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Abstract

For a given matrix A and right-hand side b, this paper investigates unitary
matrices generating, with some right-hand sides ¢, the same GMRES residual
norms as the pair (A,b). We give characterizations of this class of unitary
matrices and point out the relationship with Krylov subspaces and Krylov
residual subspaces for the pair (A, b). We investigate the eigenvalues of these
unitary matrices in relation to the convergence behavior of GMRES for the
pair (A, b) and describe the indispensable role of the eigenvector information.
We conclude with a formula for the GMRES residual norms generated by a
normal matrix B in terms of its eigenvalues and components of the right-hand
side ¢ in the eigenvector basis.
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1. Introduction

In this paper we consider the convergence behavior of the GMRES method
for solving linear systems

Az =10
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with (generally complex) square matrices A of order n and right-hand sides
b; for a detailed description of this popular Krylov subspace method see [1] or
[2]. With no loss of generality, we consider zero initial guess xy = 0. The kth
GMRES iterate is the vector z; in the kth Krylov subspace which minimizes
the residual norm, that is

xrp =arg min |b— Az, Ki(A,b) = span{b, Ab, ..., A¥ b}, (1)
:EG’Ck(A,b)

It follows that the kth residual vector r, = b — Ax;, is the difference between

b and its orthogonal projection onto the Krylov residual subspace AKC, (A, b).

A standard convergence bound for the kth residual norm with diagonalizable
Ais

r

”ku”” < #(Z) min max |pe(:)], (2)
where A has the spectral decomposition A = ZAZ™!, A = diag (\y,..., \n),
k(Z) is the condition number of the eigenvector matrix and IIj is the set
of polynomials of degree k with the value one at the origin (see, e.g., [2]).
For Hermitian matrices, convergence of Krylov subspace methods like the
Conjugate Gradient or MINRES methods is very strongly linked with the
eigenvalue distribution. For instance, the values these methods minimize
(some norm of the error or residual vector) can be bounded with the same
bound as in (2) where x(Z) = 1. This bound then depends on the spec-
trum only and, concerning the envelope of all possible convergence curves
for matrices A having the given spectrum, it is sharp [3], i.e., for every k
there exists a right-hand side (depending on k) such that equality holds in
(2). However, it has been known for some time that eigenvalues alone can-
not explain GMRES convergence for non-Hermitian and more generally for
non-normal matrices. This was first shown in the 1994 paper [4], in which
the authors studied the matrices B that generate the same Krylov residual
space as the one given by the pair (A, b), that is

B/Ck(B,b) = AICk(A,b), k= 1,2, oy N

Then GMRES applied to (B,b) yields the same convergence history (with
respect to residual norms) as GMRES applied to (A,b). Matrices B with
this property will be called GMRES (A4, b)-equivalent matrices. They can be
characterized as follows (we assume for simplicity of notation, that GMRES
applied to A, b does not terminate until the step n, i.e., dim(kC,,(A, b)) = n).



Theorem 1 (Theorem 1 of [4]). Let W be a unitary matriz whose first
k columns give a basis of AKk(A,b) for all k with 1 < k < n and let H
be an unreduced upper Hessenberg matriz such that AW = WH. Then, the
following assertions are equivalent:

1- B is GMRES (A, b)-equivalent,

2- B =WRHW?*, where R is any nonsingular upper triangular matriz.

Among other results, it is shown in [4] that the spectrum of B can consist
of arbitrary nonzero values. In [5] this was extended by proving the fact that
any nonincreasing sequence of residual norms can be generated by GMRES
and [6] closed this series of papers with a full parametrization of the class
of matrices and right-hand sides giving prescribed convergence history while
the system matrix has prescribed nonzero spectrum; for a survey we refer
to [7, Section 5.7]. In [8] a parametrization was given of the class of matrices
and right-hand sides generating, in addition to prescribed residual norms and
eigenvalues, prescribed Ritz values in all iterations.

While all these results show that spectral information only can be mis-
leading when explaining GMRES convergence behavior with general matri-
ces, GMRES convergence is bounded using the eigenvalue distribution when
it is applied to normal matrices in view of (2). More strongly, GMRES con-
vergence is for normal matrices determined by the approximation problem

Irill = min [[p (A)Z75]).

