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Newtonian fluids and Navier-Stokes equations

Consider the equations of balance of mass and momentum:
∂t%+ divx(%u) = 0,

∂t(%u) + divx(%u⊗ u) +∇xp − divx T = % f.

%: density; u: velocity; p: pressure; T: stress tensor; f: external force.

Newtonian fluids: Newtonian stress tensor with shear and bulk viscosity
coefficients: µS > 0 and µB ≥ 0:

T = S(∇xu) = µS
(
∇xu +∇T

x u

2
− 1

d
(divxu)I

)
+ µB(divxu)I.

In addition, for incompressible fluid flows, divxu = 0:

divxT = divxS(∇xu) = ν∆xu, ν = µS/2.

Moreover, for homogeneous fluid flows % = 1:

∂tu + u · ∇xu +∇xp − ν∆xu = f, divxu = 0.



Non-Newtonian fluids

For some fluids like honey, ketchup, etc., experiments show that the
Cauchy stress tensor behaviors nonlinearly w.r.t. the velocity gradient. In
such a case, the tress tensor is called non-Newtonian stress tensor and the
fluids are called non-Newtonian fluids.

Examples:

1, Power law: T =
(
ν0 + ν1|D(u)|2

) p−2
2 D(u), D(u) =

∇xu +∇T
x u

2
,

2, Bingham law: |T| ≤ τ∗ ⇔ D(u) = 0 and |T| > τ∗ ⇔ T =
τ∗D(u)

|D(u)|
+ νD(u),

3, Implicit law: G (T,D(u)) = 0.



Oldroyd-B model

Homogeneous fluid flows with T = S(∇xu) + τ :

∂tu + u · ∇xu +∇xp − ν∆xu = divxτ + f, divxu = 0,

∂tτ + u · ∇xτ − (∇xu τ + τ ∇T
x u) +

1

We
τ =

δ

We
D(u),

where the extra stress tensor τ is symmetric positive definite matrix.

Open problems:

Global existence of strong solutions?

Global existence of weak solutions?

Domains in R2 and R3.



Incompressible Oldroyd-B model: known results

Local-in-time strong solutions:

Guillopé, Saut, 1990. Let Ω ⊂ Rd , d = 2, 3, C 3 domain. Suppose
u0 ∈ H1

0 ∩ H2, divxu0 = 0, τ0 ∈ H2. Then there exits T > 0 and a
unique solution:

u ∈ C ([0,T ];H2
0 ∩ H2) ∩ L2(0,T ;H3),

∂tu ∈ C ([0,T ]; L2) ∩ L2(0,T ;H1
0 ),

τ ∈ C ([0,T ];H2), p ∈ L2(0,T ;H2
0 ).

Fernández-Cara, Guillén, Ortega 1998. LqLr framework.

Small data: global existence.



Incompressible Oldroyd-B model: known results

Large data, global existence of weak solutions:

N. Masmoudi, P.L. Lions, 2000, d = 2, 3.
∇xu τ + τ ∇T

x u replaced by ω(u) τ − τ ω(u), ω(u) is the anti-symmetric
part of ∇xu.

Newtonian limit: We → 0: Oldroyd-B → Navier-Stokes.

L. Molinet, R. Talhouk, 2008, in the framework of Hs strong
solutions,

D. Bresch, C. Prange 2013, in the framework of weak solutions of
Masmoudi and Lions.



Incompressible Oldroyd-B model: known results

Large data, global existence of strong solutions

P. Constantin, M. Kliegl, 2012, d = 2, with diffusive stress: ∆xτ :

∂tu + u · ∇xu +∇xp − ν∆xu = divxτ + f, divxu = 0,

∂tτ + u · ∇xτ − (∇xu τ + τ ∇T
x u) +

1

We
τ =

δ

We
D(u) + κ∆xτ .



The micro-macro model for polymeric fluids

τ as a function of the polymer chains configurations:

τ(t, x) = −I +

∫
D

(q ⊗ F (q))ψ(t, x , q) dq, q ∈ DK .

Potential and force

Hookean model: q ∈ DK = RKd ,

Π(q) =
|q|2

2
, F (q) = ∇qΠ(q) = q.

