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Section 1

Viscous fluids and visco-elastic fluids

without/with stress diffusion




Unsteady flows of incompressible fluids

Governing equations QCR3
divv =0
ov = . . .
e +div(vev)=—-Vp+divS in (0,7) x Q
S=s"
v=0 }on (0,T) x 0

v(0,:) = vo }in Q
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Energy estimates and constitutive equations

e Governing equations R
divv=0
88_:+div(v®v)=—vp+div8, S_gT }ln (0,7) x Q
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t
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Classes of constitutive equations

divv =0

g—;’ +div(vev)=-Vp+divs, S=8T

(1) GS,D)=0
implicit algebraic equations

(2) G(S,S,D,D)=0 A an objective time derivative
rate type viscoelastic fluids

(3) G(S,S,D,D)— AS =0

rate type viscoelastic fluids with stress diffusion

e Examples and physical features

e PDE analysis of IBVP (long time existence of large data weak
solutions)



KR Rajagopal (2003)

S =2vD Navier-Stokes
2v(IS)?%, IDI*)D = 2a(|S|?,|D|?)S  generalized viscosity
— +
2vD = %S Bingham
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G(S,D) =0 KR Rajagopal (2003)
S =2vD Navier-Stokes
2v(IS)?%, IDI*)D = 2a(|S|?,|D|?)S  generalized viscosity
— +
2vD = %S Bingham
_d)t
21/%}]) =S Euler/Navier-Stokes
_ + _ +
2V(9)(|D| d(6)) D= (S = 2 (9)) S 6f-activated fluids
D) S|
IS!g ISl

16/

O3y

N s o @ 3

s 7 1Dl

S S S-S,




G(S,D) =0 KR Rajagopal (2003)

S =2vD Navier-Stokes
2v(IS)?%, IDI*)D = 2a(|S|?,|D|?)S  generalized viscosity
S| —0.)"
2vD = %S Bingham
D| —d,)*
QV%D =S Euler/Navier-Stokes
D|—d(9))* S| —a(6))*
2V(9)(| | |ID)|( ) D= (S| |§|( ) S 6f-activated fluids
e Ist,|
[ A R A ; T o

E. Maringova, J. Zabensky: On a Navier-Stokes-Fourier-like system capturing transitions between

viscous and inviscid fluid regimes and between no-slip and perfect-slip boundary conditions, arXiv:
1705.00437 (2017)



Robustness of G(S,D) = O
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@ J. Hron, J. Malek, J. Stebel, K. Touska: A novel view on computations of steady flows of
Bingham fluids using implicit constitutive relations, MORE/2017/08 (2017)



Long-time and large-data theory for G(S,D) = O

o Well-posedness
e 2d S =2uvD Leray; Kiselev, Ladyzhenskaya

® 3dS=2(v+u|DI"?)D for r > 11/5
Ladyzhenskaya; Bulicek, Ettwein, Kaplicky, Prazak
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e Existence theory
e 3d S =2vD Leray; Caffarelli, Kohn, Nirenberg
e 3dS =201+ D?)"D2D forr >9/5
Bellout, Bloom, Nelas, Malek, Riazicka
e 3dS =201+ D?)"D2D for r > 8/5
Frehse, Steinhauer, Bulidek, Malek; Wolf
e 3dS=20(1+|D?*"2D for r > 6/5
Diening, RGzicka, Wolf; Breit, Diening, Schwarzacher
e 3d G(S,D) = O maximal, monotone, r-curve with r > 6/5
Bulilek, Gwiazda, Malek, Swierczewska-Gwiazda
Q: How large the class of fluids might be for which long-time and
large-data existence of weak solutions can be established?
From viscous to elastic fluids through viscoelastic rate type fluids.
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exhibited by real fluid-like materials in many areas



