫

Ω

S ·D dx =

∫

Ω

̺∗f · v dx .

Using (A4) it implies that

sup
t

∫

Ω

|v|2 dx+ α∗

∫ T

0

∫

Ω

|D|r dx dt+ α∗

∫ T

0

∫

Ω

|S|r′ dx dt

≤ C

(∫

Ω

|v0|22 dx+

∫ T

0

∫

Ω

|f |2 dx dt+ c∗

)
.

(18)

In [19], the authors considered the framework characterized by (A1)–(A4) with one important

difference: instead of (A2) they require a certain kind of strict monotone property of the graph

given by G. This drawback has been removed and the most general results concerning large data

existence of weak solution are established in [9] for evolutionary case‡ and in [20] for systems

without inertia or for steady flows. Without going to details (that are not necessary for the main part

of the paper) the results can be characterized as follows:

For arbitrary set of data involving Ω ⊂ R
d with smooth boundary ∂Ω, T ∈ (0,∞),

v0 ∈ L2(Ω)d, div v0 = 0 in Ω and v0 · n = 0 on ∂Ω, and f ∈ L2(0, T ;L2(Ω)d), there

is long-time and large-data weak solution to (16) satisfying v = 0 on (0, T )× Ω and

v(0, .) = v0 in Ω provided that the graph A generated by G via the identification

(17) fulfills the assumptions (A1)–(A4) and the function spaces generated by (18) and

the Equation (16) are compactly embedded into L2(0, T ;L2(Ω)d), which happens if r
appearing in (A4) satisfies r > 2d

d+2 .

The bound r > 2d
d+2 is needed to treat (to take the limit in) the convective term and is required

also for analysis of steady flows; for steady Stokes-like system the result holds for r > 1, see [20,

section 2.5]. Also, in the evolutionary case to obtain the pressure integrable over (0, T )× Ω one

needs a Navier-slip type boundary conditions, see [9].

We wish to emphasize that the existence results established in [9] and [20] successfully use

the two main advantages of the assumptions (A1)–(A4): first, the quantities S and D occur in

these assumptions in a symmetric way; and second, these assumptions are strongly related to tools

developed in the theory of weak solutions. The approach developed in these studies starts from

Galerkin finite-dimensional approximations for a suitably regularized problem. These Galerkin

approximations are generated by the eigenvalues of a suitable elliptic operator. Recently, Diening,

Kreuzer and Süli in [21, 22] considered steady flows and proved the existence result via the

convergence of finite-element discretizations (the authors use strict monotone property in (A2)).

We also refer to [23] and [24] for the proof of the above result in the case of classical power-law

fluids (10). Regarding the analysis specifically focused on Bingham fluids we refer to [25, 26].

‡In [9], the functional space setting generated by (A4) is also extended to the Orlicz functions.
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Outflow ΓOInflow ΓI

Impermeable wall ΓW

Impermeable wall ΓW

Figure 2. General setting of the boundary notation for the computations.

In the literature one can find a wide range of numerical approaches to solving flows of fluids of a

Bingham type (sometimes called visco-plastic flows), see [27, 28, 29, 30, 31, 32, 33] for example.

A further aim of this study is to analyze computationally several different discrete formulations

and identify those that are stable. We will include different combinations of the implicit constitutive

form (see (Bi-1)–(Bi-4) above), different weak formulations and specific discretizations tested either

on a problem with known analytical solution and on an established benchmark type configuration

from existing literature. This will be discussed in the next sections.

2. WEAK FORMULATIONS

In this section, in order to focus on the structure of the problem given by the implicit constitutive

relation, we neglect the inertia and then the system of governing equations reduces to the following

problem: to find a triplet (S,v,m) satisfying

− divS−∇m = ̺∗f and G(S,D) = 0 in Ω, (19)

where Ω ⊂ R
d, d ∈ {2, 3}, is a bounded domain with Lipschitz boundary, ̺∗ > 0 is the density (let

us assume for simplicity that ̺∗ = 1), f ∈ L2(Ω;Rd) is the body force, and G : Rd×d
sym ×R

d×d
sym →

R
d×d
sym is a continuous tensor function, of the form (15), which automatically includes div v = trD =

0; this incompressibility condition can be recovered by taking the trace of the equation G(S,D) = 0,

under the assumption that the coefficient α(|D|, |S|) in (15) is nonzero.

We assume that the boundary ∂Ω (see Figure 2) is divided into three mutually disjoint parts ΓI ,

ΓW and ΓO on which we prescribe the nonhomogeneous Dirichlet, homogeneous Dirichlet and the

outflow boundary conditions, respectively:

v = a on ΓI , (20a)

v = 0 on ΓW , (20b)

vτ = 0 on ΓO, (20c)

m+ Sn · n = 0 on ΓO. (20d)

We present several weak formulations of problem (19)–(20) in which the following function

spaces are used:

Lq := Lq(Ω),

W 1,q :=W 1,q(Ω;Rd),

W
1,q
bc :=

{
ϕ ∈ W 1,q; ϕ|ΓI

= 0, ϕ|ΓW
= 0, ϕτ |ΓO

= 0
}
,

L
q := Lq(Ω;Rd×d

sym ),

L
q
0 := {ξ ∈ L

q; tr ξ = 0 a.e. in Ω}.

For scalar functions f, g such that fg ∈ L1(D) we define (f, g)D :=
∫
D
fg, similarly for vector and

tensor-valued functions. In case D = Ω we omit the index and write only (f, g).
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We primarily consider the following three weak formulations of the problem (19)–(20). We

will often work with D as the symmetric part of the velocity gradient, requiring that D :=
1
2

(
∇v + (∇v)T

)
. In order to distinguish clearly what we mean, we use D(z) := 1

2

(
∇z + (∇z)T

)

where apropriate. First we work with the (S,v,m) setting and include the divergence-less condition

into the formulation, hence we have:

Problem (A) Find (S,v,m) ∈ L
r′

0 ×W 1,r × Lr′ such that v − a ∈ W
1,r
bc , a ∈ W 1,r and

(G(S,D(v)), ξ) = 0 ∀ξ ∈ L
r′

0 ,

(S,D(ϕ)) + (m, divϕ) = (f ,ϕ) ∀ϕ ∈ W
1,r
bc ,

(div v, ψ) = 0 ∀ψ ∈ Lr′ .