FENE (finitely extensible nonlinear elastic) model:
q ∈ DK := B(0,

√
b)K ⊂ RKd ,

Π(q) = −b

2
log(1− |q|2/b), F (q) = ∇qΠ(q) =

q

1− |q|2/b
.



The micro-macro model for polymeric fluids

Fokker–Planck equation

∂tψ + u · ∇xψ + divq

((
∇xu q − F (q)

)
ψ
)

= ∆qψ.

Relation to macroscopic models

Oldroyd-B model can be derived from the Navier-Stokes-Fokker-Planck
equations under Hookean dumbbell model setting with F (q) = q.



The micro-macro model: known results

F.H. Lin, C. Liu, P. Zhang, 2007:

Near equilibrium, potential U satisfies some conditions.

For FENE:

Strong solutions: W. E & P.W. Zhang, Masmoudi & P. Zhang & Z.
Zhang (d = 2, FENE dumbbell)...

Weak solutions: FENE dumbbell model: Masmoudi 2013.



Compressible Navier-Stokes-Fokker-Planck equations

Compressible Navier-Stokes equations with extra stress:

∂t%+ divx(%u) = 0,

∂t(%u) + divx(%u⊗ u) +∇xp(%)− divx S(∇xu) = divxT + % f.

Extra stress tensor:

T(ψ) := T1(ψ)− δ
(∫

D
ψ d q

)2

I.

The first part, T1(ψ), of T(ψ) is given by the Kramers expression

T1(ψ) := k

[(
K∑
i=1

Ci (ψ)

)
− L

(∫
D
ψ d q

)
I

]
,

Ci (ψ)(t, x) :=

∫
D
ψ(t, x , q)U ′i

(
|qi |2

2

)
qi ⊗ qi d q, i = 1, . . . ,K .



Compressible Navier-Stokes-Fokker-Planck equations

Fokker–Planck equation with diffusion:

∂tψ + divx(uψ) +
K∑
i=1

divqi ((∇xu) qi ψ) = ε∆xψ

+
1

4λ

K∑
i=1

K∑
j=1

Aij divqi

(
M∇qj

(
ψ

M

))
.

Polymer number density:

η :=

∫
ψ d q, ∂tη + divx(u η) = ε∆xη.

Then,

T(ψ) := k

(
K∑
i=1

Ci (ψ)

)
−
(
kLη + δ η2

)
I.



Some known results

Modelling: J. W. Barrett, E. Süli 2012.

Global-in-time existence of weak solutions, FENE setting: J. W. Barrett,
E. Süli 2016, Rd , d = 2, 3, γ > d/2.

Global-in-time existence of weak solutions when polymer density
dependent viscosity coefficients, FENE setting: Feireisl-Lu-Süli 2016.



Compressible Oldroyd-B model

Recall: T(ψ) := k
(∑K

i=1 Ci (ψ)
)
−
(
kLη + δ η2

)
I,

∂tψ+divx(uψ)+
K∑
i=1

divqi ((∇xu) qi ψ) = ε∆xψ+
1

4λ

K∑
i=1

K∑
j=1

Aij divqi

(
∇qjψ + ψ qj

)
.

Define:

τ :=
K∑
i=1

Ci (ψ) =

∫
D
ψ(t, x , q)U ′i

(
|qi |2

2

)
qi ⊗ qi d q

=

∫
D
ψ(t, x , q) qi ⊗ qi d q, for Hookean model.

Under Hookean dumbbell model, we derive a closed system in τ :

∂tτ + Divx(u τ)−
(
∇xu τ + τ ∇T

x u
)

= ε∆xτ +
k A0

2λ
η I− A0

2λ
τ,

(Divx(u τ))κ,ι := divx(u τκ,ι), 1 ≤ κ, ι ≤ d .



Compressible Oldroyd-B model

The system:

∂t%+ divx(%u) = 0,

∂t(%u) + divx(%u⊗ u) +∇xp(%) +∇xq(η)− divx S(∇xu) = divxτ + % f,

∂tη + divx(ηu) = ε∆xη,

∂tτ + Divx(u τ)−
(
∇xu τ + τ ∇T

x u
)
− k A0

2λ
η I +

A0

2λ
τ = ε∆xτ,

where
p(%) = a%γ , a > 0, γ > 1, q(η) := kLη + δ η2,

S(∇xu) = µS
(
∇xu +∇T

x u

2
− 1

d
(divxu)I

)
+ µB(divxu)I.

