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Newtonian fluids and Navier-Stokes equations

Consider the equations of balance of mass and momentum:
Oro + divy(ou) =0,
Ot(ou) + divy(ou @ u) + Vyp — div, T = pf.

o: density; u: velocity; p: pressure; T: stress tensor; f: external force.

Newtonian fluids: Newtonian stress tensor with shear and bulk viscosity
coefficients: 1° > 0 and 8 > 0:

T
T = S(Vyu) = 45 <M

1
5 — E(divxu)]l> + uB(div,u)lL

In addition, for incompressible fluid flows, div,u = 0:
divyT = divy,S(Viu) = vAju, v = u5/2.

Moreover, for homogeneous fluid flows p = 1:
ou+u-Viu+ Vyp—vAu=~Ff divu=0.




Non-Newtonian fluids

For some fluids like honey, ketchup, etc., experiments show that the
Cauchy stress tensor behaviors nonlinearly w.r.t. the velocity gradient. In

such a case, the tress tensor is called non-Newtonian stress tensor and the
fluids are called non-Newtonian fluids.

Examples:

-2 T
1, Power law: T = (g + 1/1]D(u)\2)pT D(u), D(u) = w,
D
2, Bingham law: [T| <7, < D(u)=0and [T| > & T = T|D(l(ll)‘\) + vD(

3, Implicit law: G(T,D(u)) = 0.

‘)




Oldroyd-B model

Homogeneous fluid flows with T = S(Vu) + 7:
du+u-Veu+ Vep —vAyu=div,7+f, diveu =0,

1 0
T VT — (Vour +17VE =
0T +u-Vy (Vixut + su)+ A eD(u),

where the extra stress tensor 7 is symmetric positive definite matrix.

Open problems:
@ Global existence of strong solutions?
@ Global existence of weak solutions?

e Domains in R? and R3.




Incompressible Oldroyd-B model: known results

Local-in-time strong solutions:

o Guillopé, Saut, 1990. Let Q C RY, d = 2,3, C3 domain. Suppose
upg € H(:,l N H?, diveug =0, 79 € H?. Then there exits T > 0 and a
unique solution:

ue C([0, T]; H3 N H?) N L%(0, T; H3),
o e C([0, T]; L2) N L%(0, T; HY),
7€ C([0, T; H?), pe 30, T;H3).

o Fernandez-Cara, Guillén, Ortega 1998. L9L" framework.

Small data: global existence.




Incompressible Oldroyd-B model: known results

Large data, global existence of weak solutions:

N. Masmoudi, P.L. Lions, 2000, d = 2, 3.

Vut + 7 V1iu replaced by w(u) 7 — 7w(u), w(u) is the anti-symmetric
part of V,u.

Newtonian limit: We — 0: Oldroyd-B — Navier-Stokes.

o L. Molinet, R. Talhouk, 2008, in the framework of H*® strong
solutions,

@ D. Bresch, C. Prange 2013, in the framework of weak solutions of
Masmoudi and Lions.




Incompressible Oldroyd-B model: known results

Large data, global existence of strong solutions
P. Constantin, M. Kliegl, 2012, d = 2, with diffusive stress: A,7:

ou+u-Vu+Vyp —vAu=divyr +f, diveu =0,

1 J
T +u- Vi — (Vxut +7Vyiu) + W = %D(u) + KALT.




The micro-macro model for polymeric fluids

7 as a function of the polymer chains configurations:

(%) = T+ /D (q® F(q)) (t.x.q)dq, q € DX,

Potential and force
e Hookean model: g € DX = RX9,

2
q
N(q) = % F(q) = Vql(q) = q.
e FENE (finitely extensible nonlinear elastic) model:

g € DX := B(0,Vb)X c RK,

q

N(q) = —g log(1 — |q|?/b), F(q)=V4M(q) = 1-q2/b’




The micro-macro model for polymeric fluids

Fokker—Planck equation

O +u - Vp + divg ((Vxuq — F(q))9) = Agip.

Relation to macroscopic models
Oldroyd-B model can be derived from the Navier-Stokes-Fokker-Planck
equations under Hookean dumbbell model setting with F(q) = g.




The micro-macro model: known results

F.H. Lin, C. Liu, P. Zhang, 2007:
Near equilibrium, potential U satisfies some conditions.

