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Jump discontinuity in a linear system — classical tools
Ordinary differential equation (stress o versus deformation ¢):
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Jump discontinuity in a nonlinear system — classical tools
Ordinary differential equation (stress o versus deformation ¢):
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Fundamental problem
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0 t<0
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Classical tools (theory of distributions) are useless in the nonlinear
setting. Intuition could be misleading.



Fundamental problem

Is there a theory that would allow one to simultaneously handle
discontinuity, differentiation and nonlinearity?

L>*(Q)
integrable functions
DISCONTINUITY DIFFERENTIATION MULTIPLICATION
D' (Q) C>(Q)
classical theory of distributions smooth functions

Everything is lost, it is impossible to introduce a structure that
would allow “multiplication of distributions”.

Laurent Schwartz. Sur I'impossibilité de la multiplication des distributions. C. R. Acad. Sci. Paris, 239:847-848,
1954
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Fundamental problem — Colombeau algebra

L= () G(Q)
integrable functions Colombeau algebra
DISCONTINUITY DIFFERENTIATION MULTIPLICATION
D'(Q) ()
classical theory of distributions smooth functions

Schwartz: “multiplication must be equal to the classical
multiplication provided that we consider continuous functions”

Colombeau: “multiplication must be equal to the classical
multiplication provided that we consider smooth functions”




How to escape from the world of smooth functions?

G2




Colombeau algebra — analogy
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Colombeau algebra — basic idea
The generalised functions are identified with collections of all
smooth functions that are approximating the generalised function.

Smoothing kernel ¢(x): o(x)

» € D(R) / \

> fR ¢(C) d¢=1 o
Smoothing, f € L} _(R):

Re(6,t) =aus /R F(O)O(C — £)de

H(t = tump) o H(E— tump)




Colombeau algebra — construction

nice objects

|

collections of nice objects

|

nice collections of nice objects

|

two collections represent
the same generalised object

|

generalised objects and calculus

smooth functions

Ry(¢,t)

representatives with diminishing mollification
Rf(¢87t)7 ¢6(t) —def % (é)
reasonably singular representatives, £y (R)
(1k Rf(¢a7 )‘ < j
difference is in null space, N (R)
S5 (Rp(92,1) = Ry(60,1))| < ce?m !
generalised functions
G (R) =act SM(R)/N(JR)
Rﬂg ((b: t) —def dfk (¢ t)

dtk




Colombeau algebra — Heaviside function, Dirac distribution

Heaviside function:

+oo

Ria(6, 1) =aet / o(s) ds

s=—t

Dirac distribution:

Rs(¢, t) =aet ¢(—t)

Example:
dH

dt



Colomeau algebra — summary

> It is possible to multiply distributions.
» The price to pay is the incompatibility of the multiplication

with the classical multiplication, H? #H.

» This drawback is fixed by coupled calculus.
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Colombeau algebra — equivalence in the sense of
association

= Strict equivalence, detailed behaviour in the vicinity of the
jump is important:

~ Equivalence in the sense of association, detailed behaviour in
the vicinity of the jump is not important:



Colombeau algebra — equivalence in the sense of
association

Definition (Equivalence in the sense of association)

Generalised functions f and g are equivalent in the sense of
association, f =~ g, if and only if

Vip € D(R), 3RF € Em(R), 3Rg € Em(R), 3g €N, Vo € Ay :
lim / [Re(2 %) — Rg(62, x)] $(x)dx = 0

Definition (Strict equivalence)

[...] for all K C R, K compact, and for all k € N there exists
I € Nand 8 €T such that forall me N, m> [ and for all ¢ € A,

there exists n € R and ¢ € R such that
dk
Vte K, Ve € (0,7): Tk (Re(¢e, x) — Rg(p=, x))| < cePm~!



Colombeau algebra — multiplication and the equivalence in

the sense of association
Heaviside function and Dirac distribution as elements in

Colombeau algebra G (R):
H?>+H

H?~H
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Colombeau algebra — example

System:

do de
3(6, U)J + a - b(&, 0)5 + C(Ea U)a

__Jo t<o
&) t>o0

Input:

Notion of solution:

do de
a(e,o)o + T~ b(e,o)e + c(e, o)a



Colombeau algebra — theorem

Theorem (Solution to a(e,0)o + 92 = b(e,0)e + c(g,0) %)

System response described by an ordinary differential equation
(stress o versus deformation ¢ ):

do de
a(e,0)o + T b(e,0)e + c(e, a)a

Response o of the system to the step input e

__Jo t<o
£(t), t=>0,

where £ is a smooth function, is given by the function

0, t <0,
o =
a(t), t>0.