Boundary conditions:

u = ∂nη = ∂nτ = 0 on (0,T ]× ∂Ω.



Global-in-time weak solutions

Initial data

%(0, ·) = %0(·) with %0 ≥ 0 a.e. in Ω, %0 ∈ Lγ(Ω),

u(0, ·) = u0(·) ∈ Lr (Ω;Rd) for some r ≥ 2γ′ such that %0|u0|2 ∈ L1(Ω),

η(0, ·) = η0(·) with η0 ≥ 0 a.e. in Ω,

{
η0 ∈ L2(Ω), if δ > 0,

η0 log η0 ∈ L1(Ω), if δ = 0,

T(0, ·) = T0(·) with T0 = TT
0 ≥ 0 a.e. in Ω, T0 ∈ L2(Ω;Rd×d).

(1)

Theorem (Barrett, Süli, L. 2016)

Let γ > 1 and Ω ⊂ R2 be a bounded C 2,β domain with β ∈ (0, 1).
Assume the parameters ε, k, λ, A0 are all positive numbers and δ ≥ 0,
L ≥ 0 with δ + L > 0. Then for any T > 0, there exists a finite-energy
weak solution (%,u, η,T) with initial data (1).



A priori estimates:

For compressible Navier-Stokes:

d

d t

∫
Ω

[
1

2
%|u|2 +

a

γ − 1
%γ +

(
kL(η log η + 1) + δ η2

)]
dx

+

∫
Ω
ε kLη−1|∇xη|2 + 2 ε δ |∇xη|2 dx

+

∫
Ω
µS
∣∣∣∣∇xu +∇T

x u

2
− 1

d
(divxu)I

∣∣∣∣2 + µB |divxu|2 dx

= −
∫

Ω
τ : ∇xu dx +

∫
Ω
% f · u dx .

(2)

For τ :

d

d t

∫
Ω

tr τ dx +
A0

2λ

∫
Ω

tr τ dx =
k A0 d

2λ

∫
Ω
η dx + 2

∫
Ω
τ : ∇xudx . (3)



A priori estimates:

Therefore, (2) + 1
2 (3) gives

d

d t

∫
Ω

[
1

2
%|u|2 +

a

γ − 1
%γ +

(
kL(η log η + 1) + δ η2

)
+

1

2
tr τ

]
dx

+

∫
Ω
ε kLη−1|∇xη|2 + 2 ε δ |∇xη|2 dx

+

∫
Ω
µS
∣∣∣∣∇xu +∇T

x u

2
− 1

d
(divxu)I

∣∣∣∣2 + µB |divxu|2 dx +
A0

4λ

∫
Ω

tr τ dx

=

∫
Ω
% f · udx +

k A0 d

4λ

∫
Ω
η dx .

Problem: tr τ ≥ 0, τ ≥ 0?



A regularized model

We introduce:

∂t(%u) + divx(%u⊗ u) +∇xp(%) +∇x

(
kLη + δ η2

)
− divx S(∇xu)

= divxτ −
α

2
∇x (tr log τ) + % f.

Functions in symmetric matrices: let g be a scalar function and τ be a
symmetric matrix:

τ = P−1diag {λ1, . . . , λd}P, λκ eigenvalues of τ ,

define
g(τ) = P−1diag {g(λ1), . . . , g(λd)}P.

Thus, if τ > 0, we have the following identity:

tr log τ = log det τ.



New a priori estimates:

With the presence of logarithmic term:

d

d t

∫
Ω

[
1

2
%|u|2 +

a

γ − 1
%γ +

(
kL(η log η + 1) + δ η2

)
+

1

2
tr τ

]
dx

+

∫
Ω
ε kLη−1|∇xη|2 + 2 ε δ |∇xη|2 dx

+

∫
Ω
µS
∣∣∣∣∇xu +∇T

x u

2
− 1

d
(divxu)I

∣∣∣∣2 + µB |divxu|2 dx +
A0

4λ

∫
Ω

tr τ dx

=

∫
Ω
% f · udx +

k A0 d

4λ

∫
Ω
η dx +

α

2

∫
Ω

(tr log τ) (divxu) dx .

