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DECOMPOSITION INTO SUBSPACES AND OPERATOR PRECONDITIONING

JAKUB HRNCIR *, IVANA PULTAROVA !, AND ZDENEK STRAKOS

Abstract. We will consider linear equations in the abstract infinite-dimensional Hilbert space setting with bounded,
coercive and self-adjoint operators, which can represent, e.g., boundary value problems formulated via partial differential
equations.  Efficient numerical solution procedures often incorporate transformation of the original problem using
preconditioning. Motivated, in particular, by the works of Faber, Manteuffel, Parter, Oswald, Dahmen, Kunoth and Ride
published in the early 90’s, this text will present an abstract formulation of operator preconditioning based on the idea of
decomposition of a Hilbert space into a finite number of (infinite-dimensional) subspaces, by formulating the main results
using the concepts of norm equivalence and spectral equivalence of infinite-dimensional operators. Its goal is to describe
in a concise way the common principles behind various adaptive multilevel and domain decomposition techniques using
infinite-dimensional function spaces.

Key words. Decomposition into subspaces, operator preconditioning, stable splitting, norm and spectral equivalence of
operators, multilevel methods.

1. Introduction. Numerical solution of boundary value problems formulated via partial differential
equations (PDEs) consists of several tightly interconnected steps. First the mathematical model is
analyzed, which leads to the appropriate concept of solution of the infinite-dimensional problem, such
as the weak solution using the associated function spaces. Then the problem is discretized, giving a finite-
dimensional matrix-vector representation, and subsequently an approximate solution of the discretized
problem is computed. Although it is of no particular importance in this text, we on purpose emphasize
that the discretized problem is not solved exactly, apart from trivial cases. In solving large discretized
problems, an approximate solution is typically computed iteratively. In order to ensure computational
efficiency (in the sense of computing time or energy consumption), the discretized problem is typically
transformed into a problem that is easier to solve via the given iterative process. Such transformation is
historically called preconditioning.

In the recent book [30] it is argued that the formulation of the infinite-dimensional problem using
function spaces, its discretization, preconditioning and computation of an approximate solution should be
considered as a single problem. In particular, it is useful to link preconditioning considered in algebraic
matrix computations with the infinite-dimensional operator formulation of the problem and with its
discretization using the concept of operator preconditioning.

The ideas of operator preconditioning were developed in the 90’s independently by several authors;
see, e.g., Klawonn [25, 26] and Arnold, Falk and Winther [1, 2]. They were immediately used and further
developed by very many authors. Even before that, a seminal paper by Faber, Manteuffel and Parter [15]
analyzed closely related concepts of norm equivalence and spectral equivalence of operators, with references
to the early papers of D’Yakonov [13, 14] and Gunn [20, 21]. Another line of development can be represented
by the works of Oswald [34, 35, 36] and Dahmen and Kunoth [11], which are closely related to the multilevel
methods and multilevel preconditioning; see the summary and the list of references in the paper by Axelsson
and Kardtson [5] and in the introduction to Chapter 2 of the book [38]. Classical related references are,
e.g., [6, 7, 8, 16, 19, 24, 31, 41]. This paper will build upon [30] and, motivated by [38, Chapter 2]
and [37, Section 3|, it will present an abstract formulation of operator preconditioning based on the idea
of decomposition of a Hilbert space into a finite number of (infinite-dimensional) subspaces.

We will now outline the main ideas, with detailed descriptions (including references to the literature)
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provided further in the text. Using a real (infinite-dimensional) Hilbert space V and its dual V# consisting
of all linear bounded functionals from V to R, we will consider the functional equation in V#

Au=b, where A:V > V# beV# ueV. (1.1)
We will assume that A is linear, bounded, coercive, and self-adjoint
(Au,v) = (Av,u) for all u,v € V.

Some statements given throughout the text allow for a more general setting. By the Lax-Milgram lemma
the solution u € V of (1.1) always exists and it continuously depends on the right-hand side b € V#.
The given setting represents, e.g., the weak formulation of linear second-order elliptic PDEs that generate
self-adjoint operators; see, e.g., [30, Chapters 1-3]. It is worth noting that although the original differential
operator is in the classical formulation typically unbounded, the representation (1.1) using the appropriate
Sobolev spaces uses bounded operators A : V — V# and bounded functionals b € V#.

Operator preconditioning can in its general form be formulated using the Riesz representation theorem.
Considering any inner product (-,-)« : V x V — R on V (that is, in general, different from the inner
product (-,-)y that is associated with the definition of the Hilbert space V') and the associated Riesz map
7. : V# — Vit is possible to write the problem (1.1) as an equation in the solution space V:

wAu=7b, TA:V -V, 7,beV, uweV. (1.2)

Since T, represents an isometry, the operator 7,4 on V is bounded and coercive, and it is self-adjoint with
respect to the inner product (-, -)..

Equivalently, operator preconditioning can be formulated using a linear, bounded, coercive, and self-
adjoint operator B:V — V# that defines the B-inner product

() VXV =R, (wv)p:=(Bw,v) foralw,veV, (1.3)

where (-,-) : V# x V is the duality pairing associated with V and V#. Using the Riesz map 75 determined
by (-,-)s and the easily derived equality 75 = B~ : V# — V, the problem (1.2) is written as

B'Au=B"" B'A: V-V, B eV, ucV. (1.4)

The question to be addressed next is which relationship between the operators A and B can ensure
that the transformed (preconditioned) problem (1.4) can be easily solved by a particular iterative method.
This question is, in general, very difficult to handle. For stationary iterative methods (and, more
generally, for methods based on contraction) the question can be addressed by an appropriate single-
number characteristic, such as the condition number. This is also where the term preconditioning founds its
origin. For highly nonlinear iterations such as Krylov subspace methods, any single-number characteristic
is insufficient for describing convergence behavior and its use can be highly misleading; see, e.g., [30,
Chapter 11], [29, Chapter 5], and [18]. Nevertheless, a single-number characteristic can even in such cases
be useful as a first indicator, and for powerful preconditioners it can even provide the desired information
whenever the guaranteed number of the resulting iterations is very small. Therefore, while being well-aware
of the limitations of single-number characteristic descriptions, we will use the concepts related to them
throughout this paper. In particular, we will use the concepts of norm equivalence and spectral equivalence
of operators, and the related condition number and spectral number characteristics of the preconditioned
operators.

Consider the operators A, B given above. The operators A and B are called V#-norm equivalent on
V' if there exist constants 0 < a < 3 < oo such that

_Wgﬁ, for all w € V,w £ 0, (1.5)
[Bw|ly#
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and they are called spectrally equivalent on V' if there exist constants 0 < v < § < oo such that

(Aw, w)

’Y_mg(s, for all ’LUE‘/,’LU§£O7 (16)

see [15, Section 1.1, relation (1.16) and Section 1.2, relation (1.20)]. If « is close to 3 respectively 7 is close
to 4, then (1.5) respectively (1.6) represent a strong (geometric) relationship between the operators A and
B, and we can expect that this will positively affect properties of the preconditioned operator B~'.A. Such
properties are in literature on operator preconditioning typically characterized by the condition number

R(BA) = 1B Al e A Bl ey (1.7)

Motivated by algebraic preconditioning of linear algebraic systems with finite matrices (see also [15, Section
1.1, in particular relations (1.12) and (1.13)]), we will introduce the spectral number of the pair A, B that is
linked with another view to preconditioning (1.1) using the operator B. With the Riesz map 7: V# — V
defined by the inner product (-, )y, 7.A and 75 are linear, bounded and coercive operators on V that are
self-adjoint with respect to (-,-)y. Taking the (uniquely determined) square root (see, e.g., [17, Theorem
6.6.4])

(TB)Y? .V =V, (1.8)
the preconditioned system (1.4) can be rewritten as
(rB)" V27 A(rB) 2w = (rB)~V/? 7b, (1.9)

where w = (7B)'/?u. This substantiates the introduction of the spectral number of the pair A, B, related
to the preconditioned operator Q := (7B)~'/27 A(tB)"Y2:V =V,

SUP.ev, |z =1 (TB) 12T A(TB) /22, 2) (1.10)

F(A,B) = infyev, vy =1 ((TB)_1/2T.A(TB)_1/2U,U)V

that is determined by the shortest interval that contains the spectrum of @), with more details given in
the next section. We will also prove that (1.10) can be rewritten in terms of norms as

SUPev, sy =1 [ (TB) 2T A(TB) 2|y
infuev, oy =1 [(TB) /27 A(TB) /20|y’

i(A,B) = (1.11)

which does not seem entirely obvious and present in the literature (see Theorem 2.1 in Section 2 and
its proof given in Appendix, in particular relations (7.4) and (7.6)). We point out that the condition
number x(B~1A) should not be confused with the spectral number #(A, B). Since B~! A is not generally
self-adjoint, there is no simple relationship between these two characteristics. In this paper we will not
investigate in full the relationship between (1.5), (1.6), (1.7), and (1.10). There seem to be much to be
done in that direction and therefore such investigation is beyond the scope of this text. We will use (1.5)
and (1.6) for stating some basic results about (1.7) and (1.10).