For FENE:

@ Strong solutions: W. E & P.W. Zhang, Masmoudi & P. Zhang & Z.
Zhang (d = 2, FENE dumbbell)...

@ Weak solutions: FENE dumbbell model: Masmoudi 2013.




Compressible Navier-Stokes-Fokker-Planck equations

Compressible Navier-Stokes equations with extra stress:

Oro + divy(ou) =0,
Ot(ou) + divyi(ou @ u) + Vyp(o) — divy S(Vxu) = div, T + of.

Extra stress tensor:

T(p) = T1 (1) — </¢dq)

The first part, T1(v), of T(¢) is given by the Kramers expression

Ti(y) = k [(éciw)) —L(/Dw dq) H] |

12
Ci(¥)(t,x) ZZ/Dw(t,X,q)U,{(%> g®qidg, i=1,... K.




Compressible Navier-Stokes-Fokker-Planck equations

Fokker—Planck equation with diffusion:

K
Ort)p + divi(uep) + Y divg, (Viu) gith) = eA0)
i=1

iA zi: > Ay divg, (quj (;/;,)) :

Polymer number density:

nrz/wdq, O + divy(un) = eAm.

Then,

(ZC(zp) (kL + 672 L.




Some known results

Modelling: J. W. Barrett, E. Siili 2012.

Global-in-time existence of weak solutions, FENE setting: J. W. Barrett,
E. Siili 2016, R, d = 2,3, v > d/2.

Global-in-time existence of weak solutions when polymer density

dependent viscosity coefficients, FENE setting: Feireisl-Lu-Suli 2016.

o>



Compressible Oldroyd-B model
Recall: T(¢) := k (Z,K:1 (C,-(w)) — (kLn+67) 1L,

K

1 K K
Opp+divie(up)+Y  divg ((Viu) gi¢h) = Dty DS Aydivg (Vo + ¢ q) .

i=1 i=1 j=1

Define:
K 12
=) - [ uexa u(4) o adg

i=1

:/ Y(t,x,q)qi ®qidq, for Hookean model.
D

Under Hookean dumbbell model, we derive a closed system in 7:

kA A
; _ Ty) = LEAUNS e
0+ 4 Divy(uT) (VXUT-I—TVX u) eNT + N nl 2)\7',

(Divk(uT)),, :==divi(ur,), 1<k,0<d.




Compressible Oldroyd-B model

The system:

Oro + divy(ou) = 0,
Ot(ou) + divy(ou @ u) + Vip(o) + Vxq(n) — divy S(Vxu) = divyr + of,
0tn + divg(nu) = eAxn,
kA A
. T 0 0
97 4 Dive(ut) — (Vur +7Vyu) — Sy M oy T =D,
where
p(o) =a0”, a>0,v>1, q(n):=kln+ 6772,
x T 1
S(Vyu) = 4 <V“;VX" - d(divXu)]I> + 1B (divu)l.
Boundary conditions:

U=0m=030a7=0 on (0, T] x 0R.




Global-in-time weak solutions
Initial data

0(0,-) = 0o(-) with gg > 0 a.e. in Q, oo € L7(Q),

u(0,-) = up() € L"(Q; RY) for some r > 24/ such that gg|ug|* € L}(Q),
no € L2(Q), ifd>0,
mologno € LX), ifs=0,
T(0,-) = To(-) with To = Tg >0 a.e. in Q, Tp € L2(QRI*).

n(0,-) = no(-) with no > 0 a.e. in Q, {

(1)

v

Theorem (Barrett, Siili, L. 2016)

Let v > 1 and Q C R? be a bounded C?# domain with 3 € (0,1).
Assume the parameters ¢, k, A, Ag are all positive numbers and § > 0,
L >0 with 64+ L > 0. Then for any T > 0, there exists a finite-energy
weak solution (g, u,n, T) with initial data (1).