On page 13 of [4] the authors wrote, with respect to Theorem 1:“If, for each
vector b, we can find a matrix B of the given form, for which we can analyze
the behavior of the GMRES method applied to B, then we can also analyze
the behavior of the GMRES method applied to A. Since the behavior of
the GMRES method for normal matrices is well-understood in terms of the
eigenvalues of the matrix, it is desirable to find an upper triangular matrix
R such that RH is normal.” It was shown subsequently in [4] that R can
always be chosen such that RH is normal and even unitary, and under some
assumptions such that RH is Hermitian positive definite or just Hermitian.
In general, however, no simple properties of A were found which are related
to the spectral properties of a GMRES (A4, b)-equivalent normal matrix.
Two papers, both published in 2000, analyzed the eigenvalues of par-
ticular unitary GMRES (A, b)-equivalent matrices and studied in detail the
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relation with GMRES convergence. In [9], Liesen used QR and RQ factor-
izations of the matrix H to obtain bounds for the residual norms in terms
of the largest gap in the spectrum of the @Q factors on the unit circle. He
showed, among others, that a large maximum gap in the spectrum of the Q
factor in an RQ factorization H = RQ implies fast GMRES convergence; see
also his Ph.D. Thesis [10, Section 5]. In [11], Knizhnerman considered H a
possibly infinite bounded operator and showed an inverse result, namely that
for finite operators (matrices), fast GMRES convergence implies a large gap
in the spectrum of Q in a certain RQ factorization of H. It was also shown
that the entries of this particular @ can be expressed in terms of the residual
norms only [11, Section 6.1].

The goal of this paper is to further explore how and to what extend GM-
RES convergence can be explained using unitary GMRES (A4, b)-equivalent
pairs. With a unitary GMRES (A, b)-equivalent pair (B, ¢) we mean a matrix
B with a right-hand side ¢ which generate the same convergence history as
(A, b) where B is unitary and c is not necessarily equal to b. We will charac-
terize such pairs and investigate their properties. Unlike in [4], we will not
consider the unitary matrix W in B = WRHW* (see Theorem 1) merely
an unimportant change of variables matrix, whose influence is not taken into
account when analyzing the spectrum of B. Our investigation will rely on
the fact that the first & columns of W form a basis of AK,(A,0), 1 <k <n.
We show that all unitary GMRES (A, b)-equivalent matrices B can be con-
structed from W and from a unitary matrix V' whose first & orthogonal
columns form bases of Kr(A,b), 1 <k < n. Since V and W depend strongly
on the interplay between A and b, our goal can not be in relating GMRES
convergence to some simple properties of A only. Instead, we will describe
how both the eigenvalues of B and components of ¢ in the eigenvector basis
of B determine the convergence curve. This will be based on a new explicit
expression for the kth residual norm generated by a normal matrix.

The paper is organized as follows. Section 2 characterizes GMRES (A, b)-
equivalent matrices B and pairs (B, c¢), where B is unitary, and it explains
their relationship to the Krylov subspaces and Krylov residual subspaces
produced by A and b. In this section it is also shown that the eigenvectors
of B in the description of convergence for GMRES applied to (A,b) are
very substantial. Section 3 contains the derivation of a formula for the kth
GMRES residual norm in terms of the eigenvalues, eigenvectors and the
right-hand side when GMRES is applied to a normal matrix. This enables
to explain the convergence for (A,b) with a GMRES (A, b)-equivalent pair
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where the matrix is normal and, in particular, unitary.

Throughout the paper we will assume, as mentioned above, that GMRES
does not terminate until the last step n. Hence, the Krylov subspaces are
of full dimension and their orthogonal bases constructed using the Gram-
Schmidt algorithm are well defined. We also assume the zero initial guess in
all applications of GMRES. For simplicity we normalize the right-hand side
b such that ||b]] = 1. We will use repeatedly the fact that GMRES residual
norm convergence is unitarily invariant in the sense that, U being any unitary
matrix, the pair (U*AU,U*b) generates the same residual norms as (A4, D).
With e; we will denote the ith column of the identity matrix (of appropriate
order). With “the subdiagonal” and “subdiagonal entries” of an upper Hes-
senberg matrix we will mean the (entries on the) first subdiagonal under the
main diagonal. Hessenberg matrices with a real positive subdiagonal will be
denoted with a plus as lower index, for example H, .

2. Unitary GMRES (A, b)-equivalent pairs

In this section we characterize pairs (B, ¢) which yield the same GMRES
convergence history as (A, b) with B unitary and ¢ not necessarily equal to b.
We describe their relationship to the Krylov subspaces and Krylov residual
subspaces generated by (A,b) and study the influence of the spectrum of B
on the convergence history for (A, b).