Insufficiency of G(S,D) = O

Impossibility to describe important phenomena
® nonlinear creep
® stress relaxation

exhibited by real fluid-like materials in many areas

Popular choice



Insufficiency of G(S,D) = O

Impossibility to describe important phenomena
® nonlinear creep
® stress relaxation

exhibited by real fluid-like materials in many areas

Popular choice

rate type viscoelastic fluids



O - rate-type viscoelastic fluids

e capability of describing stress relaxation and nonlinear creep

e one possible direction towards the development of long-time and
large-data mathematical theory for more complex fluid models



O - rate-type viscoelastic fluids

e capability of describing stress relaxation and nonlinear creep

e one possible direction towards the development of long-time and
large-data mathematical theory for more complex fluid models

A generalizes %A = %—‘f + (v - V)A that is not objective

K:%A—LA—ALT L:=Vv
upper-convected Oldroyd
&:%A—WA—AWT W= (L-LT%)/2
Jaumann-Zaremba (corotational)
A=A a(DA — AD) ae[-1,1]

Gordon-Schowalter



Standard viscoelastic rate-type fluid models within

G(S,S,D,D) = 0

e Maxwell (1867)

v
7S+ S =2uv,D v=20 T=—=

e Oldroyd-B (1950)

v v
7S+ S =2vrD + 2(1y +v)D ==

e Johnson-Segalman (1977)

d O
TS+ S =2vrD + 2(a + v)D a€[-1,1]




+ of standard rate type fluids

* *

+ G(S,S,D,D) = O is capable of describing observed phenomena

+/- Mathematical theory available in some cases - first order PDE for S

e 3d, Jaumann-Zaremba: Lions, Masmoudi (2000),
Hu, Leliévre (2007), Masmoudi (2011)

e survey: Le Bris, Leliévre (2012)
— Subtle issues regarding physical underpinnings
e ambiguity of objective derivatives

e the possibility of the derivation of the model at a purely macroscopic
level

e consistency of the models with second law of thermodynamics
e extension to compressible setting

e inclusion of thermal effects



Thermodynamical framework

Rajagopal and Srinivasa (2000) provided a simple, yet general
method to solve some of these issues based on

e concept of the natural configuration

e the knowledge of constitutive equations for two scalar quantities:
Helmholtz free energy (characterizing how the material stores the
energy) and the rate of the entropy production (characterizing how
the material dissipates the energy)

and

e derive new thermodynamically compatible classes of non-linear
viscoelastic rate-type fluid model

e specify under what conditions models reduce to standard models

@ K. R. Rajagopal, A. R. Srinivasa: A thermodynamic framework for rate type fluid models, Journal
of Non-Newtonian Fluid Mechanics, Vol. 88, pp. 207—-227 (2000)



G(S,S,D,D) — AS = O

+ Both mathematical and physical
e regularization (mathematical theory should be available)

e steady flows: El-Kareh, Leal (1989)

e 2d, Oldroyd: Barrett, Boyaval (2011)

e 2d: Constantin+Kliegl (2012), Chupin+Martin (2015)
Lukalova, Mizerova, Nedasova (2015)
Elgindi, Rousset (2016), Barrett, Sili (2017)

e 3d, stronger regularization: Kreml, Pokorny,
Salom (2015)

e instabilities: shear banding, vorticity banding - to determine
thickness of bands

Gradient banding : Vorticity banding :

‘“‘I‘
N

S Dhont and Briels (2008)

(((©

Divoux et al. (2016)




— Subtle issues regarding physical underpinnings

e consistency of the models with the second law of
thermodynamics

e specification of boundary conditions for S
e extension to compressible setting

e inclusion of thermal effects

e PDE theory in 3d



Section 2

A thermodynamic approach towards

derivation of a hierarchy of visco-elastic
rate-type fluid models




First key idea

Rajagopal and Srinivasa (2000, 2004)

to specify the constitutive equations for two scalar quantities:
e Helmholtz free energy 1 that describes how the material stores

the energy
e the rate of the entropy production ¢ that describes how the
material dissipates the energy
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Governing equations