If one considers the full Cauchy stress T as an unknown and defines the deviatoric part as

T
δ := T− trT

tr I I, then it is possible to eliminate the pressure (and also the divergence-less condition)

as it can be seen from the next formulation:

Problem (B) Find (T,v) ∈ L
r′ ×W 1,r such that v − a ∈ W

1,r
bc , a ∈ W 1,r and

(
G(Tδ,D(v)), ξ

)
= 0 ∀ξ ∈ L

r′ ,

(T,D(ϕ)) = (f ,ϕ) ∀ϕ ∈ W
1,r
bc .

We can also relax the constitutive relation by adding the tensor D to the list of unknowns, which is

then required to be equal to the symmetric part of the velocity gradient. This leads to:

Problem (C) Find (D,S,v,m) ∈ L
r
0 × L

r′

0 ×W 1,r × Lr′ such that v − a ∈ W
1,r
bc , a ∈ W 1,r and

(G(S,D), ξ) = 0 ∀ξ ∈ L
r′

0 ,

(D−D(v), ζ) = 0 ∀ζ ∈ L
r′

0 ,

(S,D(ϕ)) + (m, divϕ) = (f ,ϕ) ∀ϕ ∈ W
1,r
bc ,

(div v, ψ) = 0 ∀ψ ∈ Lr′ .

Note that in case of internal flow (ΓO = ∅ and v · n = 0 on ∂Ω), an extra condition fixing the value

of m has to be incorporated. Typicaly we demand zero integral mean of m = trT
tr I .

One can of course derive other weak formulations. For example, it is possible to use the space

H
q
div,n := {ξ ∈ L

q; div ξ ∈ Lq(Ω;Rd), ξn · n|ΓO
= 0}

for T and formulate the following problem:

Problem (D) Find (T,v,D) ∈ H
r′

div,n × Lr(Ω;Rd)× L
r
0 such that

(
G(Tδ,D),η

)
= 0 ∀η ∈ L

r
0,

(− divT,ϕ) = (f ,ϕ) ∀ϕ ∈ Lr(Ω;Rd),

(D, ξ) + (v, div ξ) = (a, ξn)ΓI
∀ξ ∈ H

r′

div,n.

While the weak formulations (A)–(D) are equivalent to each other, a discrepancy can arise between

their discretizations. In particular, the approximation of Problem (D) requires a completely different

choice of finite element spaces (see [34]), which is one reason why we do not examine it in this

work. Another reason for avoiding Problem (D) in this study is due to our intention to develop tools

for evolutionary problems where the additional information concerning the integrability of divT is

not available.
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3. NUMERICAL ANALYSIS OF LINEARIZED SCHEMES

In this section we shall study the finite element approximations of Problems (A)–(C).

Let Th be a partition of Ω into simplices with the norm h := maxK∈Th
diamK. Further let

Lh ⊂ L
r′ , L0h ⊂ L

r′

0 ∩ L
r
0, W h ⊂ W

1,r
bc and Lh ⊂ Lr′ be finite-dimensional spaces built upon Th,

and {ηi}NT

i=1, {ξi}NS

i=1, {ϕi}Nv

i=1, {ψi}Nm

i=1 be their respective bases. At the moment, we do not require

any relationships between the discrete spaces—some restrictions will arise later.

The discrete counterparts of Problems (A)–(C), obtained by the Galerkin method, i.e. by replacing

the function spaces by their finite-dimensional counterparts, will be denoted by Problems (Ah)–

(Ch).

The resulting discrete systems need to be linearized in a suitable way. For example, the

linearization via the Newton-Raphson method produces the sequence {Sk,Dk} of approximate

deviatoric stresses and symmetric velocity gradients obtained by solving the linearized constitutive

equation: [
∂G

∂S
(Sk,Dk)

]
S
k
δ +

[
∂G

∂D
(Sk,Dk)

]
D

k
δ = −G(Sk,Dk),

(
S
k+1,Dk+1

)
=
(
S
k + S

k
δ ,D

k +D
k
δ

)
,

(25)

which arises upon using property (A1) above. One can use also other linearization techniques,

especially in the case when G is non-differentiable. However in practical computation most often

such iteration is applied to a suitable regularized Gε. Since we will follow this path, we next focus

on the analysis of the linearized schemes having the following form:

Problem (Ah,lin) Given GS,GD ∈ L∞(Ω;Rd4

) and F ∈ L∞(Ω;Rd×d), find (Sh,vh,mh) ∈ L0h ×
W h × Lh such that

(GSSh, ξi) + (GDD(vh), ξi) = (F, ξi) i = 1, . . . , NS,

(Sh,D(ϕi)) + (mh, divϕi) = (f ,ϕi) i = 1, . . . , Nv,

(ψi, div vh) = 0 i = 1, . . . , Nm.

Problem (Bh,lin) Given GS,GD ∈ L∞(Ω;Rd4

) and F ∈ L∞(Ω;Rd×d), find (Th,vh) ∈ Lh ×W h

such that
(
GST

δ
h,ηi

)
+ (GDD(vh),ηi) = (F,ηi) i = 1, . . . , NT,

(Th,D(ϕi)) = (f ,ϕi) i = 1, . . . , Nv.

Problem (Ch,lin) Given GS,GD ∈ L∞(Ω;Rd4

) and F ∈ L∞(Ω;Rd×d), find (Dh,Sh,vh,mh) ∈
L0h × L0h ×W h × Lh such that

(GSSh, ξi) + (GDDh, ξi) = (F, ξi) i = 1, . . . , NS,

(Dh −D(vh), ζi) = 0 i = 1, . . . , NS,

(Sh,D(ϕi)) + (mh, divϕi) = (f ,ϕi) i = 1, . . . , Nv,

(ψi, div vh) = 0 i = 1, . . . , Nm.

In the above identities, the product of fourth and second order tensor is defined by

(GSSh)ij =

d∑

k,l=1

(GS)ijkl(Sh)kl.

The elements GS, GD, F represent linearization of the constitutive equation; e.g. in the case of the

Newton-Raphson method (25) one has

GS =
∂G

∂S
(Sk,Dk), GD =

∂G

∂D
(Sk,Dk), F = −G(Sk,Dk),

8
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where S
k, Dk is the approximation of the deviatoric part of the stress and symmetric part of the

velocity gradient, taken from the previous iteration.