The outlined setting will be used for the description of preconditioners based on decomposing the
Hilbert spaces V and V# into a finite number of (infinite-dimensional) subspaces. This enables the
construction of preconditioners for each individual subspace by using them subsequently for assembling
the global preconditioner.

The paper is structured as follows. Section 2 presents the description of the basic setting and notation.
Section 3 recalls the concept of operator preconditioning and gives the bounds on the condition number
and the spectral number of the infinite-dimensional preconditioned operator. Here it is pointed out that
the condition number of the preconditioned problem should in general be distinguished from its spectral
number. Section 4 gives consequences for the matrix formulations of the discretized problem. Abstract
splitting-based preconditioning is constructed and investigated in Section 5. This section also presents error

3
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bounds based on the residual of the preconditioned problem and on the locally preconditioned residuals.
The link to the well-known context of stable splitting is briefly outlined in Section 6. The paper closes
with conclusions. The appendix presents the proof of the characterization of the coercivity constant of the
operator via the norm of its inverse, which seems to be absent from the literature.

Within the paper we consider linear operators on real Hilbert spaces (i.e. real complete inner product
spaces). Whenever the results on the infinite-dimensional operators A and B presented in this paper are
linked with the results on their finite-dimensional analogues (matrices) that arise from discretization, it is
understood that within our setting A and B are bounded operators on infinite-dimensional Hilbert spaces
that have bounded inverses. Therefore, by standard functional analysis results (see, e.g. [30, p. 63], [3,
p. 282], [27], [10, p. 174], [12, p. 486], and [4, p. 98]), A and B cannot be considered as limits of their
discretized counterparts in any norm (a sequence of compact operators can converge in norm only to a
compact operator).

For algebraic vectors v respectively for matrices A we will always denote by ||v|| respectively ||A|| the
Euclidean norm respectively the associated induced (operator) matrix norm equal to the largest singular
value of the matrix A.

2. Basic setting. The following notation is mostly adopted from [30]. Let V' be a real Hilbert space
with the inner product (-,-)y : V x V — R and the associated norm | - ||v := \/(:,-)v. Let further V#
denote the dual space of bounded (continuous) linear functionals on V' with the duality pairing

(): VXV SR (2.1)
and the dual norm

Ifllve = sup  (fv).
VeV, [lov=1

The Riesz representation theorem associated with the inner product (-,-)y provides an isometric
isomorphism between V and V# given through the Riesz map 7 : V# — V. For each f € V# there
exists a unique 7f € V such that

(tf,v)v = (f,v) forallveV, (2.2)
with
I fllv = 1 Fllv# (2.3)
Throughout this text we will consider the equation (1.1) or, equivalently,
tofindueV: (Au,v)=(bv) forall veV. (2.4)
In terms of an associated symmetric bounded (continuous) bilinear form
a(,-): VxV =R, a(u,v) = (Au,v) for all u,v €V (2.5)
the equation (2.4) is expressed as
tofindueV: a(u,v)=(bv) foral veV. (2.6)

As mentioned above, A is assumed to be linear, bounded, coercive and self-adjoint, with the associated
boundedness and coercivity constants defined as

Cui=  sup | Avlly# < oo, (2.7)
veV, |jv]lv=1
and
cA = inf Av,v) > 0; 2.8
A veV’HUHFl( ) (2.8)
4



http://ncmm.karlin.mff.cuni.cz

NCMM/2017/06

Preprint:

v

NECAS CENTER FOR MATHEMATICAL MODELING

note that under the given assumptions A represents an isomorfism between V and V# (by the Lax-Milgram
theorem) and therefore A~! exists and represents an isomorfism between V# and V. Obviously

a(v,v) > cqllv]|} forall veV,
la(w,v)] < Cqllw|lv|v]lvy for all w,ve V.

We will further use well known results from the spectral theory of self-adjoint operators in Hilbert
spaces; see, e.g. [17, Section 6.5]. Because they are formulated (using our notation) for the operators from
V to V, we will use them for the operator 7.A. From the self-adjointness of A with respect to the dual
map (-, ) we deduce the self-adjointness of 7.4 with respect to the inner product (-, )y, and from the fact
that 7 is an isometric isomorfism from V# to V we have

sup  [[rAullv = |[TAllcvivy = [Allcovysy = sup | Aufly#. (2.9)
u€eV, Jul|v=1 ueV, ||u|lvy=1

The coercivity of A allows us to restrict further considerations regarding the spectrum of 7.4 to the positive
part of the real line. The spectrum of 7.4 lies in the closed interval [m 4, M 4],
0<my:= inf  (Au,u) < (Au,u) = (TAu,u)y < My:=  sup (Au,u). (2.10)
u€V, [lullvy=1 weV, [lully=1
Moreover, the lower bound m 4 and the upper bound M 4 belong to the spectrum of the operator 7.4 but
they need not be eigenvalues of 7.A4; see [17, Theorem 6.5.9].

It is worth noticing that while the coercivity constant c4 in (2.8) is expressed as the lower extremal
point of the spectral interval determined by (2.10), i.e. ¢4 = m 4, the boundedness constant C 4 is expressed
in terms of the norms Cy = |[TA|zv,v) = | Allzev,v#). We will therefore complete the description by
relating C4 to the upper extremal point M4 in (2.10) and by relating c4 to the norm of the inverse
operator [|[A™!|z#,v). The statement is formulated as the following theorem that we were unable to
find in literature. Its full proof is therefore included in Appendix.

THEOREM 2.1. Let A:V — V# be a linear, bounded, coercive and self-adjoint operator. Using the
standard definition of the operator norm, the boundedness constant C 4 and the coercivity constant c4 can
be expressed as

Ca=|Allgvvey = sup (Au,u) = My, (2.11)
€V, |lullv=1
1 -1
cA=myg = inf Av,v) = ={|A! # . 2.12
vev, “””V:1< > SUPpev#, |1l x=1 A~ fllv A v} (212)

Using this result,
M Z(vw ol < av,0) < Al v lolly - for all v e V. (2.13)

Now consider a linear, bounded, coercive, and self-adjoint operator B : V — V# that will play
within our setting the role of a B-preconditioner for the functional equation (1.1), with C and cg defined
analogously to (2.7) and (2.8), respectively. Using the operator B, we introduce the B-inner product (1.3)

() : VXV =R, (wv)g:={(Bw,v) forallw,veV
and the associated Riesz map
m:V* SV, feVF¥—smpfeV
defined by
(taf,v)B == (f,v) forall fc V¥ veV. (2.14)
Using this and the definition of the B-inner product,
(78f,v)8 = (BTaf,v) = (f,v) (= (vav)v)a
and therefore the Riesz map 75 associated with B is given simply by

m=B"1:V* 5 V. (2.15)
5
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3. Operator preconditioning with norm and spectral equivalence of operators. Operator
preconditioning can be introduced in several ways. We prefer using the relationship with the Riesz map.
Considering any inner product (.,.), : V x V — R and the associated Riesz map 7. : V# — V defined by

(Tofy0) :=(f,v) forallveV,
the formulation (2.4) of (1.1)
(Au—0b,v) =0 forallveV
(the weak formulation of the PDE problem) can be equivalently written as
(Te(Au) — 1b,v), =0  forallv €V,

and, consequently, as transformation of the equation Au = f in the space V# of bounded linear functionals
on V into the equation in the solution space V,

wAu=1b, TA:V -V, wueV, rbelV. (3.1)

This transformation is called operator preconditioning. It can motivate or directly lead to the construction
of acceleration techniques used in order to improve the behavior of iterative methods for solving associated
discretized problems.

With the choice of the inner product (.,.). = (.,.)s determined via the operator B as above, the
transformed problem (3.1) can simply be written as

B lAu=8B"1, B A V-V, ueV, B lbheV, (3.2)

which resembles the standard algebraic preconditioning of linear algebraic systems. It is worth recalling
in this context the bounds on the condition number (1.7)*

K(B7TA) = IBT Al v AT Bl e vvy-

Since
-1 -1 4 Az
1B~ Allzqvyyy = sup  [[BT Azlly = sup  ||BT |l Az|lv#
2€V, ||z||lv=1 zeV, ||z|lv=1 ||-AZ||V# v
_ C4
< sup IB= v sup  [Azllve = == (3.3)
feV# Nl #=1 z€V, |lz]lv=1 ¢B
and, analogously,
_ C
A 15“[2(\/,\/) < l, (3.4)
cA
we get an upper bound
cyuC
K(BLA) < A 25 — k(A)k(B). (3.5)
cr CA

THEOREM 3.1 (Norm equivalence and condition number). Assuming that the linear, bounded, coercive
and self-adjoint operators A and B are V#-norm equivalent on V, i.e. there exist 0 < a < 8 < oo such
that

_Wgﬁ, for all we V,w #0, (3.6)
[ Buw|ly+

1We point out that in the literature motivated by preconditioning, the condition number x(B~1A) is often confused with
the spectral number #(A, B); see (1.7) and (1.10).
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then