(4)

To close the estimate, we need logarithmic type estimates.



A logarithmic bound:

Idea:
∫

Ω (Equation in τ) : τ−1 dx .

Jacobi’s formula: ∂(det A) = (det A) tr (A−1∂A).

Hence, if A = AT > 0, ∂ (log det A) = tr (A−1∂A) = ∂A : A−1.

Thus,

∂tτ : τ−1 = ∂t (log det τ) = ∂t(tr log τ).

Divx(u τ) : τ−1 = (u · ∇x) (tr log τ) + d divxu.

−
(
∇xu τ + τ ∇T

x u
)

: τ−1 = −2 divxu.

Thus,
∂t (tr log τ) + (u · ∇x) (tr log τ) + (d − 2) divxu

= ε∆xτ : τ−1 +
k A0

2λ
η tr τ−1 − dA0

2λ
.



A logarithmic bound:

Integral by parts gives:

d

d t

∫
Ω

(tr log τ) dx =

∫
Ω

(divxu) (tr log τ) dx +

∫
Ω
ε∆xτ : τ−1 dx

+

∫
Ω

k A0

2λ
η tr τ−1 dx− d A0

2λ
|Ω|.

(5)

For the diffusion term:∫
Ω

∆xτ : τ−1 dx =
d∑

j=1

∫
Ω

tr
((

(∂xjτ)(τ−1)
)2)

dx

≥
d∑

j=1

∫
Ω

d∑
i=1

∣∣∂xj log λi
∣∣2 dx

≥ 1

d

∫
Ω
|∇x (tr log τ)|2 dx .



A logarithmic bound:

(4)− α
2 (5) gives:

d

d t

∫
Ω

[1

2
%|u|2 +

a

γ − 1
%γ +

(
kL(η log η + 1) + δ η2

)
+

1

2

(
tr τ − α (tr log τ)

)]
dx

+

∫
Ω
ε kLη−1|∇xη|2 + 2 ε δ |∇xη|2 dx +

α ε

2

d∑
j=1

∫
Ω

tr
((

(∂xjτ)(τ−1)
)2)

dx

+

∫
Ω
µS
∣∣∣∣∇xu +∇T

x u

2
− 1

d
(divxu)I

∣∣∣∣2 + µB |divxu|2 dx

+
A0

4λ

∫
Ω

tr τ dx +
α k A0

4λ

∫
Ω
η tr τ−1 dx

=

∫
Ω
% f · udx +

k A0 d

4λ

∫
Ω
η dx +

α d A0

4λ
|Ω|.

(6)



A logarithmic bound

Observe:

tr τ−α (tr log τ) =
d∑
κ=1

(λκ − α log λκ) ≥
d∑
κ=1

(α− α logα) = d (α− α logα) .

Consider the following nonnegative energy functional:

E (t) :=

∫
Ω

[1

2
%|u|2 +

a

γ − 1
%γ +

(
kL(η log η + 1) + δ η2

)
+

1

2

(
tr τ − α (tr log τ) + d (α logα− α)

)]
dx.

Initial energy:

E0 :=

∫
Ω

[1

2
%0|u0|2 +

a

γ − 1
%γ0 +

(
kL(η0 log η0 + 1) + δ η2

0

)
+

1

2

(
tr τ0 − α (tr log τ0) + d (α logα− α)

)]
dx.



A logarithmic a priori estimate:

Gronwall’s inequality implies that

E (t) +

∫ t

0

∫
Ω
ε kLη−1|∇xη|2 + 2 ε δ |∇xη|2 dx d t ′

+
α ε

2d

∫ t

0

∫
Ω
|∇x (tr log τ)|2 dx d t ′

+

∫ t

0

∫
Ω
µS
∣∣∣∣∇xu +∇T

x u

2
− 1

d
(divxu)I

∣∣∣∣2 + µB |divxu|2 dx d t ′

+
A0

4λ

∫ t

0

∫
Ω

tr τ dx d t ′ +
α k A0

4λ

∫ t

0

∫
Ω
η tr τ−1 dx d t′

≤ (E0 + C t) eCt .