2.1. Unitary GMRES (A, b)-equivalent matrices

First let us consider the case where ¢ = b. Here is a characterization of
the class of all unitary GMRES (A, b)-equivalent matrices.

Proposition 2. Let W be a unitary matriz whose first k columns give a
basis of AKK(A,b) for 1 < k < n, let H be an unreduced upper Hessenberg
matrix such that AW = WH and let H = RQ be an RQ factorization of H.

Then, the following assertions are equivalent:
1- B is unitary and GMRES (A, b)-equivalent,
2- B=WD,QW*, where Dy is a diagonal unitary matriz.

PRrROOF. With the notation of Theorem 1, B is unitary if and only if RH is
unitary for some nonsingular upper triangular R, i.e. RH = Q for a unitary



Q. This @ must then be the Q factor of an RQ factorization H = RQ of H
and if we define R = R~ then B = WQW* is unitary and GMRES (A4, b)-
equivalent. Because all other RQ factorizations of H have the form H =
(RD;1)(D;Q), the same holds for B = WD;QW*. [

Thus all unitary GMRES (A, b)-equivalent matrices are of the form B =
WOW* where Q is the unitary factor of an RQ decomposition of H.

Note that the Hessenberg matrix H is not the Hessenberg matrix gener-
ated in a standard implementation of GMRES where an orthogonal basis of
K.(A,b) is build. H results from building an orthogonal basis of AL, (A,b)
by starting the Arnoldi process with the vector Ab/||Ab||. This is done, for
example, in the Walker-Zhou implementation of GMRES [12]. In a standard
implementation of GMRES, one constructs the unitary matrix V whose first
k columns span the Krylov space Kr(A,b) for all 1 < k < n and which is
the result of the Arnoldi orthogonalization process applied to (A,b). More
precisely, the unitary V satisfies

AV =VH,, Ve =b, (3)

for an unreduced upper Hessenberg matrix H, with positive subdiagonal
entries. Consider the unique QR decomposition

H, =Q™R (4)

such that Q" is a unitary upper Hessenberg matrix with a real positive first
row; see [13]. The entries of the matrix Q from an RQ decomposition of H
were given in terms of the GMRES residual norms in equation (6.1) of [11].
Interestingly enough, the moduli of the entries of QT and Q coincide. In
order to show this, we need the following lemma. For real matrices, it was
also proved in [13, Theorem 3.1].

Lemma 3. Let W be a unitary matriz whose first k columns give a basis of
AKR(A,b) for 1 <k <n and let V be the unitary matriz in (3). If Q% is the
unitary factor in the QR factorization (4) of H., then

Qt = VWD,

where Dy is a diagonal unitary matriz.



PROOF. Because the first k& columns of W form a basis of AK,(A,b), 1 <
k <n, we can write

AV = WR

for some nonsingular upper triangular matrix k. Then from AV = VH, =
W R we have the QR decomposition

Hence, for the properly chosen diagonal unitary matrix Do, QT = V*W Dy
has its first row real and positive. [

Corollary 4. Let Q% be the unitary factor in the QR factorization (4) and
let Q be the unitary factor of an R() decomposition of H. Then

Q=D;Q"D;
where Dy is the matrix of Lemma 3 and D3 is a diagonal unitary matrizx.
PRrROOF. From (3) and Lemma 3 we have
AW Dy (Q1) = WDy Q1) Hy,

which implies
W*AW = H = Do(Q1)" H Q" D;.

Hence we have the RQ decomposition
H = D:(Q7)(QTR)QD; = (D:R)(Q"D3).

Therefore, Q is of the form Q = DiQ" Dj for some diagonal unitary matrix
Ds;. O

Lemma 3 enables another characterization of unitary GMRES (A, b)-equivalent
matrices; cf. Proposition 2.

Theorem 5. The following assertions are equivalent:

1- B is unitary and GMRES (A, b)-equivalent,
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2- B =WV*, where V is a unitary matriz whose first k columns give a
basis of ICr,(A,b) and W is a unitary matriz whose first k columns give
a basis of AKC,(A,b) for 1 <k <n.

PROOF. Because of Proposition 2, if B is unitary and GMRES (A, b)-equivalent,
then B is of the form ) )

B =WD, QW™
where the columns of W are an orthonormal basis of AK,(A,b). Using
Lemma 3 and Corollary 4, we obtain

B =WD,QW* = WD DiQ T DiW* = WD DiV*WW* = WD, DiV*.