1B~ Allzovivy < B,
A Bll vy <

1
o

Consequently,

K(BTTA) = BT Al e AT Bl e vy <

Q1™

Proof. For the Riesz map 7 defined by (2.2) we have, using (3.6) and (2.3), that

<Ay 5 for al we v,w 0.
[TBuwllv

Substituting w = (1.A)"tu and w = (7B) v, we get

ITA(rB) " vllv
[ollv

a<%§5 and o <

<
S FBerA) Ty =5

respectively, for all u,v € V, u # 0, v # 0, and thus

_ 1 _
|TB(T.A) 1HL(V,V)§a and [T A(TB) vy < B

(3.10)

(3.11)

(3.12)

Denote by Q* the adjoint operator to @ : V' — V; and recall that [|Q*||z(v,v) = [|Qllz(v,v). From the

self-adjointness of 7.4 and (7B)~! we have for all u,v € V,

((rB) 1A *u,v)y = ((1B) " 'rAv,v)y = ((1B) " tu, TAv)y = (v, TA(TB) " *u)y = (TA(TB) " tu

and thus ((7B)~'7A4)* = 7 A(rB)~!, which results in
I(B) " Al vy = 1B T A Nl evvy = ITATB) "l cvy-
Similarly,
I(r A 7Bl vy = ITB(rA) " evivy-
Considering an arbitrary w € V, w # 0, (3.13) and (3.11), we get

1B  Awlly _ B r~ rAwlly _ [|(rB) " r Awllv
[[wllv [[wllv [[wlv

<5,

which proves (3.7). Similarly, for arbitrary w € V', w # 0, using (3.14) and (3.11) we get
| A=t Bwly B |A= =17 Bw||y B |(rA) =T Buwlyv < 1

— ?

lwlv [[wllv - [[wllv a

which proves (3.8). Relation (3.9) then trivially follows. O

V)V,

(3.13)

(3.14)

(3.15)

(3.16)

For B close to a the bound (3.9) proves that the condition number x(B~1.A) is small irrespectively of the

values of the constants c4, C4, ¢ and Cg.
COROLLARY 3.2. Inequalities (3.7) and (3.8) in Theorem 3.1 mean

1B~ Av|lv

[ollv

<8, WS, for allv,w eV, v#0, w#0.
v

=

Substituting v = A7 f and w = B~1g, we get

-1 -1
1Bl Al

Al = 1B lly = o forallf,ge V¥ f+#0,g#0

7

1
«
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or, equivalently

-1
QSM§5, forall f e V¥, f 0. (3.17)
We have just shown that (3.6) implies (3.17). Analogously, (3.17) implies (3.6). Thus the V#-norm
equivalence of A and B on V with constants o and § in the form (8.6) is equivalent to the V-norm
equivalence of B~' and A~' on V# with the same constants in the form (3.17).

THEOREM 3.3 (Spectral equivalence and spectral number). Assuming that the operators A and B are
spectrally equivalent on V', i.e. there exist 0 < v < § < 0o such that

7<M<5, for all we Vw0, (3.18)
then

su _ (B Y21 A(rB) 122, 2 )
I%(A, B) = - szV, HZH\/—l (( ) ( ) )V S g (319)

infuev, oy =1 (TB) V2T A(TB)"1/2v,0),, ~ v

Proof. From (3.18) we have for all w € V, w # 0
(TA’UJ,’LU)V

< <0 3.20
7= (TBw,w)y — ( )

For 7B : V — V consider the uniquely determined linear, bounded, coercive and self-adjoint square root
(7B)'/2 . V — V such that (7B)Y/2(7B)Y/? = 7B. Thus (tBw,w)y = ((1B)Y?w, (1B)'/?w)y for w € V.
Substituting w = (78)~1/2v in (3.20), we get for all v € V, v # 0

(TA(TB) Y20, (1B)~/20)y

< <4
7= (’U, U)V o
and, using the self-adjointness of (73)~1/2
Y < (tB)~ Y27 A(B) =120, v)y <5

(rUa U)V
This leads to
sup (B) Y21 A(TB) "2z, z)v <4,

zeV, |lzllv=1

inf ( B) 21 A(rB _1/211,11) >,
veV, ||v|lv=1 (7B) (7B) \ K
which yields (3.19). O
We note that within our setting we have trivially
ca (Aw,w) _ Cy
<1 L <L forallweV, 0, 3.21
Cg ~— (Bw,w) ~ c¢p oratw w# ( )
which, however, does not consider a possible link between A4 and B, and it can be therefore impractical.
In the following section we will examine the condition and the spectral numbers of the preconditioned
discretized system matrix.

4. Condition and spectral numbers of the matrix representations of discretized operators.
In order to perform numerical computations, the problem (1.1) must first be discretized. Using an N-
dimensional subspace V;, C V, the abstract Galerkin discretization looks for the approximation u; €
Vi, up &= u € V satisfying

(Aup, —b,v) =0 forallveV,. (4.1)
8
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In other words, the discretized approximation uy, gives the residual b — Auj, € V# that is orthogonal to
the subspace V}, with respect to the duality pairing (-,-). This property is called Galerkin orthogonality.
The same residual restricted to Vh# is identically zero, which results in the discretized functional equation
below. Considering the restriction Ay, : Vj, — Vh# of the operator A such that

(Apw,v) = (Aw,v) for allw,v € Vj, (4.2)
and the restriction by, : V;, — R of the functional b to Vh#, (4.1) is written as
(Apup, —bp,v) =0 forallv eV (4.3)
or, in the operator form, as the equation in the N-dimensional functional space
Apun =byn, up € Vi, by €V, Ay Vi — VL (4.4)

Considering further the inner product (.,.)p and the associated restricted Riesz map 73, : Vh# — Vi, we
finally get the abstract form of the preconditioned discretized problem

TB,hAhUh = TB,hbiu up € Vi, by € Vh#’ Ap Vi, — Vh#' (4.5)

We note that the subscript h is used for convenience of notation in possible mesh-based implementations
(using, e.g., the finite element method (FEM), where it characterizes the size of the mesh elements). The
abstract formulation used here is, however, more general and it is independent of any notion of mesh.

4.1. Matrix representations of the discretized problem. The matrix formulation of the
discretized problems is obtained in a standard way. Consider a basis &, = (¢1,...,¢n) of V}, and the
canonical dual basis @f = (¢7,...,¢%) of Vh#,2

(qi)f&, ¢;) = 6ij, i,j=1,...,N, or, using matrix notation, (@#)*(I)h =1y,
where Iy denotes the N x N identity matrix. We wish to construct a linear algebraic system
M, 'Ayx, =M, 'by, A, e RV M, e RN x;, e RN by, € RY, (4.6)

where A} represents the discretized operator Ay, M;l the discretized preconditioner 73, by the
discretized right-hand side functional by, and xj, the coordinates of the approximate solution uy in the
basis @y, (recalling that z* means the transpose of the vector z)

xn = (@7 un), -, (8%, un))".
This algebraic system is obtained using the following equalities

Apup = Ap®pxy = O Apxy,
where

-Ahq)h =: (I)#Ah, Ah = (a(¢;h)a¢§h))> —
,3=1,

or, using symbolic notation,

and

—1
8,0 AR UL = TBRALPLX) = TB,h(I)ﬁAhXh, =O,M,; "Apxy,
_ # _ -1
TB,hbh = TB,hCI)h bh = (I)th bh,

2Here for simplicity of notation we omit the subscript A in the individual basis functions.

9
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where
rea®f = Myt M= ((Bo0M) (4.9)
or, using symbolic notation,
M, = (B®,)*Py,. (4.10)

Here the representation of the restricted Riesz map 75 is based on the equalities that hold for any
N-dimensional vectors v and f, with f = <I>h#f, v=®pv, TBJL(I)# = &, M, for some M, € RVXN,

v = (f,0) = (T f,0)5 = (TBp®@) £, 84v)5 = (M, £, ®,v)5 = (BE,M. £, &),v) = v M, M. f,
and therefore M, = M,:l,
TEa®) = @M, (4.11)
Finally, the preconditioned algebraic system can indeed be written in the form (4.6)

M;lAhXh = M;lbh,

or, using the factorization My = M,{L/QM}/a as
M, 2AM, 2 (M) ?x,) = M, Py, (4.12)
or
A pXh = b, (4.13)
where

A =M, V2AM, Y2 % =Mk, b =M, Py

It is worth noticing that the discretized form of the problem (4.6) allows many different factorizations
of My,. Instead of the square root of the operator My, we can consider an arbitrary decomposition
M, = L, L}, which can be more practical computationally. Then we can write

A, px) =bl, (4.14)
having in this case
Ly ' AR(Ly) T (Lixn) = Ly 'ba,  Ayp =Ly "AR(L;) ™Y, xj,:=Lixs, bj =L, by

Due to

Ly M (L;) 7 = LM (M2 (L)) = Ty (4.15)
we have

(L) = ()
ie. LglMlll/ ?is an orthogonal matrix. For any given Lj there is therefore an orthogonal transformation
M2 = My (M, 2L,) = L,

from M,ll/2 to Ly,.
10
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The transformed system (4.14) can moreover be obtained mathematically equivalently (this term is used
in order to indicate that mathematical equivalence does not necessarily mean equivalent computational
efficiency or accuracy in practical computations) by first orthogonalizing the discretization basis with
respect to the B-inner product

Dy = Pu(Ly) 7, ‘I’fh =Of Ly, Oup=(¢h,..., k), ‘I)fh = (¢",....0%)
which indeed gives (using the symbolic notation My, = (B®,)*®},)
(B2.)* ®¢ s, = Lj, 1 (BOy) @ (Ly) ' =Ly, "M, (L;,) ' = I,

and subsequently forming the matrix of the algebraic system (4.13) using (4.7) with the basis ®, replaced
by ®; p; cf. [30, Chapter 8].