(7)

Recall Korn’s inequality:

‖∇xu‖L2(Ω;Rd×d ) ≤ C

∥∥∥∥∇xu +∇T
x u

2
− 1

d
(divxu)I

∥∥∥∥
L2(Ω;Rd×d )

.



A priori bounds:

From the a priori inequality (7):

% ∈ L∞(0,T ; Lγ(Ω)), u ∈ L2(0,T ;W 1,2
0 (Ω;Rd)), %|u|2 ∈ L∞(0,T ; L1(Ω)),

η ∈ L∞(0,T ; L2(Ω)) ∩ L2(0,T ;W 1,2
0 (Ω)), η tr τ−1 ∈ L1(0,T; L1(Ω)),

tr τ − α (tr log τ) ∈ L∞(0,T; L1(Ω)), ∇x(tr log τ) ∈ L2(0,T; L2(Ω;Rd)).

Problem:

Not enough regularity in τ .



A further bound in two space dimensions

From the equation in τ :

d

d t

∫
Ω

1

2
|τ |2 dx + ε

∫
Ω
|∇xτ |2 dx +

A0

2λ

∫
Ω
|τ |2 dx

≤ 4

∫
Ω
|∇xu| |τ |2 dx +

A0

4λ

∫
Ω
|τ |2 dx +

2k2 A0

λ

∫
Ω
η2 dx .

This implies

d

d t

∫
Ω

1

2
|τ |2 dx + ε

∫
Ω
|∇xτ |2 dx +

A0

4λ

∫
Ω
|τ |2 dx

≤ 4‖∇xu‖L2(Ω;R2×2) ‖τ‖2
L4(Ω;R2×2) +

2k2 A0

λ

∫
Ω
η2 dx .

Gagliardo–Nirenberg inequality d = 2:

‖τ‖2
L4(Ω;R2×2) ≤ C ‖τ‖L2(Ω;R2×2)‖τ‖W 1,2(Ω;R2×2).



A further bound in two space dimensions

Hence,

d

d t

∫
Ω
|τ |2 dx + ε

∫
Ω
|∇xτ |2 dx +

A0

4λ

∫
Ω
|τ |2 dx

≤ C ‖∇xu‖2
L2(Ω)‖τ‖

2
L2(Ω) +

4k2 A0

λ

∫
Ω
η2 dx .

Gronwall’s inequality implies that

‖τ(t, ·)‖2
L2(Ω;R2×2) ≤ ‖τ0‖2

L2(Ω;R2×2) e
C
∫ t

0 ‖∇xu(t′,·)‖2
L2(Ω;R2×2)

d t′

+
4k2 A0

λ

∫ t

0

∫
Ω
η2(t ′, x) dx d t ′.

Moreover,∫
Ω
|τ |2 dx + ε

∫ t

0

∫
Ω
|∇xτ |2(t ′, x) dx d t ′ +

A0

4λ

∫ t

0

∫
Ω
|τ |2(t ′, x) dx

≤ C (t,E0, ‖τ0‖2
L2(Ω;R2×2)).



A further bound in two space dimensions

Finally, we obtained enough regularity in τ :

τ ∈ L∞(0,T ; L2(Ω;R2×2)) ∩ L2(0,T ;W 1,2(Ω;R2×2)).

Above estimate is uniform as δ → 0:

It is sufficient to show ‖η‖L2(0,T ;L2(Ω)) is uniform as δ → 0. From (7),

‖η log η‖L∞(0,T ;L1(Ω)) + ‖∇xη
1
2 ‖L2(0,T ;L2(Ω;R2)) ≤ C (8)

This gives ‖η‖L2(0,T ;W 1,1(Ω)) ≤ C by direct computation:∫
Ω
|∇xη|dx =

∫
Ω
|2η

1
2∇xη

1
2 |dx ≤ 2‖η‖

1
2

L1(Ω)
‖∇xη

1
2 ‖L2(Ω),

As d = 2, the Sobolev embedding of W 1,1(Ω) ↪→ L2(Ω) gives the desired
result.