Recall that A ∈ R
d4

is positive definite if there is a constant c > 0 such that

for all B ∈ R
d×d : (AB) · B ≥ c|B|2.

Our next goal is to find conditions for solvability of the linearized Problems (Ah,lin)-(Ch,lin).

Due to their saddle-point structure, the choice of the finite element spaces is restricted by the

requirement that appropriate inf-sup conditions, which are in finite dimensions equivalent to the

full rank property of certain matrices, are satisfied.

The main results of this section follow.

Theorem 1 (On well-posedness of Problems (Ah,lin) and (Ch,lin).)

Let (−GS) and GD be uniformly positive definite a.e. in Ω and the spaces L0h, Lh, W h satisfy the

following conditions:

(i) There exists c > 0 such that

sup
ϕ∈W h

(p, divϕ)

‖ϕ‖1,2
≥ c ‖p‖2 for all p ∈ Lh;

(ii) {0} 6= {(D(ϕ))δ; ϕ ∈ W h} ⊂ L0h.

Then for every F ∈ L∞(Ω;Rd×d), Problem (Ah,lin) has a unique solution (Sh,vh,mh) ∈ L0h ×
W h × Lh and Problem (Ch,lin) has a unique solution (Sh,vh,mh,Dh) ∈ L0h ×W h × Lh × L0h.

We will prove Theorem 1 in Sections 3.2 and 3.4. The assumptions of Theorem 1 concerning GS

and GD can be verified for particular constitutive relations: Consider the class of models of the form

G(S,D) = α(|D|2)D− β(|S|2)S, α, β ≥ 0. (26)

This class includes for example the standard and generalized power-law fluid as well as the stress–

power-law fluids characterized by (12) or (13). A direct computation implies that

GSB · B =
∑

i,j,k,l=1

d
∂Gij

∂Skl

(S,D)BijBkl = −2β′|S · B|2 − β|B|2,

GDB · B =
∑

i,j,k,l=1

d
∂Gij

∂Dkl

(S,D)BijBkl = 2α′|D · B|2 + α|B|2,

where α′, β′ denote derivative of α and β. Then it follows that (−GS) and GD are positive definite

for the stress–power-law models (12) or (13) with r > 1 and r′ > 1. This also applies to the variant

(Bi-3) of Bingham model. The other formulations of Bingham fluid (Bi-1), (Bi-2), and (Bi-4) that

are of the more general form (15)

G(S,D) = α(|D|2, |S|2)D− β(|D|2, |S|2)S, α, β ≥ 0 (27)

lead to

GSB · B =
∑

i,j,k,l=1

d
∂Gij

∂Skl

BijBkl = −2βs|S · B|2 − β|B|2 + 2αs(S · B)(D · B),

GDB · B =
∑

i,j,k,l=1

d
∂Gij

∂Dkl

BijBkl = 2αd|D · B|2 + α|B|2 − 2βd(S · B)(D · B),

where αd = ∂α(d,s)
∂d

, αs =
∂α(d,s)

∂s
and βd = ∂β(d,s)

∂d
, βs =

∂β(d,s)
∂s

. We then also require that αd and

βs ≥ 0. Consequently, the positive definiteness of (−GS) and GD is obtained under additional

9
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assumption, for example if D is almost parallel to S (with appropriate or small coefficients αs

or βd).

Sufficient conditions for the well-posedness of the Problem (Bh,lin) are given in the following

theorem. Here we shall use the orthogonal decomposition of the space Lh into the spaces of

deviatoric and spherical stresses:

Lh := L0h ⊕ LhI,

where L0h := {ηδ; η ∈ Lh}, Lh := { trη
tr I ; η ∈ Lh} and LhI := {(ψ)I; ψ ∈ Lh}.

Theorem 2 (On well-posedness of the Problem (Bh,lin).)

Let GS, GD and Lh, W h satisfy the following conditions:

(i) (−GS) and GD are uniformly positive definite a.e. in Ω;

(ii) {0} 6= {(D(ϕ))δ; ϕ ∈ W h} ⊂ L0h;

(iii) There exists c1 > 0 such that

sup
ϕ∈W h

(trT, divϕ)

‖ϕ‖1,2
≥ c1 ‖trT‖2 for all T ∈ Lh;

(iv) For every ϕ ∈ W h the following equivalence holds:

(divϕ, p) = 0 for all p ∈ Lh ⇔ (tr(GDD(ϕ)), p) = 0 for all p ∈ Lh;

(v) For all B ∈ R
d×d
sym satisfying trB = 0, tr(GSB) = 0;

(vi) (GDI)
δ = 0.

Then for every F ∈ L∞(Ω;Rd×d) Problem (Bh,lin) has a unique solution (Th,vh) ∈ Lh ×W h.

We will prove Theorem 2 in Section 3.3. In contrast to Problem (Ah,lin), here the approximation

of the mean normal stress is determined by the finite element space Lh. This introduces additional

assumptions (iv)− (vi) in Theorem 2. In order to see these conditions in a specific case, let us again

consider the constitutive relation of the form (26). Then

tr(GDB) = 2(α′
D · B) trD+ α trB,

tr(GSB) = −2(β′
S · B) trS− β trB,

(GDI)
δ = 2(α′ trD)Dδ.

Consequently, the additional assumptions (iv)− (vi) of Theorem 2 are satisfied if α′ = 0, i.e.,

G(S,D) = D− β(trS2)S, β positive, (28)

in particular this holds for the (generalized) stress–power-law (13).

For the more general form (27) we have

tr(GDB) = 2(αdD · B) trD+ α trB− 2(βdD · B) trS,
tr(GSB) = −2(βsS · B) trS− β trB+ 2(αsS · B) trD,
(GDI)

δ = 2(αd trD)Dδ − 2(βd trD)Sδ,

and the assumptions (iv)− (vi) of Theorem 2 are at least satisfied if we are at the solution, i.e.

trD = 0. In the following subsection we prove an abstract result which will be then applied to the

proof of Theorems 1 and 2.

3.1. Generalized multi-level saddle point problems in finite dimension

Let A ∈ R
m0×m0 , Bi ∈ R

mi×mi−1 , Ci ∈ R
mi×mi−1 , i = 1, . . . , n, be given matrices for some

positive integers n,m0, . . . ,mn. We shall study the properties of the following block-tridiagonal

10
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matrix:

Mn :=




A B
⊤
1 0

C1 0
. . .