In summary, there is a deep connection between discretization of the infinite-dimensional problem
and preconditioning of the discretized algebraic system. In addition, any algebraic preconditioning can be
viewed as orthogonalization of the discretization basis with respect to the appropriate inner product; for
details see [30].

4.2. Conditioning of the preconditioned system matrix. The question of the rate of
convergence of an iterative method applied to the preconditioned algebraic system (4.13) is typically
reduced to estimates based on the condition number of the preconditioned system matrix. We will leave
aside the question when such an approach leads to descriptive results and which (more or less restrictive)
assumptions must be considered whenever it is applied to practical problems; for a detailed discussion of
these topics we refer to [30, Chapter 11] and [29, Chapter 5]. In the rest of this section we will describe
bounds on the condition and spectral numbers of the matrices Ay (that include also the special choice
;&t,h) and M;lAh in terms of the properties of the operators A and . The following theorem that
generalizes the results from [15, Section 3, in particular Theorem 3.10] is a finite-dimensional analogue to
Theorem 3.1.

THEOREM 4.1 (Norm equivalence and condition number). Consider the assumptions of Theorem 3.1.
Let Sy, be the Gram matriz of the discretization basis ®, = (¢1,...,¢n) of Vi TV, (Swn)ij = (¢isd5) s
and Ay, My, be determined by (4.8) and (4.10), respectively. Then the condition number of the matriz
M;lAh 18 bounded as

_ _ _ B
R(MG AR = MG A [ A M| < o 15(Sn)- (4.16)

Proof. For w = ®,y, y € RV, we have

7 Ay, u F Ay, Opz
lullys = 187 Anyllys = sup  aAnw g (20 Ay, Buz)
weViuzo  lullv 2eRN 720 ||Pnzllv
z" Ay . z"Apy

sup ——— =

= = sup —F—.
2eRN, 220 |PrZ|lv  serN | 220 VZ2*Shz

Setting z = S,:l/zv and using (S,:lﬂ)* = S}_Ll/2 leads to

ra—1/2
v*S Ay —1/2
lMwllys = sup  ——E 20 =82 Ay
VERN , v#£0 [v]]
Analogously

—1/2
1Bwlly+ = @ Muyllv+ = (IS, /" Muy|l.
11
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Then

5 luwlve - [Bellys

— 2> sup
weww¢0HBwﬂv#veMv¢0HAﬂHv#

[[Aw][y+ 1Bullv+

Q

sup
weVi, w0 ||[BW|lyv# vev,, vso [ Av|ly#

—~1/2 —1/2
IS: “Anw] ]S, My

= Ssu
wer, w20 ||, /P M, wl| ver~,v20 ||S; /2 Apv||
—1/2 _ 1/2 —1/2 _ 1/2
B Is, ' AM; s, %yl Is, " *MyA;'S, *2|
= sup sup
VERN o0 Iyl RN ko 2]
= s, 2 AnM; S, IS, A ML AL S, . (4.17)

Since for any G € RV*Y we have

GS!/? Amin (SH))/2(|GS Y2
IGS2 = sup IGS, "wl| sup (Amin(Sh)) \lﬂ nowll
weRN , w0 [[wl weRN w0 (Amin(Sk)) Y2 |w]
IGS,*wl|
> (Amin(Sn))"/ P = Cain(S0) G (4.18)
weRN, w#£0 ||Sh W”
and, using ||S,:1/2G|| = ||G*S;1/2||, we get analogously
STV2G > D (STINY2GH ]| = Ao (S1)) "2 G 4.19
IS, [ > Amax(S, ) 7 ZIIG*[| = (Amax(Sw)) ™ /7G| (4.19)

Finally, applying (4.18) and (4.19) to (4.17) yields

B —-1/2 — 2 —-1/2 — 2
o> I8y P A s s A AL S

/\min(sh) -1 —1

> —||AxM MpA

Z N (S1) [ARM [ [My A
Amin(sh) -1 —1

= ——2|IM;, A A'M
ey MG A AT M|

which finishes the proof. O

Using the coordinates in the transformed basis ®;p, for any z € V), we have the following useful
equality

21 = (2, 2)5 = (P12, ®n2)5 = ||2]|*.

We will now turn to the spectral number

—-1/2 —-1/2
SupzeRN7‘|ZH:1 (Mh / Ath / Z,Z) _ /\max(M;ZlAh)

R(Ap, My) = = -
infvERN, ”"Hzl (M;l/zAhM;1/2V, V) Amin(Mh 1Ah)

— K(An). (4.20)

Clearly, the spectra of the matrices M,:lAh and L;lAh(L,’:)*l are identical, and therefore the spectral

number #(Ap, Mpy) is determined via the extremal eigenvalues of L;lAh (L;)~*. While for the symmetric

positive definite matrix the condition number is given as a ratio of extremal eigenvalues, the same is not
12
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in general true for the nonsymmetric matrix. Analogously to the derivation in [30, Chapter 8],

*
max|y|=1 WA pu

R(AR, M) =

minjy(—1 V* A pv
max| =1 u* ((A¢}, 65))ij=1,.. v u
minjy|=1 v* ((Ad%, )i j=1,..8 V

MaXye,, flufls=1 (At 1)

rnin’uEV;L7 [[v]|B=1 <-AU, ’U>

(Au, w)
= 4.21
where 4, ||t]|p = 1 gives the maximum and 9, ||0]|g = 1 the minimum, respectively. Since
15115 = (Bo,9) < Csloll3,
lall = (Ba,a) > cslally,
we get
. (A, @)
Ap,Mp) =k(An) =
R(AR, Mp) = k(A¢p) (A%, 5)
_ Nl (Aa/|lally, @/llallv)
1113 (AD/l[ollv, o/15]lv)
< Os A2z Cs Ca (4.22)
cg (Aw,w) ~ ¢ ca
where z = a/||d|v, ||z]|lv = 1, w = 9/||9|lv, |lw|ly = 1. Summarizing, we get independently of the
discretization parameter h the following analogue of (3.5):
I%(A}“Mh) = K(At}h) < H(B)K(A) (423)

For related statements (in a more general setting) we refer, e.g., to [22, Theorem 2.1 and relation (3.2)].
The following theorem is a finite-dimensional analogue to Theorem 3.3.

THEOREM 4.2 (Spectral equivalence and spectral number). Consider the assumptions of Theorem 3.3,
and Ay, My, determined by (4.8) and (4.10), respectively. Then the spectral number K(Ay, Mp,), which
is equal to the condition number of the symmetric matriz A, ) = L}:lAh(L;‘L)_1 for any Ly, such that
M;, = Ly L3, is bounded as

. )
li(Ah,Mh) = K(At’h) S ; (424)
Proof. From (4.21) and (4.15), considering |||z =1, ||?]|s = 1,
. (Au,w) (Bu,v) _ ¢
A, M) =k(Apy) = — L < — 4.2
K M) =) = (B ) ) <y (429)

yielding the assertion. O
This can give a much stronger bound than (4.23). For related early results that can further illustrate the
difference between (4.23) and (4.25) we refer, e.g., to [15] and [42, Sections 4.1 and 4.2].

5. Abstract description of the splitting-based preconditioning. We will now use the operator
preconditioning framework of the previous sections in order to describe splitting-based preconditioning.
Here we will not consider particular approaches developed for particular problems using various specific
assumptions. Following the ideas in [38, Section 2.1] and [37, 19], the goal is to present an abstract
framework that will underline the common basic principles for a variety of different approaches published

13
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in literature. For specific problems and using specific assumptions, the abstract framework can be used for
deriving properties of specific methods. This can contribute towards easier description of the relationship
between various methods and towards their easier comparison.

We will use the setting of the problem (1.1) and (2.4)—(2.6), i.e.

Au=1> (5.1)
in the functional space V#, or, using the bilinear form,
a(u,v) = (byv) forall veV, (Au,v)=a(u,v).
We are now going to transform (5.1) into the form (cf. (3.2))
M Au=M"1b, M'A:V SV, ueV, M'beV, (5.2)

where the preconditioning M is constructed using a decomposition (splitting) of the space V into a finite3
collection of (nontrivial) subspaces {V;};es that are not necessarily nested, V; C V, each complete with

respect to its own inner product (-,-); : V; X V; — R and the associated norm || - ||;, such that
V:ZVJ" ie., v:Zvj,ujer, for allv € V. (5.3)
j€J j€d
For each V; we can consider its dual Vj# with the duality pairing identical to (2.1) and the norm || - ||f£
induced by | - ||;. We will assume the continuous embedding V; < V, see, e.g., [9, Section 6.6]
e, lully < Jlull; for allu € Vj, 0 < cy,, j € J. (5.4)

For V; finite-dimensional, (5.4) always holds true (all norms on finite-dimensional V; are trivially
topologically equivalent). Thus (5.4) is nontrivial only in the case of V; (and thus V') infinite-dimensional.
Then the assumption (5.4) avoids a possible pathological situation when a converging sequence of elements
from V; C V may diverge in V. Moreover, the assumption (5.4) guarantees that any functional from V#
restricted to V; belongs to Vj#. Indeed, let f € V#, then

f,u fou) [|ul|v 1 f,u 1
1fIE = sup 8o gy Ywllly sp Lo LynL )
weVy,uzo [ully  wevyuzo lullv llull; = Vi weviuzo ullv = /oy

The necessity of (5.4) for V# C Vj# is an open question.
The splitting-based preconditioning M will be composed of the individual preconditionings at the
subspaces Vj;, j € J. Let B; be a linear, bounded, coercive, and self-adjoint operator

B;:V; = V¥, (Bju,v) = (Bjv,u) forall u,veVj, (5.6)
with the associated bilinear form 8; : V; x V; = R
B;(u,v) := (Bju,v), forallu,veV.