First level: artificial pressure approximation

Let σ1 > 0 be small and Γ ≥ 4.

∂t(%u) + divx(%u⊗ u) +∇xp(%) + σ1∇x%
Γ +∇x

(
kLη + δ η2

)
= divxS(∇xu) + divxτ −

α

2
∇x (tr log τ) + % f,



Second level: dissipation approximation

Let σ2 > 0 be small.

∂t%+ divx(%u) = σ2∆x% ,

∂t(%u) + divx(%u⊗ u) +∇xp(%) + σ1∇x%
Γ + σ2∇xu∇x%

+∇x

(
kLη + δ η2

)
= divxS(∇xu) + divxτ −

α

2
∇x (tr log τ) + % f,



Third level: Galerkin approximation

Consider eigenvalues 0 < λ1 ≤ λ2 ≤ · · · with λn →∞, n→∞, and an
associated orthogonal eigenfunction basis in L2(Ω;R2), denoted by
(ψψψn)n∈N, such that

−∆xψψψn = λnψψψn in Ω; ψψψn = 000 on ∂Ω.

Consider

un ∈ C ([0,T ],Xn), un(0) = u0,n = Pnu0,θ; for any ϕ ∈ Xn:∫
Ω
∂t(%nun) · ϕdx

+

∫
Ω

[
divx(%nun ⊗ un) +∇xp(%n) + σ1∇x%

Γ
n + σ2∇xun∇x%n

+∇x

(
kLηn + δ η2

n

)
− divxS(∇xun)

]
· ϕdx

=

∫
Ω

[
divxτn −

α

2
∇x (tr log τn) + %n f

]
· ϕdx .



Third level: Galerkin approximation

Here %n, ηn, τn are determined by the parabolic equations:

∂t%n + divx(%nun) = σ2∆x%n ,

∂tηn + divx(ηnun) = ε∆xηn,

∂tτn + Divx(un τn)−
(
∇xun τn + τn∇T

x un
)

= ε∆xτn +
k A0

2λ
ηn I−

A0

2λ
τn.



Fourth level: regularization of the extra stress tensor

Let σ3 > 0 small and χσ3(s) := max{σ3, s}. Consider:

un ∈ C ([0,T ],Xn), un(0) = u0,n = Pnu0,θ; for any ϕ ∈ Xn:∫
Ω
∂t(%nun) · ϕdx

+

∫
Ω

[
divx(%nun ⊗ un) +∇xp(%n) + σ1∇x%

Γ
n + σ2∇xun∇x%n

+∇x

(
kLηn + δ η2

n

)
− divxS(∇xun)

]
· ϕdx

=

∫
Ω

[
divxχσ3(τn) − α

2
∇x (tr log τn) + %n f

]
· ϕdx .



Fourth level: regularization of the extra stress tensor

Here %n, ηn, τn are determined by the parabolic equations:

∂t%n + divx(%nun) = σ2∆x%n ,

∂tηn + divx(ηnun) = ε∆xηn,

∂tτn + Divx(un divxχσ3(τn) )−
(
∇xun divxχσ3(τn) + divxχσ3(τn) ∇T

x un
)

= ε∆xτn +
k A0

2λ
ηn I−

A0

2λ
divxχσ3(τn) .



Final steps

1, Let α→ 0 to finish the proof.
α
2 ∇x (tr log τ)→ 0.

2, Let δ → 0 to cover the case δ = 0.

∇x

(
kLη + δ η2

)
becomes ∇x

(
kLη
)
.



Local-in-time strong solutions

Data

Assume the external force f ∈W 1,2((0,∞)× Ω). Suppose

%0 ∈W 1,6(Ω), η0 ∈W 2,2
n (Ω), T0 ∈W 2,2

n (Ω;Rd×d), u0 ∈W 1,2
0 ∩W

2,2(Ω;Rd),

where the notation W 2,2
n (Ω) := {f ∈W 2,2(Ω) : ∂nf = 0 on ∂Ω}.

Suppose there holds

− (µ∆xu0 + ν∇xdivxu0) +∇xp(%0)− divxT0 +∇x(kLη0 + δ η2
0) =

√
%0g

for some g ∈ L2(Ω;Rd).