do _
dt o divv

o = divT, T=T"
0% =T:D—divje
o 4+ divj, = o with (>0

Helmholtz free energy

Restriction to isothermal processes

T:D-— g —div(je — 0j,) =& with £ :=0p( >0

If j, = % (not necessarily required here), then

E=T:D— 0% with&>0

or for incompressible fluid when T = —pl + S

£=S:D— 0% withe>0
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Energy estimates and specification of ¢ and ¢

e Energy equality valid for t € (0,T]

t
vl +2 [ [ 8:D=vol}
0 JQ

e Reduced thermodynamical identity

£=S:D-%  withe>0

e Specification of the constitutive equations of ¢ and &

p=1v(..) £€=£(..)

e Updated energy equality

VI + 1@ +2 [ [ &)= Ivoll + Wt )l




General thermodynamic framework

Constitutive equation for the Helmholtz free energy i:

V=91, Yn) (1)

By means of balance equations (mass, linear and angular momenta,
energy) and kinematics one arrives at

e=T:D—o%YY 74, with

Constitutive equation for the rate of dissipation &:

§= Z'Ya|Aa|2

leads to
Ja = ’}/aAoz Yo > 0



Compressible and incompressible Navier-Stokes

fluids

¥ = 1o(o) pm(0) := 0*Yj(o)

d
fz']I‘:]D)—gd—ltb — E=Ts:Ds + (m+ pn) divv




Compressible and incompressible Navier-Stokes

fluids
¥ = o(0) pen(0) = 0*¥p (o)
&) .
fz']I‘:]D)—gE =  [{=Ts:Ds5+ (m+ pp)divy
& =2vDs : Ds + 2Iij3>\|divv|2




Compressible and incompressible Navier-Stokes

fluids
¥ = o(0) pn(0) := 0*¢p(0)
&) .
fz']I‘:]D)—gE =  |£=Ts:Ds+ (m+ pen) divv
& =2vDs : Ds + 2Iij3>\|divv|2

| T=ml+ Ts = —pl 4+ 2vD + AdivvI | Compressible NS




Compressible and incompressible Navier-Stokes

fluids

P =1o(0) pen(0) = 0*vg(0)

dy X
fz']I‘:]D)—gE = E=Ts:Ds+ (m+ p) divv

2 A

& =2uDs: Ds + vEs | div v|?

|T =ml+ Ts = —penll + 20D + A diVV]I| Compressible NS

divv =0

E=Ts:Ds with&>0

€ = 2uD; : Dy |




Compressible and incompressible Navier-Stokes

fluids

P =1o(0) pen(0) = 0*vg(0)

dy X
fz']I‘:]D)—gE = E=Ts:Ds+ (m+ p) divv

2 A

& =2uDs: Ds + vEs | div v|?

|T =ml+ Ts = —penll + 20D + A diVV]I| Compressible NS

divv =0

E=Ts:Ds with&>0

€ = 2uD; : Dy |

|']I‘ =ml+ Ts = ml + 2vDjs | Incompressible Navier-Stokes
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Elastic and Kelvin-Voigt incompressible solids

H T
= —(trB—-3 B :=FF
v 2Q<r )
Smce = LF, we get
\Y
@:LB+BLT<:>B:© and itrB:QIﬂa:D
dt dt
Hence E=T:D- g W|th§>0

E=(T—uB):D=(Ts —uBs):D with&>0
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Incompressible Kelvin-Voigt solid




Second key idea - Natural configuration

Natural configuration

e splits the deformation I into the elastic and dissipative parts F

Rp(t)
and G
current configuration
#(B)
elastic
response
reference configuration —— #ip(e) (B)
dissipative
response
natural configuration
o F=F, ,G

Fop(t)