Analogously to (2.7), (2.8) and Theorem 2.1, for j € J

Cp, ==  sup ||ij||;¢ < 00, (5.7)
veV;, [lvll;=1
1
cg, = inf Biv,v) = — >0, 5.8
! WGVJNHUHJ‘:1< i) SUP ey # | p)1# =1 ”Bj 1f”j o8
J> J

3Since this text is motivated by numerical methods and, in particular, by the construction of preconditioning, with no loss
of generality it is sufficient to consider splitting of the Hilbert space V' into a finite number of subspaces that can be infinite-
dimensional. This setting is convenient since it simplifies the exposition of the abstract splitting-based preconditioning.

14
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and
e, |lullf < Bj(u,u) < Cg, |lull3. (5.9)

In other words, B; is coercive and bounded on Vj, j € J. The operator B; (the bilinear form 8;) defines
on Vj the inner product*

(), Vi x Vi =R, (w,v)p, :=Bj(w,v) = (Bjw,v) forallw,veVj, (5.10)
with the corresponding Riesz map
T8, :Vj#—ﬂ/j, fEVj#»—M'ijEVj
defined by
(78, f,v)B, := (f,v) forall fe Vj#, v eV (5.11)
Clearly, analogously to the construction presented in Section 2,
(78, f0)5, = (Bj78,f,0) = (f,0), forall f€VF veV,

and therefore

8, =B VE SV (5.12)
We will now construct a splitting-based preconditioning M~' in (5.2). For any u € V and j € J we
have
(Au,v) = (B;lAu,v)Bj for all v € Vj,
and

(b,v) = (Bj_lb, v)p, forallveVj

under the assumption (5.4) we have V# C Vj# and therefore B;lAu and B;lb are well-defined. Combining
the last two equations gives

(Au —b,v) = (B;lAu - B;lb, v)g, forallveV;,
and therefore on each subspace Vj, j € J, we can formulate the preconditioned equation
-1 |
Bj Au = Bj b, (5.13)

that must be satisfied by the solution u € V' of Au = b. Consequently, from Au = b we get

Sut) = (e

jeJ jeJ
or, equivalently,

M Au=M""p, M=) B (5.14)

jeJ
Using the properties of the operator A, of the particular decomposition V = > jeJ Vj, and of the particular
preconditioning operators B;,j € J, the goal is to prove the equivalence of (5.14) and (5.1) and, in

4Here we do not need the form 8;(-,-). We introduce this notation for convenience. Part of the literature uses the bilinear
form formulation instead of the operator formulation.
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addition, prove results that are as strong as possible on the conditioning and other relevant properties of
the preconditioned problem (5.14) and of its matrix representations obtained by discretization.’
We start with proving the equivalence of (5.14) and (5.1). By construction, the unique solution
u = A"1b of (5.1) solves also (5.14). It remains to prove that u = A~!b is the only solution of (5.14).
THEOREM 5.1. Let the splitting of the Hilbert space V satisfy (5.8) and (5.4), and let the splitting-
based preconditioning M~ be defined by (5.6)-(5.14). Then (5.14) has the unique solution u = A~'b,
and for M~1 we have

J

- 1
Ml < 37— fllve  forall feV*.
jeJ 07V

Proof. Let (5.14) have two different solutions, i.e., there exists g € V#, g # 0, such that M~!g = 0.
Then

0= (g, M 'g)= <9,ZBJ-19> => (9.B;'g)y=>_(B;'g,B = 1IB; gl

JjeJ jeJ jeJ jeJ
i.e.
IB; gl =0 forallje . (5.15)

Since g # 0, there exists a z € V' such that (g, z) # 0. Consider a decomposition z =3, ; z;, 2; € Vj,
7 € J. Then

0# <g7zzj> = Z<Q,Zj> = Z (l’j’j_lg"?"j)gJ )
JjeJ Jjed JjeJ

and thus at least one term in the last sum, say (Bk g, Zk)B , must be non-zero. This contradicts (5.15)
and completes the proof of the first statement. Using (5.8) and (5.4) (and thus (5.5)), we have

1 1
B fll; < —IIfIIF < ——|Ifllv#,
18,711 < I < =l

and thus,

M v = (DB SZF <Y -

jedJ jeJ geJ B;¢

which completes the proof. O
Theorem 5.1 proves that M~ is bounded with

_ _ 1
IM oy = s My € Cpr =3

fev#7‘|f|‘v#:1 jeJ CBJ'CV}

< . (5.16)

We will now show that M~ is also coercive and define its bounded and coercive inversion
M= (M V s V# (5.17)

(see the analogy with the operator B in Sections 2 and 3). In order to accomplish this, we will assume
there exists a Cy < oo such that®

ul|3 := o infz D gl p < Cslully, for allu e V. (5.18)
UjEVG, U=2 55 Uj ic

5This text does not deal with particular matrix representations that are in practice based on further specific assumptions.
61n, e.g., [38, Definition 2.1.1], [19, 37] the norm |lu||s defined in (5.18) is called the additive Schwarz norm in V with
respect to the splitting (5.3); see Section 6 below.
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REMARK 5.1. Let (5.18) be replaced by a stronger assumption that there exists a positive constant C
such that

2 )
S llusllF < Cllully,  for allu="Y uj,u; €Vj, j€J. (5.19)
= =
Then for any u € V' the decomposition u = ZjeJ uj, u; € Vy, j € J, is unique. Indeed, let u = Zje] uj =
> jes Vi, ujvj €V, and let there exist at least one m € J such that uy, # vm. Then 0= 3. ;(u; —v;),

and one has
2

2
0<Y luj—villF <CIY (wj—v)|| =C|Du = vf| =0,
jes i€l v el iel |y

which contradicts wy, # vy,. The assumption (5.19) is, however, too strong and in the consequence too
restrictive. Therefore it is not further considered.

THEOREM 5.2. Let the splitting of the Hilbert space V satisfy (5.3), (5.4) and (5.18), and let the
splitting-based preconditioning M~ be defined by (5.6)—(5.14). Then

2
1713 < csd_ (IF1F) for att feVH,
jeJ
and for M~' we have

_ 1
(fM1f) > m”f“%/# forall feV#.
j :

Proof. In order to prove the first statement, we consider for v € V its arbitrary fixed decomposition
u= ZjeJuj, u; € Vi, 5 € J. Then

2

2 2 2
<f7U>2=<f,ZUj> = | Do) | < [ D1 L] < (D0 Il

jeJ jeJ jeJ jeJ
2
<> (1) D sl
keJ jeJ

This must hold for any decomposition of u, therefore also for those with . ; [|uj||3 arbitrarily close to
lul|3. Consequently, for all u € V,

o <X (1)l

keJ

and

1fe = s (fu<osY (I71E) .

weV, ||lu|ly=1 keJ

For proving the second statement we use the inequality

2
(£,B;'f) > é (||f||f) , forall feV# (5.20)

It follows from

#2 A #2
- Gl ) (IBlf)” o ( 1 <zsju|,|§>2>
J

= su up
fevj#7f;é0 <f7 Bj 1f> u€Vj, u#0 <Bju, u) u€Vj, u#0 <Bjuvu>v€ijv7é0 [lv

Bju, u)(B; B;
< s osup BiwwBuy) g B
weVy, uz0veVy, v20 (Biju,w) (ol wev; vz (V]
17
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where we used the Cauchy-Schwarz inequality (Bju,v)? = (u,v)%j < ||uH%j ||v||%j. With (5.20)

(M) = <f7ZBj‘1f> =SB 2 o (1) = e X (101F)

jed jeJ jeJ i jeJ
1

2
CS maXx;cg

2
I,
i
which finishes the proof. O
Theorem 5.2 proves that M™! is coercive with

(M) > epn = S ') (5.21)

inf
Fev# |Iflly#=1 Cs max;e s CBj

We note the little ambiguity in notation. Here the definition of Cys-1 (see (5.16)) and cpq—1 (see (5.21))
anticipate the particular construction of M~! and they are not defined as the boundedness and coercivity
constants for a general operator M 1. For simplicity of notation we use this and do not introduce another
symbols.