Colombeau algebra — theorem

Function & is for t > 0 a solution to the ordinary differential
equation
dé - )dé
dt’

13

a(,5)5 + = = b(E,5)F + (&,

Fli—os = 00-

The initial condition og for the previous ordinary differential
equation—that is the height of the jump in the response—is
obtained by evaluating the solution ¢ of the ordinary differential

equation
dg
- = Ccl§¢6),
3 = ceq)
g|e:0 = 07

at point € = ¢, that is o9 = §|€:€0,
the height of the jump in the input.

where €9 =qet £|,_q, denotes



Numerical results — sequetial approach

Equation:
do d
a(e, o) + o = ble,0)e + cle, a)d—i
a(e,0) =aer 3 (1 + e+ 02)
b(e,0) =get b (1 + 0252)
c(g,0) =gef T (1 + 52) e ?
3 =ger 1
B —def 3
C =def 5
Input:

0 t<0
E =
2 >0
Take a sequence of smooth inputs, and see what happens for
n — +o0.



Numerical results — sequential approach
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Numerical results — sequential approach

Elirye

n=10
n=20
n =50

n = 1000

-0.05 0 0.05 0.1
t

(a) Input &n(t)

0.15

0.2

=4

18

14

1.2

0.8

0.6

0.4

0.2

n=10
n=20
n=50 =
H / n = 1000
01 005 0 005 0.1 015 02

t

(b) Output &n(t)



Response of nonlinear dynamical systems to step inputs

e(t) o(t)
g T—
goH(t — t;)
Nonlinear dynamical system.
——
2 42 What is the height
f (6, o, fo % 375. (:‘7) =0 of the jump
in the response?
t t t ¢
Input £(¢) Response o(t)
do de
a(o,e)o + T b(e,0)e + c(e, 0) I

» Ordinary differential equation interpreted as an equation for
generalised functions in Colombeau algebra.

» Equality understood in the sense of association.

» Explicit characterisation of the jump in terms of a, b and c.

V. Priga and K. R. Rajagopal. On the response of physical systems governed by nonlinear ordinary differential
equations to step input. Int. J. Non-Linear Mech., 81:207-221, 2016



We have a hammer, what next?

QUIET

WAIT! NAIL.




Response of nonlinear spring/dashpot systems to step
deformation/load |

22 = go(02)

S

V. Priiga, M. Reho¥, and K. Tiima. Colombeau algebra as a mathematical tool for investigating step load and step
deformation of systems of nonlinear springs and dashpots. Z. angew. Math. Phys., 68(1):1-13, 2017



Response of nonlinear spring/dashpot systems to step
deformation/load Il

d?x
mig = F—o
d de
gi(o — g3(e)) + E@(J —g3(e)) = R
€ =def X~ Xeq

eq

V. Priiga, M. Rehot, and K. Tiima. Colombeau algebra as a mathematical tool for investigating step load and step
deformation of systems of nonlinear springs and dashpots. Z. angew. Math. Phys., 68(1):1-13, 2017



Response of nonlinear spring/dashpot systems to step
deformation /load Il

Input/response:

X = Xoq + (X4 = Xeq)H

Response/input:

d
F=—(ffH+g.
dt(+ + g+0)

V. Prii%a, M. Rehot, and K. Tiima. Colombeau algebra as a mathematical tool for investigating step load and step
deformation of systems of nonlinear springs and dashpots. Z. angew. Math. Phys., 68(1):1-13, 2017



Response of nonlinear spring/dashpot systems to step
deformation/load IV
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Response of a viscoelastic rate type fluid in a lubricated
squeeze flow |

F
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M. Reho¥, V. Priiga, and K. Téima. On the response of nonlinear viscoelastic materials in creep and stress
relaxation experiments in the lubricated squeeze flow setting. Phys. Fluids, 28(10), 2016



Response of a viscoelastic rate type fluid in a lubricated
squeeze flow Il

Governing equations:

divv =0
Qi—::divT
T=pl+S
AS+S=2uD

Input/response:
F =get —/ Tss|,_,dX
b

Response/input:



Response of a viscoelastic rate type fluid in a lubricated
squeeze flow Il

Deformation x : X — x = x(X, t) given by the formula
ho
=4/—R

TV h
p=0
h

=7
z ho

where X = [R,®, Z] and x = [r, ¢, z] are the coordinates in the
reference/current configuration.



Response of a viscoelastic rate type fluid in a lubricated
squeeze flow IV

After applying the ansatz for the deformation x we arrive to:

Fimap + d?;‘:ap =—[3(1+0") e + 2R} 0] ‘3%,
do* de*
o" + I = 2(1+0%) I
Height of the sample:
e*=Inh*
Input/response:
Fem,ap
Response/input:
e

M. ﬁeho?, V. Priga, and K. Tdma. On the response of nonlinear viscoelastic materials in creep and stress
relaxation experiments in the lubricated squeeze flow setting. Phys. Fluids, 28(10), 2016



Conclusion

» Colombeau algebra is a nonlinear theory of distributions.
» Colombeau algebra provides a relatively easy to use tool for
investigating the response of nonlinear systems to step inputs.

» Using Colombeau algebra we have investigated the response
of a nonlinear spring-dashpot-mass system.

> Using Colombeau algebra we have investigated the response
of a nonlinear viscoelastic rate type fluid in a setting relevant
in rheology.



Thank you for your attention.