A priori estimates:

For compressible Navier-Stokes:

d 1 a .
dt/s;|:29|u| +7_1Q +(kl_(77|og7]+1)+5n ):| dx

+/€kLn_1]Vx77!2 +2668 |V dx
Q

. / K 2 (2)
Q

T
x 1 .
:—/T:qudx—i-/gf‘udx.
Q Q

5 - E(dlvxu)]l

For 7:

d A kAo d
E/Qterx—i—z—g\/Qterx: 2;]\ /Qndx—l—2/ﬂ7':vxudx. (3)




A priori estimates:

Therefore, (2) + 3(3) gives

4
dt Jq

+/ € I<L17_1|VX77|2 +2ed |VX77|2 dx
Q
Vu + Vzu

+/u5
0 2

kAod
= f-ud dx.
/QQ udx + N /an

a
v—1

1 1
[§g|u\2+ 0" + (kL(nlogn + 1) + 5% —i—?rr] dx

1 2
— a(leXU)H

A
+uB]divXu]2dx—|——0/terx
4\ Jq

Problem: tr7 >0, 7 > 07




A regularized model

We introduce:

d¢(ou) + dive(ou ® u) + Vyp(0) + Vx(kLn + 3 1?) — divy, S(Vu)
= divy,r — % Vi (tr logT) + of.

Functions in symmetric matrices: let g be a scalar function and 7 be a
symmetric matrix:

7= P ldiag {\1,...,A\g} P, A eigenvalues of 7,

define
g(r) = P diag {g(\1), -, &(\a)}P.
Thus, if 7 > 0, we have the following identity:

tr log 7 = log det 7.




New a priori estimates:

With the presence of logarithmic term:

d
dt Jg

+/skLn—1|vxn|2+255\vxn|2dx
Q

/
Q

k
:/Qf-udx—i- /ndx+a/(tr log 7) (divxu) dx.
Q 4x o 2 Ja

a

1 1
[§g|u|2+ 1974- (kL(nlogn + 1) + &6 n?) —i—?rr] dx

Viu+ Vi 2

1 .
> - a(dlvxu)ﬂ

A
—i—,uB]divXu]zdx—F—o/terx
4\ Jq

(4)

To close the estimate, we need logarithmic type estimates.




A logarithmic bound

Idea: [, (Equation in 7) : 771 dx.

Jacobi's formula: d(det A)

(det A)tr (A710A)

Hence, if A= AT >0, 0 (logdet A) = tr (A~'0A)
Thus,

o 0;7: 71 = 0; (log det 7)

=0A: AL

= O¢(tr log 7)
e Divy(u7):771=(u-V

x) (tr log 7) + d divku
o — (Viur+7Viu): 77t = —2divu
Thus,

Ot (tr log 7) + (

- Vx) (tr log7) + (d — 2) divku
_ . Ao 1 dAg
—elN T 14+ 2)\ ntr T

5




A logarithmic bound:

Integral by parts gives:

d
o [ ogmyax= [ (@iva (i ogr)axt [ carirax
dt Jg .

(5)
/—ntr *1dx—dA0|Q|

For the diffusion term:

1 J 12
/QAXTZT dX:j_Zl/Qtr (((8Xj7)(7' ) )dx

d d

> Z/ 3" |0y log A dx
=172 =1

> l/ |V (tr log 7)|? dx.
d Ja




A logarithmic bound:

(4) — 5(5) gives:

d
dt/[ olu®> + -~ 19 + (kL(nlogn + 1) + & n?)

! (tI T — a(tr log 7'))} dx

akLn1]VXU|2+2€5|Vx7ﬂ2dx+Z/tr 2, 7))?)

2

s|Viu+Vie 1
- + + 18| div,ul? dx

- g(divxu)]l

+ =
70 kAO —1
/\/ Tdx + 3\ /QntrT dx

+

Aod dA

/@fud+ o /nw+a %0,
Q

(6)

O
4




A logarithmic bound

Observe:
d d

tr 7—a (tr log ) :Z(A,{ —alogAy) > Z(a—aloga) =d(a— aloga

k=1 k=1

Consider the following nonnegative energy functional:

1 a
E(t):= / [§g|u|2 + flgw + (kL(nlogn +1) + 6772)
Q Y
—|—%(tr7 —a(trlog7) +d(aloga — «) )]dx.