COROLLARY 5.3. Let the splitting of the Hilbert space V' satisfy (5.3), (5.4) and (5.18), and let the
splitting-based preconditioning M~ be defined by (5.6)—(5.14). Then the operator

Mom (M) v S vt (5.22)
is bounded and coercive with
1
Cmi=  sup  [Mollyx < , (5.23)
veV, |lv|lvy=1 CM-1
1

(Muv,v) >

(5.24)

C =

Cot’

inf
veV, |lv]lv=1

Proof. The existence of the bounded operator M follows from the Lax-Milgram lemma applied to
M~ The bound (5.23) follows from (5.21) using the substitution f = Muv/||Mwv||y %,

cma < imf (M= e M0 [Mellvelolly
FEV# IIflly4=1 veV,v0 [ Mull,, T vevivzo [ Mull5,
_ lolly 1 1
veV,v#£0 || Molly 2 IMullyge (| M| gvvey

SUPyev, v£0 ™ oflv

The bound (5.24) is a consequence of (2.12) used for M, and of (5.16); see also Theorem 5.1. O

Up to now, we have studied the properties of M~! and of M that plays the role of the preconditioning
operator B from Sections 2 and 3. In the following, our aim is to prove the norm and spectral equivalence,
and some two-sided error bounds using the properties of M~'A. We will use the norms of M~'A and
A~! M defined in the standard way

M Al vy = sup M Aully, AT M|y = sup  [[AT Mully.
u€V, [Jullv=1 u€eV, |lullv=1
Obviously,
M Al vy S IMTH s Al evv ), AT Mllzvvy < TA s ) IMI covvy,

and correspondingly to (3.3), (3.4) and (3.5), we have the V-norm equivalence of A~! and M~! on

V# stated in the following theorem. Corollary 3.2 shows that within our setting the lower and upper

bounds on || Aw|y# /|| Mw|y# for w € V, w # 0, and on ||M~Lf|lv /[ A~ f||y for f € V#, f # 0, hold

simultaneously. In other words, the V#-norm equivalence of A and M on V and the V-norm equivalence
18
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of M~! and A~! on V# represent equivalent properties of the pair of operators A and M. This allows to
consider any of these two forms of norm equivalence appropriately to the specific context. In the case of the
splitting-based preconditioning the form using M ~! seems more appropriate, because M ™! is constructed
as the primary object using the operators Bj_l, j € J; see (5.14). The following theorem just reformulates
the inequality (3.5).

THEOREM 5.4 (Norm equivalence). Let the linear operator A satisfy (2.7) and (2.8). Let the splitting
of the Hilbert space V satisfy (5.3), (5.4) and (5.18), and let the splitting-based preconditioning M~1 be
defined by (5.6)—(5.14). Then A~' and M~ are V-norm equivalent on V#,

_ M fllv _ Ca
M 1A — su H _ S o 5.25
| lecwy) feV#,pf;éo A= fllv ~ em (5:25)

_ A7y Cpm
AT M - I < === 5.26
M Mleoan = 5P o T = e (520
KM™TA) < Calam _ Kk(A)K(M) (5.27)

CM CA
and
-1
AT fllv Cs #

Ca < < < — < —max (| or all f € V7, 0. (5.28
ZCBCV C'A7||./\/l flly — ca A JEX B; f f I # ( )

Proof. The statement follows from the previous considerations; see also Theorem 3.1. O
The two-sided error bounds introduced in the next theorem hold for an arbitrary approximate solution
v eV of (5.1), (5.14); see also [38, Theorem 2.6.1] that uses the finite-dimensional setting.

THEOREM 5.5. Let the splitting of the Hilbert space V' satisfy (5.3), (5.4) and (5.18), and let the
splitting-based preconditioning M~ be defined by (5.6)-(5.14). Let u be the solution of (5.1), (5.14).
Then for any v € V we have

CZ

-1

B B C B _
ST(B7 A= B7)|| < lv—ully < =S maxCs, | Y (B Av - B; ')

CB CV ey} v caA JEJ ey v
Proof. The statement follows from
M (Ao = D)[lv = M AW — )|y < M Al vy v —ullv,  forallv e V
and
lv—ully = AT MM A —w) v < AT M|l v [(MTH(Av = b)) ]lv,
which give
1 -1 -1 1 1 -1
Wﬂt@ﬁ;;;’i:ijW*ij <v—ully <A WWMMW Z}@‘AV*@-M
’ jeJ % JjeJ v

Using (5.25), (5.26), and (5.28) finishes the proof. O

The following theorem states the spectral equivalence of A and M without using any specific
relationship between A and M. The result therefore reduces to (3.21) in Section 3.

THEOREM 5.6 (Spectral equivalence). Let the linear self-adjoint operator A satisfy (2.7) and (2.8). Let
the splitting of the Hilbert space V' satisfy (5.3), (5.4) and (5.18), and let the splitting-based preconditioning
ML be defined by (5.6)—(5.14). Then A and M are spectmlly equivalent and

cA <Az z)
<
Cs max;cy Cp; <./\/lz z) Ca Z

forallzeV, z#0. (5.29)
< CB;CV;
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Proof. The statement follows from (3.21) using (5.16), (5.21), (5.23), and (5.24). O

Let u be the solution of (5.1), (5.14). Motivated by [38, Chapter 2], we consider the locally
preconditioned residual associated with v € V

=B A =B b =B A(v—u) € V;, je . (5.30)
Clearly, for all v; € Vj,
(Tj’ )B = (A(v —u), Uj) =a(v —u, Uj) = a(v, Uj) — (b, Uj>' (5.31)

As a consequence of splitting the problem (5.1) into the set of problems (5.13)—(5.14), we have an
(a posteriori) error estimate based on the norms of the locally preconditioned residuals, which is motivated
by [38, Theorem 2.6.2]. Before introducing the theorem, we prove a useful lemma.

LEMMA 5.7. Let the linear self-adjoint operator A satisfy (2.7) and (2.8). Let the splitting of the
Hilbert space V' satisfy (5.3), (5.4) and (5.18), and let the splitting-based preconditioning M~ be defined
by (5.6)(5.14). Then

a(M™T Az M7 AZ) < CaY a(M™ Az, 2), (5.32)
ke BrCVi
and
cA 3
Comancr Cr. max,c; Cg, a(z,z) < a(M™ Az, z). (5.33)
Proof. We have
2 2
a (M7 Az, M7 Az) S CalMT ARG = Ca (DB T Az <Ca | D ||B M Az,
jeJ v jeJ
2 2
1
<Ca 18742, ) <o [ iy e,
;1\/7 J%;] €B; Cv; ! B;
<Cay, > (B Az, B; T Az)s,
k;eICB’“ Vi jes
=Cy (Az,B71Az) = C Az, Bl Az
,;] B, CV; jze;] / A/;]CBkCVk < ]; ’ >

(z, M1 Az),

—CAZ

Az,M_lAz CAZ

CBk Vk CBk CVk

which yields (5.32). For proving (5.33) we consider an arbitrary decomposition of z € V| z = >
20
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z; € V;, € J. Then

a(z,z)=a | z, sz = Za (z,25) = Z(Az,zj> = Z(B;lAz,zj)Bj

jeJ jeJ jeJ jeJ
1/2 1/2
< | (871 Az By Ax)s, > (%28,
= JeJ
1/2 1/2
< | YAz, B Az) > Cs, %3
jeJ jeJ
1/2
-1 1/2 2
Je

Considering } .. ; Hz]||§ arbitrarily close to its infimum over all possible decompositions of z,

a(z,z) < max/Cg, a(z, M™TA2)"?|1z||s < /Cs max,/cB a(z, M7 A2 |2l v

JjeJ
VCs max;es /Cp,
< Vo5 e \/?fa(z,M-lAz)l/2a(z7z)1/2,
Vea

which yields (5.33). O

THEOREM 5.8. Let the splitting of the Hilbert space V' satisfy (5.3), (5.4) and (5.18). Let the linear
self-adjoint operator A satisfy (2.7) and (2.8), and let the splitting-based preconditioning M~ be defined
by (5.6)—(5.14). Let u be the solution of (5.1), (5.14). Then

a(v—u M Aw—u) =I5l

jeJ

and

Cs ma X]GJ B

-1
min;cycg, 1 _
> DIFIE < o —ullf < >l
CA CB, CV,

ke “Bx jeJ jeJs

Proof. We have forv e V, 7; = B;lA(v —u),
I1751l3, = (75, 75)8, = (A(v —u),75) = a(v —u, B " A(v — u))
and thus

S OIFlE =a (v —u, M A —u)) .

jeJ
Then, using (5.33),

1 Csmax,;c5Cpg,
v —ul? < —a(v—u,v—u) < w a(v —u, M A(v — u))
CA CA
CsmaxcyCp. B Csmax,cjCg. B
e L A e e e
A jed A jed
CS InaX]EJ CB
<————2 > Inls
jeJ
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which gives the upper bound. A straightforward calculation gives

-1
min;e y ¢, 1 minge s cg, 1 1, _
Li=—¢s J<§j ) > Il < =5 <§ ) > Il

J

Py’ CB,L CVy, jeJ keJ CB, CV,, =y
-1
1 1 1 B
<z (2 Z 17513, = Z a(v — u, M~ A(v — u)).
A \key BrVe j€J ke “BrCVi