Local-in-time strong solutions

Theorem (D. Fang-R. Zi 2013; Z. Zhang-L. 2017)

There exists a unique strong solution (%,u, η,T) a maximal existence time
T∗ ∈ (0,∞] such that

% ≥ 0, % ∈ C ([0,T∗),W
1,6(Ω)),

u ∈ C ([0,T∗),W
1,2
0 ∩W 2,2(Ω;Rd)) ∩ L2

loc([0,T∗);W 2,r (Ω;Rd)),

η ≥ 0, T = TT ≥ 0, (η,T) ∈ C ([0,T∗),W
2,2
n ) ∩ L2

loc([0,T∗);W 3,2)(Ω;R× Rd×d)),

where r = 6 when d = 3 and r ∈ (1,∞) is arbitrary when d = 2.
If T∗ <∞, the following quantity blow-up:

lim sup
T→T∗

(
‖%‖L∞((0,T )×Ω) + ‖η‖L∞((0,T )×Ω) + ‖T‖L2(0,T ;L∞(Ω;Rd×d ))

)
=∞.



A refined blow-up criterion

Theorem (Z. Zhang-L. 2017)

Let d = 2 and (%,u, η,T) be the strong solution with maximal existence
time T∗ ∈ (0,∞]. If T∗ <∞, there holds

lim sup
T→T∗

‖%‖L∞((0,T )×Ω) =∞.



Weak-strong uniqueness

Theorem (Z. Zhang-L. 2017)

Let d = 2. Let (%,u, η,T) be a finite energy weak solution and (%̃, ũ, η̃, T̃)
be the strong solution with the same regular initial data. If in addition the
initial data satisfy

inf
Ω
%0 > 0, inf

Ω
η0 > 0,

then there holds

(%,u, η,T) = (%̃, ũ, η̃, T̃) in [0,T∗)× Ω.



Conditional regularity

Theorem (Z. Zhang-L. 2017)

Let d = 2. Let (%,u, η,T) be a finite energy weak solution with regular
initial data satisfying

inf
Ω
%0 > 0, inf

Ω
η0 > 0,

If for some T > 0 there holds the upper bound

sup
(0,T )×Ω

% <∞,

then the weak solution (%,u, η,T) is actually a strong one over time
interval [0,T ].



Blow-up criterion– Step 1

∂tρ− ε∆xρ = h in (0,T )× G ; ρ(0, ·) = ρ0 in G ; ∂nρ = 0 in (0,T )× ∂G .

Let ρ0 ∈W
2− 2

p
,q

n , h ∈ Lp(0,T ; Lq(G )). Then

‖ρ‖
L∞(0,T ;W

2− 2
p ,q

(G))
+ ‖∂tρ‖Lp(0,T ;Lq(G)) + ‖ρ‖Lp(0,T ;W 2,q(G)) ≤ C .

Let ρ0 ∈ Lq(G ), h = divg, g ∈ Lp(0,T ; Lq(G ;Rd)). Then

‖ρ‖L∞(0,T ;Lq(G)) + ‖∇xρ‖Lp(0,T ;Lq(G ;Rd )) ≤ C .



Blow-up criterion–Step 1

Further estimates for η and T:

For any r ∈ (1,∞), there holds

‖η‖L∞(0,T∗;Lr (Ω)) + ‖η‖L2(0,T∗;W 1,r (Ω)) ≤ C (9)

and
‖T‖L∞(0,T∗;Lr (Ω)) + ‖T‖L2(0,T∗;W 1,r (Ω)) ≤ C . (10)



Blow-up criterion–Step 2

By contradiction, we assume ‖%‖L∞((0,T∗)×Ω) <∞.

Uniform estimates:

‖%|u|α‖L∞(0,T∗;L1(Ω)) ≤ C <∞, for some α > 2. (11)

∫
Ω

momentum equation · |u|α−2u.



Blow-up criterion–Step 3

Define v%, vη, vτ such that:{
− µ∆xv% − ν∇xdivxv% = ∇xp(%), in Ω,

v% = 0, on ∂Ω,{
− µ∆xvη − ν∇xdivxvη = ∇x(kLη + δη2), in Ω,

vη = 0, on ∂Ω,{
− µ∆xvτ − ν∇xdivxvτ = −divxT, in Ω,

vτ = 0, on ∂Ω.