Kinematics

current configuration
r(B)

elastic
response

reference configuration —{— o (B)
dissipative
Fi
[ ] ]F = ]F Kp () G natural configuration
e F. G F B =T FT C —FT
P B Rp(t) Kp(t) Rp(t) ™ Fp(t) rp(t) - Rp(t) ™ Fp(t)
£ -LF = L=%LF"' DW
. dG -1
° ]L"p(t) T dtG D“p(t)' W"p(t)
dB,.
p(t) T T
dt H‘B”p(t) + B”p(t)l‘ 2Fﬁp(t)D"‘~p(t)an(z) g
ke T
B%(t) - _2FNP(t)DNP(t)FNp(t)
dat By, = 2By, 1 D= 2Cs, ) Dy,




Compressible and Incompressible

responses/Maxwell & Oldroyd-B

Natural configuration provides more variants for imposing compressibility

current configuration

elastic
response

reference configuration I

dissipative
response

natural configuration

t time

)LI’ 0
Y= 2_p (tr Bnp(t) — 3 —Indet ]Bﬁp(t))

v
§=2vD:D+ 21Dy, Cp 1) : Dy = 2v|D* + 2vy tr(B,, ., B!

Kp(t) ﬁp(t)B”p(t))

lead to Maxwell and Oldroyd-B fluid

J. Malek, K. R. Rajagopal, K. Téima: On a variant of the Maxwell and Oldroyd-B models within
the context of a thermodynamic basis, International Journal of Nonlinear Mechanics, Vol. 76, pp.
42-47 (2015)

J. Malek, V. Priisa: Derivation of equations of continuum mechanics and thermodynamics of

fluids, Handbook of Mathematical Analysis in Mechanics of Viscous Fluids, (eds.Y. Giga, A.
Novotny), Springer available online (2017)



Rate-type fluids with stress diffusion

T:D — ot — div(je — ) = € with £ >0

Helmholtz free energy ¢y — compressible neo-Hookean

U g 2
Y= % (trIEB,ip(t) — 3 — Indet Bfﬂp(t)) + ElvtrB”P(f)|

Rate of entropy production &
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Maxwell and Oldroyd-B model with stress difussion



Rate-type fluids with stress diffusion

T:D — ot — div(je — ) = € with £ >0

Helmholtz free energy ¢y — compressible neo-Hookean

U g 2
Y= % (trIEB,ip(t) — 3 — Indet Bfﬂp(t)) + ElvtrB”P(f)|

Rate of entropy production &

0< g = 2V|D|2 + 2V1Df€p(t)(cﬁp(t) : ]D”P(i) '

Maxwell and Oldroyd-B model with stress difussion

J. Malek, V. Prisa, T. Skrivan, E. Siili: Thermodynamics of viscoelastic rate type fluids with stress
diffusion, arXiv: 1706.06277 (2017)
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Simplification [C,;,()ls =0 = [By,,ls =0

tr (Cnp(t) _ tr Bnp(t)
3 3

Cr,t) = By, = bl  where b:=



Special class of rate-type fluids with stress diffusion

Simplification [C,;,()ls =0 = [By,,ls =0

tr (Cnp(t) _ tr Bnp(t)

Cr,t) = By, = bl  where b:=

3 3
Then
db 2
E = —g b trID)np(t)
trD

€= (Ts 4 95(Vb® Vb)) : D+ (3u(b— 1) — 180b Ab) %

Requiring that

db|?

dt

1/11

_ . 2 _ .
E=2D: ]]))—1—21/1(‘51"]])),%(”) =2vD: D+ 55

T = ml + 2vD — 90(Vb ® Vb)s = —pl + 2vD — 95(Vb @ Vb)

1%} db —
@ +3u(b—1)—180bAb =10




Boundary conditions and energy estimates

S:D— o¢ — div(je — 0jy) = &
Summary for the special choice [B.,, ]s = O
— 0§, = 90 Vb
= 37“(1;— 1-1Inb)+ 97"|Vb|2
— 2D + |1 %)
& =2v|D|" + 25 ar

Energy estimates

2
a('%—i—?’—“(b—l—l b)+—|vz>|)