Putting V = VD and W = WD, gives the first implication. Now let
B =WV*. Then with Lemma 3, for some diagonal unitary matrix Dy,

B =W (V*W)W* = W(D,V*W)W* = W(D,QtD;)W*
and with Corollary 4,
B = W(DsQtDy)W* = W(DyD3QDyDy)W* = W(DyD3Q)W*.

This yields the second implication if we use Proposition 2. [J

This theorem shows how closely unitary GMRES (A, b)-equivalent ma-
trices are related to the Krylov subspaces Ki(A,b) and the Krylov residual
subspaces AKj(A,b) for 1 < k < n. These subspaces, and therefore also
the matrices V' and W, depend strongly on the interplay between A and
b and it is very unlikely that, in general, any of the properties of unitary
GMRES (A, b)-equivalent matrices (like spectral properties) correspond to
some simple properties of A only.

With Theorem 5 we can characterize the eigenvalues of unitary GMRES (A, b)-
equivalent matrices in terms of the Krylov subspaces ICx (A4, b) and the Krylov
residual subspaces AK,(A,b), 1 <k <n. GMRES convergence for (A,b) is
bounded by these eigenvalues in the following sense.

Corollary 6. Using the notation of Theorem 5, the GMRES residual norms
for the pair (A,b) are bounded as

[l :
—— < min ma DI, -
Bl = pelly i=1om |Pr (1) (5)
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with py, ..., 1, being the eigenvalues in the generalized eigenvalue problem
Vie = uWe,

and this bound is sharp, i.e. for every k there exists a right-hand side (de-
pending on k) such that equality holds in (5).

2.2. Unitary GMRES (A, b)-equivalent pairs

Now we come to unitary matrices that give the same residual norm con-
vergence curve as (A, b) with a right-hand side possibly different from b. Our
goal will be to characterize the set of all pairs (B, c) with these properties.
Some pairs are obtained simply by using the fact that GMRES convergence
is unitarily invariant. For example, let us consider a unitary GMRES (A, b)-
equivalent matrix B = WV™ defined in Theorem 5 and let us define S by
interchanging V' and W, i.e.

S=VW. (6)

Since GMRES convergence is unitarily invariant, the pair (W*BW, W*b) =
(V*W, W*b) = (S, W*b) gives also the same residual norm convergence curve.
We can find a GMRES (A, b)-equivalent pair with the same unitary sys-
tem matrix S but a different right-hand side: Using the unitary equivalence
(B,b) = (V*WV*V,V*b) = (S, e1) we obtain the GMRES (A, b)-equivalent
pair (S,ep). Since B is normal, we have B = ZAZ* where Z is unitary
and A is the diagonal matrix containing the eigenvalues of B. Therefore yet
another GMRES (A4, b)-equivalent pair is (A, Z*b).

We next give a parametrization of all GMRES (A, b)-equivalent pairs with
unitary system matrix. For our result we will exploit the relationship between
unitary upper Hessenberg matrices with real positive subdiagonals and the
so-called Schur parameters. This relationship is briefly outlined below.

2.2.1. Unitary Hessenberg matrices and Schur parameters

Any unitary upper Hessenberg matrix of order n with positive subdiago-
nal entries can be uniquely parameterized by n complex parameters v, such
that || <1, k=1,...,n—1and |y,| =1, see, e.g., [14, 15, 16, 17, 18, 19].
We will denote such unitary upper Hessenberg matrices with @4 (not to be
confounded with the unitary upper Hessenberg matrices @ in (4) which have
a positive first row but do not necessarily have a positive subdiagonal). The
ve's are called Schur parameters (this term was introduced in [14]). They
are also known as partial correlation coefficients in statistics and reflection

9



coefficients in signal processing. It is useful to introduce the so-called com-
plementary Schur parameters oy, £ = 1,...,n—1 which are real and positive
such that o, = y/1 — |7|?>. The matrix Q) can be written as the product

Q4+ = G1(m) G2(72) - - Gt (Y1) G(),

where

Gr(m) = diag (Ikl, [ _azk z_: ] >Ink1> o Galym) = diag(Li-1, —n),
(7)

and the nonzero entries of () are given by

Qht1k = Oj,  Qjk = —Vj=100j41 " Op—1Vk, 1 < 7 < k. (8)