. . .
. . . B

⊤
n

0 Cn 0



; (29)

in particular, our interest is to analyze its invertibility. We observe that if M0 := A then for any

n ≥ 1,

Mn =

[
Mn−1 B̂

⊤

n

Ĉn 0

]
, where B̂n :=

[
0 . . . 0 Bn

]
and Ĉn :=

[
0 . . . 0 Cn

]
.

The existence of the inverse matrix M
−1
n is equivalent to the invertibility of the Schur complement

of Mn−1 in Sn, which is, due to the structure of Mn, defined by:

Sn := −ĈnM
−1
n−1B̂

⊤

n . (30)

In the next lemma we show a relation for the Schur complement Sn which will be used to prove that

Mn is nonsingular.

Lemma 1

Suppose that the matrix Mn defined in (29) is nonsingular. Then

Sn =

{
−C1A

−1
B

⊤
1 for n = 1,

−CnS
−1
n−1B

⊤
n for n > 1

= (−1)nCn

(
Cn−1

(
. . .
(
C1A

−1
B

⊤
1

)−1
. . .
)−1

B
⊤
n−1

)−1

B
⊤
n .

(31)

Proof

The case n = 1 is trivial. For n > 1, it is not difficult to verify that

M
−1
n =

[
M

−1
n−1 +M

−1
n−1B̂

⊤

nS
−1
n−1ĈnM

−1
n−1 −M

−1
n−1B̂

⊤

nS
−1
n−1

−S
−1
n−1ĈnM

−1
n−1 S

−1
n−1

]
.

Then from (30) we obtain:

Sn = −CnS
−1
n−1B

⊤
n .

Applying this formula recursively yields the last identity in (31).

Corollary 1

Let A, Bi, Ci, i = 1, . . . , n, satisfy the following conditions:

(C1) C1 A is positive or negative definite;

(C2) C2 For all i = 1, . . . , n: Bi has full row rank;

(C3) C3 For all i = 1, . . . , n− 1 there exists Hi ∈ R
mi−1×mi−1 positive or negative definite such

that Ci = BiHi;

(C4) C4 There exist Hn ∈ R
mn−1×mn−1 positive or negative definite and Kn ∈ R

mn×mn

nonsingular such that Cn = KnBnHn.

Then Mn is nonsingular.

Proof

Without loss of generality we can assume that A, H1, . . . ,Hn are positive definite. Consequently,

H1A
−1 is also positive definite. Using (31) and (C2), for any nonzero vector x ∈ R

m1 we have:

x · S1x = −x · B1H1A
−1

B
⊤
1 x = −B

⊤
1 x ·H1A

−1
B

⊤
1 x < 0,

11
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i.e. S1 is negative definite. By the same argument it is possible to successively show that

S2, . . . ,Sn−1 is either positive or negative definite. Finally, since

Sn = (−Kn)(BnHnS
−1
n−1B

⊤
n )

is a product of two nonsingular matrices, we have that Sn is nonsingular.

Remark 1

The definiteness of A in the previous corollary is essential. In particular, to assume that A

nonsingular is not sufficient for nonsingularity of Mn, as can be seen from the following example:

A :=

[
0 1
1 0

]
(= A

−1), B1 = C1 =
[
1 0

]
⇒ S1 = C1A

−1
B

⊤
1 = 0.

3.2. Well-posedness of Problem (Ah,lin)

Proof of the first part of Theorem 1

We define the matrices A,B1,B2 ∈ R
NS×NS , C ∈ R

Nm×Nv and the vectors of the right hand sides

F ∈ R
NS , R ∈ R

Nv as follows:

Aij :=
(
GSξj , ξi

)
, (B1)ij :=

(
ξj ,GDξi

)
, (B2)ij :=

(
ξj , ξi

)
,

Cij :=
(
divϕj , ψi

)
, F i := (F, ξi) , Ri := (f ,ϕi) .

Assumption (ii) implies that there exists a matrix E ∈ R
Nv×NS , defined by the following equations:

D(ϕi)
δ =

NS∑

j=1

Eijξj , i = 1, . . . , Nv.

With the help of the above notation, the algebraic representation of (Ah,lin) reads:




A B
⊤
1 E

⊤
0

EB2 0 C
⊤

0 C 0





S

V

M


 =



F

R

0


 , (32)

where the vectors S, V , M hold the degrees of freedom of the solution, i.e.

Sh =

NS∑

i=1

Siξi, vh =

Nv∑

i=1

Viϕi, mh =

Nm∑

i=1

Miψi.

Since the matrix from (32) is block tridiagonal, we shall use Corollary 1 to show that it is

nonsingular. Indeed, from the assumption on GS it follows that A is negative definite, hence (C1) is

satisfied. Similarly, B1 and B2 are positive definite. Further,

EB2 = EB1(B
−1
1 B2),

where B
−1
1 B2 is positive definite, from which (C3) follows. Korn’s inequality implies that the rows

of E are linearly independent, i.e. E has full row rank, and so do EB1 and EB2. From (i) it follows

that
∥∥C⊤qh

∥∥ = sup
V ∈RNv\{0}

C
⊤qh · V
‖V ‖ = sup

v∈W h

∑Nm

i=1 qi (ψi, div v)

‖v‖1,2
≥ c ‖qh‖ ,

i.e. C has full row rank. Hence, (C2) and (C4) hold true. Since all assumptions of Corollary 1 are

satisfied, the system (32) is nonsingular.
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3.3. Well-posedness of Problem (Bh,lin)

Proof of Theorem 2

We split the stress tensor Th into the spherical and deviatoric parts:

Th = T
δ
h +

trTh

tr I
I =: Sh +mhI, Sh ∈ L0h, mh ∈ Lh.

Due to (v) and (vi), we have that

(tr(GSSh), ψi) = 0, i = 1, . . . , Nm,

(GDDvh, ξi) =
(
GDD

δvh, ξi
)
, i = 1, . . . , NS.

Consequently, (Bh,lin) can be rewritten in the following way:

(GSSh, ξi) +
(
GDD

δvh, ξi
)
= (F, ξi) , i = 1, . . . , NS,(

Sh,D
δϕi

)
+ (mh, divϕi) = (f ,ϕi) , i = 1, . . . , Nv,

(tr(GDDvh), ψi) = (trF, ψi) , i = 1, . . . , Nm.