(12)

Define w := u− v, v := (v% + vη + vτ ). Then

%∂tw − µ∆xw − ν∇xdivxw = −%u · ∇xu− %∂tv, (13)

with no slip boundary condition

w = 0 on (0,T∗)× ∂Ω. (14)



Blow-up criterion–Step 3

For some T1 ∈ (0,T∗),

w ∈ L∞(0,T∗;W
1,2
0 (Ω;R2))∩L2(0,T∗;W

1,r (Ω;R2))∩L2(T1,T∗;W
2,2(Ω;R2)), for any r ∈ (1,∞).

This implies

u ∈ L∞(0,T∗;W
1,2
0 ) ∩ L2(0,T∗;W

1,r ) for any r ∈ (1,∞).



Blow-up criterion–Step 4

Again by the regular results for parabolic problems, we finally obtain:

‖η‖L∞(0,T∗;L∞(Ω)) ≤ C <∞

and
‖T‖L∞(0,T∗;L∞(Ω)) ≤ C <∞.



Relative entropy

Define:

H(s) :=
a

γ − 1
sγ , G (s) :=

(
kLs log s + δ s2

)
.

Relative entropy functional

E1(%,u, %̃, ũ)(t) :=

∫
Ω

1

2
%|u− ũ|2 +

(
H(%)− H(%̃)− H ′(%̃)(%− %̃)

)
(t, ·) dx ,

E2(η, η̃)(t) :=

∫
Ω

(
G (η)− G (η̃)− G ′(η̃)(η − η̃)

)
(t, ·) dx .



Relative entropy

There exists δ > 0, c > 0 depending only on a and γ such that for any
%, %̃ ≥ 0,

H(%)−H(%̃)−H ′(%̃)(%− %̃) ≥

{
c %̃γ−2(%− %̃)2, if δ%̃ ≤ % ≤ δ−1%̃,

c max{%γ , %̃γ}, otherwise.
(15)

For any η, η̃ ≥ 0, there holds

G (η)−G (η̃)−G ′(η̃)(η−η̃) ≥ 2δ(η−η̃)2+


kL(η − η̃)2

2η̃
, if η ≤ 2η̃,

kLη

4
, if η ≥ 2η̃.

(16)



Relative entropy inequality

There holds

E(t) +

∫ t

0

∫
Ω
µ |∇x(u− ũ)|2 + ν|divx(u− ũ)|2 dx d t ′

+ 2ε

∫ t

0

∫
Ω

2kL|∇x(η
1
2 − η̃

1
2 )|2 + δ |∇x(η − η̃)|2 dx d t ′

≤ E(0) +

∫ t

0
R(t ′) d t ′.



Relative entropy inequality

The remainder R(t) =
∑5

j=1Rj(t) with

R1(t) :=

∫
Ω
%(∂t ũ + u · ∇x ũ) · (ũ− u) dx

+

∫
Ω
µ∇x ũ : ∇x(ũ− u) + νdivx ũdivx(ũ− u) dx +

∫
Ω
%f · (u− ũ) dx

+

∫
Ω

(%̃− %)∂tH
′(%̃) + (%̃ũ− %u) · ∇xH

′(%̃) dx

+

∫
Ω

divx ũ(p(%̃)− p(%)) dx ,

R2(t) :=

∫
Ω

(η̃ − η)∂tG
′(η̃) + (η̃ũ− ηu) · ∇xG

′(η̃) dx

+

∫
Ω

divx ũ(q(η̃)− q(η)) dx ,



Relative entropy inequality

The remainder R(t) =
∑5

j=1Rj(t) with

R3(t) := −4εkL

∫
Ω
∇x η̃

1
2 · ∇x(η

1
2 − η̃

1
2 ) +∇xη

1
2 · ∇x η̃

1
2 (1− η̃−

1
2 η

1
2 ) dx ,

R4(t) := −2εδ

∫
Ω
∇x η̃ · ∇x(η − η̃) dx ,

R5(t) :=

∫
Ω
T : ∇x(ũ− u) dx .



Thank you for your attention!
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