Using
a(v —u, M A(w — u))? < a(M7T AW — u), MY A — u)) a(v — u,v — u)
and (5.32) gives

a(v —u, Mt A(v — u)) <C’AZ

keJ

a(v—u,v—u
p—— ( )
and finally
1 2
L<—a(v—uv—u) <|v—uli,
Ca

which completes the proof. O

The bound for ||[v — u|ly of Theorem 5.5 is given in terms of the norm of the sum of the locally
preconditioned residuals HZ jes T H , while the bound of Theorem 5.8 is in terms of the sum of squares

v
of the local norms } . ; [7;]. In particular, from Theorem 5.5 we have
2
> _ C8 2

ZTJ S”“‘“”vﬁal}lgxcsj ZT]' =: Iy,

jeJ % %

L1 = C_AZ

while from Theorem 5.8 we obtain

—1
min;ey cp, 1 _
= B (52 ) Sl < -l < Il =
A

[
keJ Bi“Vi jeJ JjEJ

CB;Cv;

Cs maX]EJ CB

For the upper bounds R; and Ry we get

2 2
R O Sierm], _ s (Sieslmilv) s (zjmmuj/\ﬁwj) y !
By _ Akl V) ! o3 L
Ry ZjeJ Hﬁ”? ZjeJ Hﬁ”? ZjeJ ”rJ”? jeJ j

and Ry > Rs, i.e. Theorem 5.8 gives at least as good an upper bound as Theorem 5.5, if and only if

2

Sl <Cs | > m (5.34)

JjeJ jeJ v

cf. (5.18). For the lower bounds L; and Lo we get

2
Lo 1 (Z ! ) [Zsesn], <Z 1 ) (Syes l7slly)’
Ly — minjescp, \ 5 c.on Sies 17l ~ minjes s, \ & esoen > e 17512

1 1 - (ZjeJ ||fj||j /\/W)2 - 1 ) -1 .
minje; g, (;;; czsww) diesIFl3 ~ minjey e, (};} chch> ;}Q

maxgej CB, (Z 1 ) Z _ MaXgeJ CB,
min;c ; ca. c miniccg,
J€T CB; \jcy Ve yeJ jeJ CB;

IN

IN
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If the residual splitting satisfies (5.34), then

~1 ~1
L 1 1 1 1
bl (TLl) ds(ex )
Ly — minjey cp; o CBLCV s cv,

Ry Ry R, L, ) 1
- =) = =C. ) .
(L1>/(L2) LRy SIJ‘HEI?CB];CBVCV

Summarizing, comparison of the bounds of Theorem 5.5 and Theorem 5.8 is problem- and mesh-dependent.

Finally,

6. Stable splitting. The splitting of V' defined by (5.3) is in literature called stable providing that
there are constants cg > 0 and Cg > 0 such that

Cs||uH%/ < Hu||§ < CsHu”%/ forallueV. (6.1)

As pointed out in [38, Remark 2.1.3], for V finite-dimensional all its splittings are trivially stable.
The issue is then not the existence but the value of the constants cg and Cs. The stable splitting
assumption (6.1) can be easily linked with the assumptions (5.4) and (5.18) above (the last one coincides
with the right inequality in (6.1)). This gives unique solvability of (5.14)7 and it will allow to apply results
formulated in the previous sections.

LEMMA 6.1. The left inequality of (6.1) is fulfilled if and only if (5.4) holds.

Proof. Assuming csljul|? < ||ul|Z for u € V, we have for u; € V}, j € J,

1 1
2 2 2
lusll < Zluslls < Zluslls- (6.2)

Thus setting cy, := c¢g, j € J, we get (5.4). Here (6.2) shows that if cgllul|}, < |lul|§ for all u € V,
then (5.4) is satisfied with the same universal constant cg valid for all j € J, which does not exclude the
option that (5.4) is also satisfied for some constants cy, larger than cs. On the other hand, assuming (5.4),
Uj,UjEV}',jEJ,

we get for any u € V and for any decomposition v =) jed

2 2 2
1 1
2 1 < , < — lslls | < - 2. 6.3
lully = > ul < DY lwlv | <D m\luﬂlg <> o >l (6.3)

jeJ v jeJ jeJ je€J I keJ

Since (6.3) holds for any decomposition of u, we get by considering Y, ; [lux||Z arbitrarily close to its
infimum

1 . 1
< ) — inf gl =y —lull3. (6-4)
Cy;

C eV, u= y
ey Vi wEVi u=3he s ur g jes Vi

Thus setting cg := (Z jed c‘;jl) ' yields the first inequality of (6.1). It is worth noting that if for some
constant ¢ we have cy;, = ¢, j € J in (5.4), then the value of cg derived for (6.4) is ¢/|.J|, and we are unable
to deduce (5.4) from the left inequality of (6.1) with the same constant ¢ but with the much weaker ¢/|.J|.
Here we denote by |J]| the size of the index set J. O
Using (6.1) instead of (5.4) and (5.18), the statements of Theorems 5.1, 5.4, 5.6, and 5.8 can be easily
modified.

REMARK 6.1. In some published works the setting corresponds to that used above, and the subspaces
Vi, j € J, are not required to be nested. In most of the hierarchical approaches, however, it is additionally
assumed that the splitting is based on mested subspaces

icWCc---CVea V=V, J={1,2,...,k}. (6.5)

"Using our notation, the operator equation (2.18) from [38, Theorem 2.1.1] is identical to the transformed system (5.14)
from Section 5.
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In addition to that, some works define also the subspaces W;, j € J such that (with Vy := {0})
‘/3—1@Wj = ‘/j’ J€J7.73£07 (66)

giving an equivalent splitting representation

V=>V=> W, (6.7)

JjeJ jeJ
The individual preconditioners can then be constructed by the subtraction of projectors onto the individual
hierarchical levels; see, e.g. [40, Section 13.2.2] and the references given there.

7. Conclusions. In the presented construction of the splitting-based preconditioning M we have not
used any specific information about the operator A except of being bounded, coercive and self-adjoint.
As in the large variety of approaches, methods and theoretical results published in literature, we therefore
can not expect to prove, in general, that the condition number x(M~1A) of the operator M~1A in the
operator equation (5.14) (see Theorem 5.4) is small. Similarly, we can not expect to prove that the
constants determining the spectral equivalence of the operators A and M are close to each other (see
Theorem 5.6), with implications to the discretized problem, cf. Section 4.2. Apart from the condition
number of the Gram matrix Sy, in (4.16), Theorems 4.1 and 4.2 give the bounds for the condition number
and the spectral number of the discretized preconditioned operator, respectively, that are independent of
the discretization, but not more.

The presented generally formulated results can serve as a basis for an easier comparison of existing
approaches that can be put into the given framework. Incorporating an appropriate information about the
operator A into the construction of the preconditioning M can lead to stronger results on the condition
number and/or the spectral number of the preconditioned operators and of their discretizations; for recent
examples see, e.g. [23, 28, 32, 33, 39]. Results of further work in this direction will be reported elsewhere.

Within the given framework we concentrate on the condition number x(M, 'A}) and the spectral
number &(Ap,Mp,) defined by (4.16) and (4.20), respectively; see also (4.24). As emphasized in the
introduction, one should always be aware that, in general, these single number characteristics are (as any
other single number characteristics) insufficient for describing convergence behavior of Krylov subspace
methods. In this context we note that an arbitrary decomposition M} = LjLj leads to the uniquely
determined spectral number &(A}, M},), and different choices of Ly, which are all related via orthogonal
transformations, see Section 4.1, result in the same convergence behavior of the preconditioned conjugate
gradient method despite the fact that they can be associated with different transformations of the
discretization bases.

Appendix. In the Appendix we give the proof of the following theorem.

THEOREM 2.1. Let A:V — V# be a linear, bounded, coercive and self-adjoint operator. Using the
standard definition of the operator norm, the boundedness constant C 4 and the coercivity constant c4 can
be expressed as

C-A = ||‘A||£(V,V#) = sSup <AU7U> = M.A7 (71)
u€V, |lullv=1
1 -1
cA=myg = inf Av,v) = ={|A! # . 7.2
vev, “””V:1< > subsev#, ), 4 =1 A7 Fllv A e} (7:2)

Proof. The equality (7.1) is well known. It follows from the following sequence of equalities

Ca=Allzvve) = ITAlcevvy = sup  (TAu,u)y =  sup  (Au,u) = Ma. (7.3)

u€V, [lully =1 u€V, [lully =1

Here we used the fact that for any self-adjoint operator S in a Hilbert space V'

1/2
ISlleovvy = sup  |[Szllv = sup  (Sz,S2)/ = sup  |(Sz2)v); (7.4)
zeV, ||z|lv=1 zeV, ||z|lv=1 zeV, ||z|lv=1
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see [9, Theorem 4.10.1, p. 220], [17, Theorem 6.5.1]. The second statement (7.2) was published without
proof in [30, Section 3.3]. Since ¢4 = m4, it remains to prove that

1

= inf
SUD rev#, | f|l =1 A= fllv weV,flullv=1

[ Aully#, (7.5)

map =

where the second equality results from the substitution f = Au/||Au||y#, u € V. Equivalently, it remains
to prove that

ma = inf  (TAu,u)y = inf |7 Aully . (7.6)
ueV, flullv =1 u€eV, [lullv=1

Clearly (tAu,u)y < |7 Aulv||u|v, therefore the inequality

< inf ||TAUHV
ueV, ||lul|v=1

is trivial. In order to prove the opposite inequality

my > inf | Aullv,
weV, ||lully=1

we use the fact that m 4 belongs to the spectrum of 7.4 and therefore there exists a sequence {vg}r=12, .
in V, |lvgl]lv =1, such that

lim |7 Avg — mavg|lv = 0; (7.7)
k—o0

see [17, Corollary 6.5.6]. We will finish the proof by contradiction. Assume that

A< inf lrAully — A

weV, ||lully=1

for some A > 0. Using the Cauchy-Schwarz inequality,

|7 Avi — mavi||¥ = ||TAve |3 + m? — 2m A (T Avg, vi)v

> [T Avk [} +mi = 2malrAllv = ([T Aoy —ma)®.
Then
|TAvy — mgug||} > A% forallk=1,2,...,

which gives the contradiction with (7.7) and completes the proof. O

Acknowledgement. The authors thank Miroslav Bulicek, Vit Dolejsi, Josef Malek, Endre Siili, and
Jan Zeman for their careful reading the manuscript and for many helpful suggestions and comments.