We introduce matrices A,B1,B2 ∈ R
NS×NS , C1,C2 ∈ R

Nm×Nv and the vectors of right-hand sides

F ∈ R
NS , R ∈ R

Nv , H ∈ R
Nm as follows:

Aij :=
(
GSξj , ξi

)
, (B1)ij :=

(
ξj ,GDξi

)
, (B2)ij :=

(
ξj , ξi

)
,

(C1)ij :=
(
ψi, divϕj

)
, (C2)ij :=

(
ψi, tr(GDDϕj)

)
,

F i := (F, ξi) , Ri := (f ,ϕi) , Hi := (trF, ψi) .

It is evident that (−A),B1,B2 are positive definite. Assumption (ii) yields that there exists a matrix

E ∈ R
Nv×NS , defined by the following equations:

D(ϕi)
δ =

NS∑

j=1

Eijξj , i = 1, . . . , Nv.

Due to Korn’s inequality, E has full row rank. Similarly, (iii) implies that C1 has full row rank.

From (iv) it follows that kerC1 = kerC2, which means that ImC
⊤
1 = ImC

⊤
2 and hence there is a

nonsingular matrix H ∈ R
Nm×Nm such that

C2 = HC1.

With the help of the above notation, the algebraic representation of (Bh,lin) reads:




A B
⊤
1 E

⊤
0

EB2 0 C
⊤
1

0 HC1 0





S

V

M


 =



F

R

H


 . (33)

The properties of the matrices A, B1, B2, C1, E, H imply the assumptions (C1)–(C4) of Corollary 1,

hence (33) is well-posed.

3.4. Well-posedness of Problem (Ch,lin)

Proof of the second part of Theorem 1

We define the matrices A,B1,B2 ∈ R
NS×NS , C ∈ R

Nm×Nv and the vectors of right hand sides

F ∈ R
NS , R ∈ R

Nv as follows:

Aij :=
(
GDξj , ξi

)
, (B1)ij :=

(
ξj ,GSξi

)
, (B2)ij :=

(
ξj , ξi

)
,

13
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Cij := −
(
divϕj , ψi

)
, F i := (F, ξi) , Ri := − (f ,ϕi) .

Assumption (ii) implies that there exists a matrix E ∈ R
Nv×NS , defined by the following equations:

D(ϕi)
δ = −

NS∑

j=1

Eijξj , i = 1, . . . , Nv.

With the help of the above notation, the algebraic representation of problem (Ch,lin) reads:




A B
⊤
1 0 0

B2 0 B
⊤
2 E

⊤
0

0 EB2 0 C
⊤

0 0 C 0






D

S

V

M


 =



F

0

R

0


 . (34)

From the assumptions on GS and GD it follows that A is negative definite and B1 is positive

definite. Obviously, B2 is positive definite. Korn’s inequality implies that the rows of E are linearly

independent, i.e. E has full row rank. From (i) it follows that C has full row rank. Hence, one can

verify that (C1)–(C4) are satisfied and thus (34) is well-posed.

4. NUMERICAL RESULTS

Now we will solve the discrete Problems (Ah)–(Ch) using the conforming finite element method

and using the Newton-Raphson method (25) for linearization. The numerical method has been

implemented in the FEniCS library [35, 36] on simplical meshes. The Newton method with

linesearch from the PETSc library [37] is used together with automatic differentiation to construct

the entries of the linearized matrix. The resulting linear algebraic systems are solved by the sparse

direct solver MUMPS [38].

4.1. Choice of finite element spaces

It is clear that the finite element spaces have to be chosen in a specific way. The characteristic

structure of the discrete problems can be deduced from the linearized systems stemming from the

Newton-Raphson method. The algebraic representation of the linearized systems reads as follows:

Problem (Ah,lin) Given (S̄, V̄ ) ∈ R
NS ×R

Nv , find (S,V ,M) ∈ R
NS ×R

Nv ×R
Nm such that



A(S̄, V̄ ) B

⊤
1 (S̄, V̄ ) 0

B2 0 C
⊤

0 C 0





S

V

M


 =



F

R

0


 . (35)

Problem (Bh,lin) Given (T̄ , V̄ ) ∈ R
NT ×R

Nv , find (T ,V ) ∈ R
NT ×R

Nv such that

[
A

′(T̄ , V̄ ) B
′⊤
1 (T̄ , V̄ )

B
′
2 0

] [
T

V

]
=

[
F

R

]
. (36)

Problem (Ch,lin) Given (S̄, D̄) ∈ R
NS ×R

ND , find (D,S,V ,M) ∈ R
ND ×R

NS ×R
Nv ×R

Nm

such that 


A
′′(S̄, D̄) B

′′⊤
1 (S̄, D̄) 0 0

B
′′
2 0 B

′⊤
2 0

0 B
′
2 0 C

⊤

0 0 C 0






D

S

V

M


 =



F

0

R

0


 . (37)

From (35)–(37) it is evident that (Ah,lin)–(Ch,lin) are saddle-point problems. In fact, all of them

have nested saddle point structure, see Section 3.1, that gives a hint for the choice of the finite
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element spaces. Following Theorems 1 and 2 the following two conditions are sufficient for a stable

discrete problem:

• The space of velocities and the space of pressures (mean normal stresses) satisfy the Babuška–

Brezzi condition (see for Theorem 1 (i));
• The space of stresses contains all Dδ.

For simplicial meshes there are several typical choices of the finite elements satisfying the above

requirements.

Finite elements for Problem (Ah). Let k ≥ 1 be an integer. A particular choice is based on the

Pk+1/Pk Taylor–Hood velocity–pressure elements, where Pk(K) denotes the set of polynomials

on K of order at most k. We set

L0h := {S ∈ L
r′

0 ; S|K ∈ Pk(K)d×d ∀K ∈ Th},
Lh := {p ∈ Lr′ ∩ C(Ω); p|K ∈ Pk(K) ∀K ∈ Th},

W h := {v ∈ W
1,r
bc ; v|K ∈ Pk+1(K)d ∀K ∈ Th},

(A1)

Alternatively we can use the stable pair Pk+1/Pdiscontinous
k−1 , namely its lowest order variant P2/P0.

Then we set
L0h := {S ∈ L

r′

0 ; S|K ∈ P1(K)d×d ∀K ∈ Th},
Lh := {p ∈ Lr′ ; p|K ∈ P0(K) ∀K ∈ Th},

W h := {v ∈ W
1,r
bc ; v|K ∈ P2(K)d ∀K ∈ Th}.