Initial energy:

1 a
Eo :—/ {590‘“0‘24‘793"' (KL(m0 log o + 1) + 61)
Q v—1

1
+§(tr 7o — o (tr log 79) + d (alog o — ) )}dx'



A logarithmic a priori estimate:

Gronwall’s inequality implies that

t
+/ /ekLn_1|VXn|2+2€6]VXn]2dxdt’

+— /|V (tr log 7)|? dxd t’
2
7
+/ /MS w——(divxu)ﬂ L pBldivaldxdr )
0 JQ

Ao [! k
_|__0/ /trrdxdt’—i—a 0/ /ntrT Ldxdt/
ax Jo Ja

< (Eo+ Ct)e“t.

Recall Korn's inequality:

1
— —(divyu)l

Viu+ Viu
HvquL2(Q;Rdxd) S C HX# d(

LQ(Q;RdXd)




A priori bounds:

From the a priori inequality (7):

0€ L0, T; L7(R)), ue L0, T; Wy (1 RY)), olul? € L=(0, T; L(Q))
neL=(0, T; [3(Q) N L2(0, T; Wi2(Q), ntrr e L0, T;LY(Q)),
trr — a(tr log7) € L=(0, T; L'(R)),  Vy(tr log7) € L*(0, T; L*(€; RY))

v

Problem:

Not enough regularity in 7.




A further bound in two space dimensions

From the equation in 7:

d L 2 / 2 AO/ 2
— | Zl7|"dx+¢e [ |Ver|odx+ == [ |7|7dx
1 92| | Q\ ) Q! |

A 2kZ A
§4/ |Vul| |T|2dx—i——o/ |7'|2dx—|- 0/172dx.
Q 4\ Jo A Ja

This implies

d 2 2 Ao 2
r |’7'| dx—i—a/ |V x| dx+4>\/n\7'| dx

2k2 Ao
g4||vxu|\L2(Q;R2xz) I7l2sqmensy + /Q 2 dx.

Gagliardo—Nirenberg inequality d = 2:

I e amacay < C lIrlliz@meesy Il wiagozecs).




A further bound in two space dimensions

d / 2 / 2 AO / 2
— T|*dx + ¢ V7|odx + — 7|% dx

4k? Ag
< C IVl i + 522 | P

Hence,

Gronwall’s inequality implies that

C Jy I1Vxu(t )25 g oz 4 ¢

HT(t7')Hi2 Q;R2x2) = ”7_0HL2(Q ]R2><2)e

4k2 Ay [*
+ 0 / / n?(t,x)dxdt'.
A Jo Ja

Moreover,

t A t
/|T|2dx—|—5/ /|VXT|2(t',x)dxdt'+4—§/ /|T\2(t’,x)dx
Q 0 JQ 0 JQ

< C(ta EOa ||7—0||%2(Q;R2><2))-

et



A further bound in two space dimensions

Finally, we obtained enough regularity in 7:

7€ L0, T; L2(Q; R?*?)) N L2(0, T; WH?(Q; R?*?)).

Above estimate is uniform as 6 — 0:
It is sufficient to show [|n|[.2(0,7.12(q)) is uniform as § — 0. From (7),

1
[n1og nll oo (0, T;03(0)) + IVxn2 [l 1200, T:12(r2)) < € (8)

This gives [[7]| 20, 7;w11()) < C by direct computation:

1 1 1 1
Lot ax = [ nt 0t ax < 2l o) 190 g

As d = 2, the Sobolev embedding of W1(Q) < L2(Q) gives the desired
result.




First level: artificial pressure approximation

Let o1 > 0 be small and I > 4.

O¢(ou) + dive(ou ® u) + Vip(0) +| 01 Vo' |+ Vi (kLn + 3 1?)

= divyS(Vxu) + diver — % Vi (tr log 7) + of,




Second level: dissipation approximation

Let oo > 0 be small.