1db)2
D> + 2| -2
2D+ Sy

o @)
5 )v+']I'v—|—9crdtVb =

+ div <(3§(b—1—lnb)+9§+

BCs: v =0 and Vb-n = 0 eliminates the contribution of the flux term to EEs



Section 3

Analysis of the simplified problem



Problem formulation

PDEs in (0,7 x Q CRY
divv =0
g—‘t’ +div(vev)=—-Vp+ Av —div(Vb® Vb)
% 4 divoy) + (07— b) — PAb=0

ot

Boundary and initial conditions

0 Vb-n=0 on (0,T) x 99
Vo b(0,-) = bo in

)

v (0,

Energy estimates

2dt/ V>4 (b — 1 —1nb) + |Vb|? dz

2D ‘—— dr =0
+/Q||+bdt x




Problem formulation

PDEs in (0,T) x Qc R4
divv=0
88_: +div(vev)=-Vp+ Av — div(Vb ® V)
ob
1=bY)—Ab=
(6t+Vb v) (1-0571) b=0

Boundary and initial conditions

v=0 Vb-n=0 on (0,T) x 99
) =vy

( b(O, ) = bo in Q

Energy estimates

2 I 2
2dt/| I* + 1—1Inb) + |Vb|* dz
2
/2|]D>|2 gb+Vb vl dz=0




Existence result

Assumption on (v, by > 0)

vo € Lg i (Q), by € WH(Q), b, byt € L=(Q)
Theorem (Bulicek, Malek, Prusa, Siili (2017))
Let Q C R? be a Lipschitz set. Then there exists a couple (v,b):

veL™ (07 T; L%,div) N L2 (Oa T; W()l,’dziv)
be L=, T;WH3(Q)), b,b~'e L™(Q)
b+ Vb-v e L*(Q), Abe L*Q)

s.t. fora.a. t € (0,T) and all w € W()17§iv N W), w e WH2(Q):

<8tv,w>+/ 2D-VbeVb—vev): Vwdz =0
Q

/ <M+<1_1>)w+Vb~dex:0
o b2 b



Structure of the proof

T(s) := min {n,max{n"",s}} for s € R.
Truncated system

n 4
Vii(ta) = S at Owia), B e) = S B (Hwi(e)

/ v wi — v vt Vw; + S Vw,;dz =0
Q

i=1,...,n

n,l, . n,l . n,l
/ O s T Yy 4+ (1= (Ta ("), da
Q

T )2 (T (om)))2
+/Vb"’Z-ijd:c=O j=1,...,¢
Q

Sn,e _ 2]D)n,£ _ (Vbn,ﬁ ® Vbn,£)7 2Dn,£ _ vvn,f + (an,l)T

Galerkin both in v and b solved by Rothe's method
£ — oo, Galerkin in v: maximum and minimum principle for b

uniform estimates for v, b™ mimicking the formal a priori info

n — oo



Weak stability

bn
:_/ er(b—l)dxdt
Q

T n ()
lim/ Vb3 dt = — lim / Ob" + VO© v + (0" —1)dzdt
n—oo 0 n—oo Q

b
T
- / Vb3 dt
0



e Thermodynamic approach (Rajagopal, Srinivasa (2000))

e generates classes of the rate-type fluids satisfying the laws of
thermodynamics

o efficient even in a purely mechanical context for incompressible
fluids (Maxwell, Oldroyd-B, Giesekus, Burgers)

e compressible rate-type fluids (Malek, PrtSa (2017))

e capable of developing models where different energy
mechanisms take place

e PDE analysis for a simplified model with stress diffusion

e long-time and large data existence of weak solution in 3D

e a simplified model shares many qualitative features with general
viscoelastic rate-type models with stress diffusion

e presence of stress diffusion in Eq. for S combined with the
presence of Korteweg stress in Eq. for v

e non standard apriori estimates that would be difficult to find out
without the thermodynamic approach presented
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