REFERENCES

[1] D.N. Arnold, R. S. Falk, and R. Winther. Preconditioning discrete approximations of the Reissner-Mindlin plate model.
RAIRO Modél. Math. Anal. Numér., 31(4):517-557, 1997.

[2] D. N. Arnold, R. S. Falk, and R. Winther. Preconditioning in H(div) and applications. Math. Comp., 66(219):957-984,
1997.

[3] D. N. Arnold, R. S. Falk, and R. Winther. Finite element exterior calculus: from Hodge theory to numerical stability.
Bull. Amer. Math. Soc. (N.S.), 47:281-354, 2010.

[4] K. Atkinson and W. Han. Theoretical Numerical Analysis. A Functional Analysis Framework, volume 39 of Texts in
Applied Mathematics. Springer, Dordrecht, third edition, 2009.

[5] O. Axelsson and J. Kardtson. Equivalent operator preconditioning for elliptic problems. Numer. Algorithms, 50(3):297—

380, 2009.

[6] O. Axelsson and P. S. Vassilevski. Algebraic multilevel preconditioning methods. I. Numer. Math., 56(2-3):157-177,
1989.

[7] J. Bramble, J. Pasciak, and J. Xu. Parallel multilevel preconditioners. Math. Comp., 55(191):1-22, 1990.

25



http://ncmm.karlin.mff.cuni.cz

NCMM/2017/06

Preprint:

v

NECAS CENTER FOR MATHEMATICAL MODELING

(8]

(9]
(10]

(11]
(12]

(13]
(14]
(15]
(16]

(17]
(18]

(19]
20]
(21]

[22]
(23]

[24]
25]

[26]
[27]
[28]
[29]
[30]
[31]
(32
[33]

(34]
(35]

(36]

(37]

(38]
(39]
(40]

[41]

J. H. Bramble, J. E. Pasciak, J. P. Wang, and J. Xu. Convergence estimates for multigrid algorithms without regularity
assumptions. Math. Comp., 57(195):23-45, 1991.

P. G. Ciarlet. Linear and Nonlinear Functional Analysis with Applications. STAM, Philadelphia, 2013.

J. B. Conway. A Course in Functional Analysis, volume 96 of Graduate Texts in Mathematics. Springer-Verlag, New
York, second edition, 1990.

W. Dahmen and A. Kunoth. Multilevel preconditioning. Numer. Math., 63(3):315-344, 1992.

N. Dunford and J. T. Schwartz. Linear Operators. I. General Theory. With the assistance of W. G. Bade and R. G.
Bartle. Pure and Applied Mathematics, Vol. 7. Interscience Publishers, Inc., New York, 1958.

E. G. D’Yakonov. On an iterative method for the solution of a system of finite-difference equations. Dokl. Akad. Nauk,
138:522-526, 1961.

E. G. D’Yakonov. The construction of iterative methods based on the use of spectrally equivalent operators. U.S.S.R
Comput. Math. and Math. Phys., 6(1):14-46, 1966.

V. Faber, T. A. Manteuffel, and S. V. Parter. On the theory of equivalent operators and application to the numerical
solution of uniformly elliptic partial differential equations. Adv. in Appl. Math., 11(2):109-163, 1990.

Ch. Farhat, J. Mandel, and F.-X. Roux. Optimal convergence properties of the FETI domain decomposition method.
Comput. Methods Appl. Mech. Engrg., 115(3-4):365-385, 1994.

A. Friedman. Foundations of Modern Analysis. Dover Publications, New York, 1982.

T. Gergelits and Z. Strakos. Composite convergence bounds based on Chebyshev polynomials and finite precision
conjugate gradient computations. Numer. Algorithms, 65(4):759-782, 2014.

M. Griebel and P. Oswald. On the abstract theory of additive and multiplicative Schwarz algorithms. Numer. Math.,
70(2):163-180, 1995.

J. E. Gunn. The numerical solution of V-aVu = f by a semi-explicit alternating-direction iterative technique. Numer.
Math., 6:181-184, 1964.

J. E. Gunn. The solution of elliptic difference equations by semi-explicit iterative techniques. J. Soc. Indust. Appl.
Math. Ser. B Numer. Anal., 2:24-45, 1965.

R. Hiptmair. Operator preconditioning. Comput. Math. Appl., 52(5):699-706, 2006.

E. Keilegavlen and J. M. Nordbotten. Inexact linear solvers for control volume discretizations in porous media. Comput.
Geosci., 19(1):159-176, 2014.

R. C. Kirby. From functional analysis to iterative methods. SIAM Rev., 52(2):269-293, 2010.

A. Klawonn. An optimal preconditioner for a class of saddle point problems with a penalty term, Part II: general
theory. Technical report, 14/95, Westflische Wilhelms-Universitdt Miinster, Germany, 04 1995.

A. Klawonn. Preconditioners for indefinite problems. PhD thesis, Universitdt Miinster, 1996.

A. N. Kolmogorov and S. V. Fomin. Elements of the Theory of Functions and Functional Analysis. Vol. 1. Metric
and Normed Spaces. Graylock Press, Rochester, N. Y., 1957. Translated from the first Russian edition by Leo F.
Boron.

R. Kornhuber and H. Yserentant. Numerical homogenization of elliptic multiscale problems by subspace decomposition.
Multiscale Model. Simul., 14(3):1017-1036, 2016.

J. Liesen and Z. Strakos. Krylov Subspace Methods: Principles and Analysis. Numerical Mathematics and Scientific
Computation. Oxford University Press, Oxford, 2013.

J. Mélek and Z. Strakos. Preconditioning and the Conjugate Gradient Method in the Context of Solving PDEs, volume 1
of SIAM Spotlights. Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 2015.

K.-A. Mardal and R. Winther. Preconditioning discretizations of systems of partial differential equations. Numer.
Linear Algebra Appl., 18:1-40, 2011.

A. Napov and Y. Notay. Algebraic multigrid for moderate order finite elements. STAM J. Sci. Comput., 36(4):A1678—
A1707, 2014

B. F. Nielsen, A. Tveito, and W. Hackbusch. Preconditioning by inverting the Laplacian: an analysis of the eigenvalues.
IMA Journal of Numerical Analysis, 29(1):24-42, 2009.

P. Oswald. On function spaces related to finite element approximation theory. Z. Anal. Anwendungen, 9:43-64, 1990.

P. Oswald. Norm equivalencies and multilevel Schwarz preconditioning for variational problems. Forschungsergebnisse
Math/92/01, Friedrich Schiller Universitat, Jena, 1992.

P. Oswald. Stable splittings of Sobolev spaces and fast solution of variational problems. Forschungsergebnisse
Math/92/05, Friedrich Schiller Universitit, Jena, 1992.

P. Oswald. Stable subspace splittings for Sobolev spaces and domain decomposition algorithms. In Domain
decomposition methods in scientific and engineering computing (University Park, PA, 1993), volume 180 of
Contemp. Math., pages 87-98. Amer. Math. Soc., Providence, RI, 1994.

U. Riide. Mathematical and Computational Techniques for Multilevel Adaptive Methods, volume 13 of Frontiers in
Applied Mathematics. Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 1993.

J. Sogn and W. Zulehner. Schur complement preconditioners for multiple saddle point problems of block tridiagonal
form with application to optimization problems. ArXiv:1708.09245v1 [math.NAJ, 2017.

O. Steinbach. Numerical Approzimation Methods for Elliptic Boundary Value Problems, Finite and Boundary
Elements. Springer Science + Bussiness Media, LLC, New York, NY, 2008.

P. S. Vassilevski. Multilevel Block Factorization Preconditioners. Matriz-based Analysis and Algorithms for Solving
Finite Element Equations. Springer, New York, 2008.

26



http://ncmm.karlin.mff.cuni.cz

NCMM/2017/06

Preprint:

v

NECAS CENTER FOR MATHEMATICAL MODELING

[42] J. Xu. Iterative methods by space decomposition and subspace correction. STAM Rev., 34(4):581-613, 1992.

27