(A0)

Finite elements for Problem (Bh). The first possibility is based on the Pk+1 +
bubble/Pdiscontinuous

k velocity-pressure approximation. We set for k = 1

Lh := {T ∈ L
r′ ; T|K ∈ P1(K)d×d ∀K ∈ Th},

W h := {v ∈ W
1,r
bc ; v|K ∈ P2(K)d ⊕ Bd+1(K)d ∀K ∈ Th},

(B0)

where Bd+1(K) denotes the space of interior bubble functions of degree at most d+ 1 on K.

However this choice does not fulfil the condition (ii) of Theorem 2, nevertheless we will consider

it in our numerical tests.

Other approximation is based on the interiror penalty stabilization of trT and div v. Let Eh denote

the set of edges in Th and JfK the jump of f across a given edge. We set

Lh := {T ∈ L
r′ ; T|K ∈ Pk(K)d×d ∀K ∈ Th},

W h := {v ∈ W
1,r
bc ; v|K ∈ Pk+1(K)d ∀K ∈ Th}

(B1)

and define the stabilization operators

C1 : Rl → R
l, (C1)ij :=

∑

E∈Eh

(Jtr ηiK, Jtr ηjK)E ,

C2 : Rm → R
m, (C2)ij :=

∑

E∈Eh

(
JdivϕiK, JdivϕjK

)
E
.

The stabilized variant of problem (Bh,lin) then reads:
[
A

′(T̄ , V̄ ) + γC1 B
′⊤
1 (T̄ , V̄ )

B′
2 γC2

] [
T

V

]
=

[
F

R

]
,

where γ is arbitrary positive constant (a typical choice is γ ≈ h).

Another case with a discontinuous pressure space, which we do not consider in this study, could be

the Pk+1/Pdiscontinuous
k Scott-Vogelius element, which in general leads to unstable approximations,

however under some additional assumptions on the topology of Th the stability can been established,

see [39, 40, 41].
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= C

Figure 3. Poiseuille flow.

Finite elements for Problem (Ch). The case of Problem (Ch) can be discretized by directly

extending the suggested discretizations of Problem (Ah). For the particular choice of the finite-

dimensional spaces, one can use the examples of L0h, W h from the definitions (A0) and (A1) in

the previous paragraph and extend the mixed finite element space by Dh := {Tδ; T ∈ Lh}. Such

extension will be detoted as (CA0) and (CA1).

In the rest of the text we compare the behavior of these different discretizations in several

numerical tests. These comparisons are done for the stress–power-law model and for the Bingham

fluid model. In both cases we test a simple case of Poiseuille flow, where the analytical solutions for

these models are known, and then we solve the flow around cylinder and the driven cavity problem

respectively.

4.2. Stress–power-law model, analytical solution for Poiseuille flow

Let us consider the stress–power-law model (13). In [18], the analytical solution to the plane

Poiseuille flow problem for this model has been derived. The domain for the numerical solution

is shown in Figure 3 and the following boundary conditions are prescribed on respective boundary

parts:

vτ = 0 on ΓI := {0} × (−1, 1) and ΓO := {L} × (−1, 1)

v = 0 on ΓW := (0, L)× {−1, 1},
Tn · n = −p+ Sn · n = LC on ΓI ,

Tn · n = −p+ Sn · n = 0 on ΓO,

(38)

where L is the length of the domain and C is the prescribed normal stress, which reduces to the

pressure in this case. If we use the stress–power-law model in the form

div v = 0, − divT = 0, D =
1

2ν∗

(
1 +

β∗
(2ν∗)2

|Tδ|2
)n

T
δ, n =

2− r

2(r − 1)
,

with ν∗ = 1
2 and β∗ = 1, then the exact solution is given by

v(x1, x2) =

(
(1 + 2(Cx2)

2)n+1 − (1 + 2C2)n+1

2C(n+ 1)
, 0

)
,

p(x1, x2) = C(x1 − L).

(39)

For r = 2.0 the numerical solution is exact up to the floating point precision for the discretizations

where the exact solution is a polynomial included in the finite element spaces. For other values of r
this is not the case and we observe expected convergence rates, see [42, 43]. In Figure 4 we show

the results for the power index r = 1.4, in Figure 5 we show the convergence plots for r = 6.0 as

example.

4.3. Stress–power-law model, flow around cylinder benchmark

In the first example we compare the classical power-law (12) and stress–power-law (13) models on

the benchmark problem of steady flow around a cylinder [44]. The geometry is depicted in Figure 6
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Figure 4. Convergence of the numerical solution to the analytical solution for the Poiseuille flow for the
stress–power-law model with r = 1.4
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Figure 5. Convergence of the numerical solution to the analytical solution for the Poiseuille flow for stress–
power-law model with r = 6.0
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Figure 6. Flow around a cylinder.

and the following boundary conditions are prescribed:

v =

(
0.3

4x2(0.41− x2)

0.412
, 0

)
on ΓI := {0} × (0, 0.41),

v = 0 on ΓS and ΓW := (0, 2.2)× {0, 0.41},
Tn · n = −p+ Sn · n = 0 on ΓO := {2.2} × (0, 0.41),

vτ = 0 on ΓO.

The reference power-law model was solved using the usual velocity-pressure formulation and

P2/P1 Taylor–Hood elements. For the stress–power-law model

div v = 0, ̺∗(v · ∇)v − divT = 0, D =
1

2ν∗

(
1 +

β∗
(2ν∗)2

|Tδ|2
)n

T
δ, n =

2− r

2(r − 1)

we used the formulations (Ah)-(Ch) with the selected finite element spaces (A1), (B1), and (CA1).