Deo + divy(ou) = [020,0],

9t(ou) + divy(ou ®@ u) + V,p(o) +

O'leQr

+|02VxuVyp

+ VX(kLn + (5772) = div,S(Vxu) + diver — % Vi (tr log7) + of,




Third level: Galerkin approximation

Consider eigenvalues 0 < A1 < Ao < --- with A\, — o0, n— 00, and an
associated orthogonal eigenfunction basis in L?(2; R?), denoted by
(¥n)nen, such that

—DA), = Atbp in ;. W, =0 on 0L

Consider

u, € C([0, T], Xp), un(0) =ug,n = Paugp; for any ¢ € Xy:
/ It(onup) - pdx
Q

—|—/ [divx(g,,un @ up) + Vip(on) +|01Vioh |4+ 02V u, Vo,
Q

+ Vi (kL + 672) — divXS(VXun)] - pdx

= / [diVXTn _a Vi (tr log m) + 0n f] pdx.
Q 2




Third level: Galerkin approximation

Here ¢, mn, 7o are determined by the parabolic equations:

Oron + divk(onun) = ’

a1.“77n + divx(nnun) = EAXnna
k Ao
ox

Ao

I— ﬁTn.J

O¢7n + Dive(un 7n) — (Vxtp Tn + 7n VEU,,) =elmh +




Fourth level: regularization of the extra stress tensor

Let o3 > 0 small and x,,(s) := max{o3,s}. Consider:

u, € C([0, T], Xp), un(0) =ug,n = Paugp; for any ¢ € Xy:
/Qat(Qnun) “pdx

+/ [diVx(Qnun ® un) + vxp(.Qn) + UleQE +|02Viu,Viypon
Q

+ Vo (kL + 672) — divXS(VXu,,)] - pdx

:/ v o (7| — %vx (tr Iong)—i-Q,,f}  pdx.
Q




Fourth level: regularization of the extra stress tensor

Here 0, nn, 7, are determined by the parabolic equations:

ath + diVx(Qnun) = 7

at77n + diVx("]nun) = EAx77na

O¢mn + Divy(up| divexos (75) ) — <qun diveXos(7n)

diveXos(Tn)

k A Ao

— gAXTn —+ W?]n]l — 5 diVXX0'3(7-n) .




Final steps

1, Let @ — 0 to finish the proof.
5 Vi (tr log ) — 0.

2, Let § — 0 to cover the case § =0
Vi (kLn + 6n1?) becomes V. (kLn).

o>




Local-in-time strong solutions

Data
Assume the external force f € W12((0,00) x Q). Suppose

00 € WH(Q), no € W22(Q), To € W2?(Q; RY*9), ug € Wy nW2?(Q; R

where the notation W22(Q) := {f € W22(Q) : 8nf = 0 on §Q}.
Suppose there holds

— (uAxug + vV xdiveug) + Vip(00) — divyTo + Vi (kLng + 6 n3) = /00&

for some g € L2(Q; RY).




Local-in-time strong solutions

Theorem (D. Fang-R. Zi 2013; Z. Zhang-L. 2017)

There exists a unique strong solution (g, u,n, T) a maximal existence time
T. € (0, 00] such that

0>0, o€ C([0, T.), WH(Q)),

u e C([0, T.), Wo? N W22 RY)) N L3,.([0, T.); W27 (2 RY)),

n>0, T=T">0, (n,T) € C([0, T.), W2?) N L2.([0, T.); W?)( R x

where r = 6 when d =3 and r € (1,00) is arbitrary when d = 2.
If T, < oo, the following quantity blow-up:

”;n sup (llelltoo(o, 1yxe) + 11l oo 0,7y <) + [Tl 2(0, 7:150 (RAxe)) ) = 00
— 1%




A refined blow-up criterion

Theorem (Z. Zhang-L. 2017)

Let d =2 and (g,u,n, T) be the strong solution with maximal existence
time T, € (0,00]. If T, < oo, there holds

limsup ||o||r (0. T)x0) = 0©-
msu o]l o< ((0,7)x0)




Weak-strong uniqueness

Theorem (Z. Zhang-L. 2017)

Let d = 2. Let (o,u,n, T) be a finite energy weak solution and (g, @, 7}, T)
be the strong solution with the same regular initial data. If in addition the
initial data satisfy

inf 0, inf 0
'590> ) '5770> )

then there holds

(o,u,n,T) = (3,d,7,T) in [0, T.)x Q.




Conditional regularity

Theorem (Z. Zhang-L. 2017)

Let d = 2. Let (o, u,n, T) be a finite energy weak solution with regular
initial data satisfying

- -
|?1 00 >0, I?) no >0,
If for some T > 0 there holds the upper bound

sup o0 < o0,
(0, T)xQ

then the weak solution (o, u,n,T) is actually a strong one over time
interval [0, T].




Blow-up criterion— Step 1

2_%5q
Let po € W,

)

Otp—eDyp=nhin (0, T)x G; p(0,-) =poin G; Opp=0in(0,T) x G

h e LP(0, T; L9(G)). Then
||p||L°°(O,T,W2_%’q(G))

+110epll oo, 7196y + 1Pl 0. 7wz a(6)) = €

Let po € L9(G), h=divg, g€ LP(0, T;LI(G;RY)). Then

1ol 0, 7:19(6)) + [IVxpll Lo (0, T:09(6Re)) < C.

o>



Blow-up criterion—Step 1

Further estimates for  and T:

For any r € (1,00), there holds

170l Lo 0, 7ier()) + Ml 20, 7 wrr()y < €
and

T o0, 7.;Lr(2)) + 1Tl 20, 71 ()) < C-




Blow-up criterion—Step 2

By contradiction, we assume ||o|| o ((0,7.)xq) < 00

Uniform estimates:

[olul*[[ (0, 7.:11(0)) < € < o0, for some a > 2.

(11)
/ momentum equation - |u
Q

|a—2u.

o>



Blow-up criterion—Step 3

Define v,, v,, v, such that:

{ — pAyv, — vV divev, = Vip(p), in Q,

v, =0, on 092,
{ — plv, — vV, divyv, = Vi(kLy + 6n%),  in Q,
v, =0, on 019,
{ — ulgvr — vV divev, = —divy T,  in €,
v, =0, on 0f2.

(12)

Definew :=u—v, v:=(v,+v,+v;). Then

00w — puA,w — vV, div,w = —pu - Vyu — o0,

with no slip boundary condition

w=0 on (0, T,) x 0.




Blow-up criterion—Step 3

For some T; € (0, T.),

w € [0, To; Wy (2 R2))NLZ(0, T WH(Q RA))NLA(Ty, To; W22 (Q; R

This implies

ue L0, T, W01’2) N L2(0, To; WET) for any r € (1, 00).

~



Blow-up criterion—Step 4

Again by the regular results for parabolic problems, we finally obtain:

7Moo 0, Tustoo()) < € < 00

and
Tl Lo (0, Tsroe()) < € < 00




Relative entropy

Define:

H(s) := 5 i 157, G(s) := (kLslogs + 7).

Relative entropy functional

o 2.8)(0) = | Sola—i? + (H(o) ~ (@)~ H(D)e ~ D) (&) dx

Ex(n.7)(t) = /

L (C0n) = &) = @) — ) (&) dx.




Relative entropy

There exists § > 0, ¢ > 0 depending only on a and ~ such that for any
0,0>0,

. ~ . " 2(0—8)?, fé5<0<d15,
H(e)~ (D)~ H(@)e-8) = { C 7D | (15)
cmax{o”, 0"}, otherwise.

For any 7,7 > 0, there holds

2
—kL("ZN D iy < 23
G- G()~G )n-1) > 2000+ 7 (10
= if 7 > 2i.




Relative entropy inequality

There holds
t
E(t) +/ /,u|VX(u — )2 + v|dive(u — @)[2dxd ¢
0 JQ
t
+2€/ /2kL|vX(n% —52)2 46 |Vy(n — )2 dxd ¢
0 JQ

< £(0) +/Ot73(t’)dt'.




Relative entropy inequality
The remainder R(t) = Z}Ll Rj(t) with

Ra(t) = /Qg(f)tﬁ Fu- Vi) - (i — u) dx
+ /Q UV il V(i — 1) + vdiveii divy (i — u) dx + /Q of - (u—ii)d
+ [ (2= 00 (@) + (85— o) VH (2) dx
+ /Q div,i(p(2) — p(e)) dx,

Ra(t) = [ (= m)orG(7) + (i = ) - V.6(7) dx

+ /Q divxi(q(7) — q(n)) dx,

X




Relative entropy inequality

The remainder R(t) = Z?:l R;(t) with

1 1 1
Rs(t) = —4€kL/ V2 - Vi(n2 —ij2
Q
Ra(t) := —255/ Vi - V() — ) dx,
Q

Rs(t) == /QT : V(@ — u)dx.




Thank you for your attention!
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