The material parameters are set to be ̺∗ = β∗ = 1, ν∗ = 10−3. Due to the small value of ν∗ it is
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∆p CD CL

r S(D) D(S) S(D) D(S) S(D) D(S)

1.4 9.274·10−2 9.201·10−2 2.855·100 2.797·100 −1.075·10−2 −4.260·10−3

1.6 9.954·10−2 9.925·10−2 3.669·100 3.645·100 −1.040·10−2 −9.991·10−3

1.8 1.076·10−1 1.075·10−1 4.572·100 4.565·100 −2.695·10−3 −2.707·10−3

2 1.173·10−1 1.172·10−1 5.579·100 5.579·100 1.064·10−2 1.066·10−2

3 2.128·10−1 2.072·10−1 1.423·101 1.387·101 3.694·10−1 3.544·10−1

4 5.844·10−1 5.367·10−1 4.656·101 4.330·101 1.216·100 1.180·100

6 7.685·100 6.556·100 7.044·102 6.136·102 4.841·100 4.142·100

Table I. Comparison of power-law (S(D)) and stress–power-law (D(S)). The reference values for r = 2.0

are ∆p = 0.118, CD = 5.579 and CL = 1.061 · 10−2, see for example [44].

convenient to substitute T̃ := 1
2ν∗

T which leads to the system

div v = 0, −2ν∗ div T̃ = 0, D = (1 + β∗|T̃
δ|2)nT̃δ

.

We evaluate the following quantities:

• pressure drop ∆p := p(A)− p(B),

• drag coefficient CD := 500

∫

ΓS

Tn · (1, 0)⊤,

• lift coefficient CL := 500

∫

ΓS

Tn · (0, 1)⊤,

where A = (0.15, 0.2), B = (0.25, 0.2), and ΓS is the surface of the cylinder.

We observed that on a sufficiently fine mesh, all discrete formulations lead to very similar

solutions with negligible differences. The results obtained on such a sufficiently refined mesh are

presented in Figure 7. For r = 2 the results are comparable to the reference solution computed in

[44] for the Navier–Stokes system, see Table I. In this case the results for the discretization (CA1)

is identical to the corresponding smaller one (A1).

4.4. Bingham model, analytical solution for Poiseuille flow

Next we consider the Poiseuille flow problem, with the same setting as in Figure 3, with the Bingham

fluid model with yield stress of type (2). As noted in the Section 1 the description (4) can be captured

by implicit relation of the form (Bi-1), (Bi-2), (Bi-3), or (Bi-4). Now we want to investigate if any

combination of such models with the finite element formulations (A0), (A1), (B0), (B1), (CA0) or

(CA1) can lead to some advantage in the process of numerical solution.

For the computations, the constitutive relations (Bi-1), (Bi-2), (Bi-3), or (Bi-4) are regularized

by replacing the positive part (x)+ := 1
2 (|x|+ x) by (x)+ε := 1

2 (
√
x2 + ε2 + x), where ε ≥ 0 is

the regularization parameter. The absolute value | · | is replaced by the regularized version |x|2ε :=
x2 + ε2. The regularized implicit functions are plotted for scalar variables in Figure 8 with large

regularization ε = 1 and in the Figure 9 with smaller regularization parameter ε = 1 · 10−2.

The setup for the Poiseuille flow is the same as in Section 4.2. We solve the following system

div v = 0, − divT = 0, G
ε
i (D,T

δ) = 0,

with ν = 1, given value of τ∗, and equipped with the boundary conditions (38).

We start the solution process by setting the regularization parameter ε to sufficiently high value

(ε ≈ 1), which is decreased by factor 2 after solving the regularized problem by the Newton method

to prescribed precision (L2 norm of the residual vector less then 1 · 10−10) until the regularization

parameter ε is less then a prescribed value of 1 · 10−8. More sophisticated algorithms for controlling

the convergence with respect to the regularization can be found in [28, 45] or [46].
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(a) Velocity (top) and pressure (bottom) isolines for power-law index r = 1.5, power-law (left) and stress–
power-law (right).

(b) Velocity (top) and pressure (bottom) isolines for power-law index r = 5, power-law (left) and stress–
power-law (right).

Figure 7. Flow of stress–power-law fluid around cylinder. Comparison of classical power-law (left) with
stress–power-law (right).
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Figure 8. The implicit constitutive formulas for the Bingham model - regularized by ε = 1. Shown are the
isolines with the 0-levelset marked in red.
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Figure 10. Errors for the Poiseuille flow depending on regularization parameter for discretization (CA0) and
model (Bi-2) for sequence of the mesh refinement levels.

Corresponding analytical solution for the Poiseuille flow in the case of Bingham type fluid can

be derived, see for example [31]. Denoting by C the prescribed pressure gradient, the analytical

solution reads:

v(x1, x2) =





(C2 (−x22 + 1)− τ∗(x2 + 1), 0) −1 < x2 < − τ∗
C
,

(C2 (−( τ∗
C
)2 + 1)− τ∗(− τ∗

C
+ 1), 0) − τ∗

C
< x2 <

τ∗
C
,

(C2 (−x22 + 1)− τ∗(−x2 + 1), 0) τ∗
C
< x2 < 1,

p(x1, x2) = −C(x1 − L).

(40)

In Figures 11 and 12 we show the convergence of particular discretizations and variants of

the implicit constitutive formula to the analytical solution. It can be observed that most of the

combinations converge in velocity as expected, while apart of the discretization (CA0), the pressure

error starts to decrease only on sufficiently fine meshes.

Over all, irrespective of the chosen discretization, the implicit form (Bi-4) does lead to discrete

problems where either the number of nonlinear iterations needed to attain the desired precision

increases with the mesh refinement or does not converge at all. The other observation is that the

discretization (B0) itself diverges for any of the implicit forms. This can be attributed to the fact that

this choice of finite elements does not fulfil the condition (ii) of Theorem 2 and so is not covered

by the Theorem 2.

The combination of discretizations (A0), (A1) and (B1) together with models (Bi-1) (Bi-2) and

(Bi-3) exhibit convergence in both velocity and pressure with expected order of convergence. The

same is true for the extended discretizations (CA0) and (CA1) as can be seen in the Figure 12.

Figure 10 demonstrates that for given mesh refinement level decreasing the regularization

parameter ε below certain value does not decrease the total error. Clearly at some point the

discretization error becomes dominant and it would be of great interest to find adaptively such

value of the regularization parameter ε which is sufficient to bring the regularization error bellow

the discretization error on given mesh.

4.5. Bingham model, driven cavity flow benchmark

We compute the classical problem of lid driven cavity flow. The domain is the unit square Ω =
(0, 1)× (0, 1) and the material parameters are ν∗ = 1 and τ∗ = 5, 50, 500. At the top wall of the

domain the velocity is prescribed to be vD = (1, 0) and no-slip boundary condition is prescribed on

the remaining parts of the boundary. The boundary conditions for the driven cavity are:

v = (1, 0) on ΓT ,

v = 0 on ΓW ,
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Figure 11. Convergence with mesh refinement for the Poiseuille flow using different Bingham models with

τ∗ = 0.2 and discretization variants (A0), (A1), (B0) and (B1); ( regularization ε = 1 · 10−8); Size of each
markers is proportional to the number of nonlinear iterations needed to converge below prescribed precision
and is missing if the nonlinear solver did not converge below the prescribed precision in less than 2000

iterations.
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Figure 12. Convergence with mesh refinement for the Poiseuille flow using different Bingham models with

τ∗ = 0.2 and discretization variants (CA0) and (CA1); ( regularization ε = 1 · 10−8); Size of each markers
is proportional to the number of nonlinear iterations needed to converge below prescribed precision and is
missing if the nonlinear solver did not converge below the prescribed precision in less than 2000 iterations.
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Figure 13. Boundary conditions for the driven cavity problem, computational coarse mesh, and the solution
for the Stokes equation with constant viscosity. Shown are the streamlines and the color represents the

velocity magnitude.

mesh refinement level number of elements number of dofs for discretization (CA0)

L1 16 290
L2 64 1 122
L3 256 4 418
L4 1 024 17 538
L5 4 096 69 890
L6 16 384 279 042
L7 65 536 1 115 138

Table II. Mesh refinement levels for the driven cavity problem.

where ΓT and ΓW are defined in Figure 13. To obtain unique pressure we include the following

additional condition
∫

Ω

trT dx = 0,

by means of Lagrange multiplier. This leads to the system:

div v = 0, − divT = 0, G
ε(D,Tδ) = 0,

∫

Ω

trT dx = 0.

We use the same procedure to solve the nonlinear problem as in the previous section. We start by

setting the regularization parameter ε to sufficiently high value (ε ≈ 10), which is then decreased by

factor 2 whenever the Newton method converges to prescribed precision (L2 norm of the residual

vector less then 1 · 10−10). This is repeated until the regularization parameter ε is less then a

prescribed value of 1 · 10−8.

We observe that this procedure applied to the driven cavity problem converges independently

of the mesh refinement only for the extended discretizations (CA0) and (CA1). In all the other

cases the convergence deteriorates with the mesh refinement. The same effect is observed with

respect to the choice of the implicit relation. The models (Bi-1), (Bi-3) and (Bi-4) do not lead to a

successful convergence of our simple nonlinear solution procedure, once the spatial discretization

is fine enough, as can be seen in Figure 14 for the mesh L6.

On the other hand the combination of model (Bi-2) and the discretization (CA0) can be solved

with the number of nonlinear iterations almost independent on the mesh refinement, as can be seen

in Figure 15, and also with very mild dependence of the number of nonlinear iterations with respect

to the yield stress parameter τ∗ as demonstrated in Figure 16. The resulting flow fields are shown

in Figure 17 for yield stress thresholds τ∗ = 5, 50, 500 and in Figure 18 the solution for τ∗ = 50 is

compared for range of mesh refinements as shown in Table II.
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Mesh refinement level L6, discretization (CA0)
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Figure 14. Convergence process for the driven cavity problem and Bingham model, τ∗ = 50. Iteration
number counts number of the Newton method iterations (i.e. each iteration represents one linear problem
solve). The black line represents the value of the regularization parameter ε for the given iteration. The red
line shows the residuum of the regularized problem at each iteration, the value of ε is decreased by factor 2

whenever this residuum decreases below 1 · 10−10. The green line shows the residuum of the unregularized
problem at the given iteration (i.e. for ε = 0).

5. CONCLUSION

In this study we followed the three aims as stated in the introduction of this paper. The

novel approach is based on formulating the models in the framework of implicit constitutive

equations. First we investigate problems associated with the Bingham and stress–power-law fluids

using the implicit formulation of the type (5) rather than (2). We introduced three variants of

weak formulations and showed well-posedness of the resulting linearized discrete problems for

conforming mixed finite element discretization satisfying additional requirement for stability, see

Theorems 1 and 2.

Then the selected discretizations were tested on Poiseuille flow problem where the analytic

solution is known for both fluids: stress–power-law and Bingham type constitutive model. Finally a
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Model (Bi-2), discretization (CA0)
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Figure 15. Convergence process for the driven cavity problem and Bingham model, τ∗ = 5, 50, 500. See
Figure 14 for detailed explanation.

nontrivial benchmark test for each of the fluid models is presented: the flow around cylinder for the

stress–power-law fluid, and the driven cavity problem is computed for the Bingham fluid.

The observations for the stress–power-law model is that all of the selected conforming

discretizations do perform equally well in wide range of the power-law index r as demonstrated

in Figures 4 and 5 for the Poiseuille flow and in Section 4.3 for the flow around cylinder.

For the Bingham model, additional regularization is introduced in order to use a simple Newton

solver as described in Section 4.4. The results for the Poiseuille flow are summarized in Figures 11

and 12 and clearly demonstrate the difficulty of this problem. From all the tested combinations

of implicit forms of the Bingham models and selected discretizations, we can identify that for the

Poiseuille flow the implicit relations (Bi-1), (Bi-2) and (Bi-3) combined with the discretizations

(A0), (A1), (CA0), (CA1) and (B1) show expected convergence with mesh refinement and are

solvable by Newton method with nonlinear iteration count independent of the mesh refinement.

However, for the driven cavity problem Figure 14 shows taht only the implicit model in the form

(Bi-2) together with the discretization (CA0) was solvable by the simple iterative procedure based

on the Newton method with iteration count independent on the mesh refinement (see Figure 15) and
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Mesh refinement level L7, model (Bi-2), discretization (CA0)
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Figure 16. Convergence process for the driven cavity problem and Bingham model, τ∗ = 5, 50, 500. See
Figure 14 for detailed explanation.

with arbitrary small regularization parameter ε. Moreover for this specific combination the number

of nonlinear iterations is almost independent on the yield parameter τ∗ for the driven cavity problem,

see Figure 16. This fulfils the remaining aims of this study. In all of the computations performed

in this study we tried to ensure that the resulting linear problems are solvable; however we used a

direct solver to solve the linearized system. It remains for further investigation to identify a suitable

iterative procedure and preconditioning to solve effectively such mixed systems as attempted for

example in [47, 48].
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