This means that the matrix @) has the following form (see [18]),

_fyl _0'1f>/2 Y Y —0‘1 .. O’k_lfyk “ e —0'1 “ e O'n_lfyn
01 _%’72 _ﬂoﬁ"'gk—l'yk _%0—2"'0'71—1’7%
oy TRV :  TRO3On1n
Ok—1 —Vk—17k ot TYk=10k On—17n
L On—1 _f)/nflﬁ)/n

Conversely, if we know ()., then the Schur parameters and the complemen-
tary Schur parameters are given by

%Z—%—’k, 1<k<mn, Ok = Qei1h, 1 <k <n, 9)
01" 0k-1
i.e., there is a one-to-one correspondence between Schur parameters and uni-
tary upper Hessenberg matrices with positive subdiagonal entries.
We also mention the relationship of Schur parameters with Szego poly-
nomials. If @y is the leading (in general not unitary) principal submatrix of
@, then

¢k(A) = det()\I — Qk);
is the kth Szegd polynomial for 1 < k < n [20, Chapter XI|. Szegd polyno-
mials can be computed from a recurrence whose coefficients are the Schur
parameters.
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2.2.2. GMRES residual norms and Schur parameters

The matrices Gi(v) in (7) remind us of Givens rotations used in the
standard GMRES implementation (see, e.g., [1]). The Arnoldi process ap-
plied to the pair (A, b) generates the upper Hessenberg matrix H, in (3) (this
matrix is, in general, not unitary). Instead of the QR decomposition (4) we
can consider H, = Q. R where

Qi = Fl(Cl) FQ(C2) T Fn—l(cn—l)a
Fi(cy) = diag ([k:—la [ ~C% } aIn—k—l) ;

Sk Ck

with Givens rotation parameters c; and s;, > 0 satisfying |cx|* + |s1]? = 1.
With this choice @ has positive subdiagonal entries. Using (7), the Schur
parameters and complementary Schur parameters of (), are related to the
Givens rotation parameters through

|7k|:|0k|a op=35;, k=1,...,n—1. (10)
Moreover, it follows easily from the minimization property (1) of GMRES
that, with ||b]| = 1,

k
el =] lsil,  k=1,....n—1, (11)
j=1
see, e.g., [2, Section 6.5.5, p. 166]. This results in the next theorem.

Theorem 7. Consider GMRES applied to (A, b) with corresponding residual
norms ||roll, ||71]l, - - -, [|[rn1l]. The following assertions are equivalent:

1- (B, c) is GMRES (A, b)-equivalent and B is unitary.

2- The Arnoldi process applied to (B, ¢) generates the decomposition BX =
XQy where Q4 is a unitary upper Hessenberg matrix with positive sub-
diagonal entries and its Schur parameters satisfy

1 1
|kl = |7l — , k=1,...,n—1.
7ell? [lre—al?
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ProOOF. For the first implication, note that (), must have positive subdiag-
onal entries and that it is unitary because so are B and X. Also note that it
is the Q factor of its own QR decomposition computed with Givens rotations
that have real positive off-diagonal entries. Hence the Schur parameters ~j

and complementary Schur parameters oy, k = 1,...,n—1 of @, satisfy (10).
Because (B, ¢) is GMRES (A4, b)-equivalent, we have
k
o=, k=1...n-1,
j=1

see (11). A straightforward argument using induction then gives

7]
[7x-1]

Using o = /1 — |%|? we have

|’7k |T‘k||
|| Hm1W

For the opposite implication, first note that B is unitary because so are ()

and X. It follows from |yx| = ||7&|| ||7"kH2 m and from oy, = /1 — |y|?
that the complementary Schur parameters of ), are

, k=2,...,n—1.

7]
741l

s k=2...,n—1.

They are identical with the Givens sines because (), is the Q factor of its
own QR decomposition. Then, because of (11), the kth GMRES residual
norm pj, generated by (B, c) is

II II%—HWH k=1,...,n—1. O

J=1

We remark that with Theorem 7 we can write the entries of (), as a
function of the residual norms. Consider the column £ of the matrix Q.
Denoting vz = |yx|€!¥F, the entry in the first row is
— ik (

1/2
b = —01 - Ohofo = e ll? = [rll?) 2. (12)
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The entry in row j < k is

ik = —j-10; " Ok-1"Vk

. 1 1 1/2 1/2
B ‘el(%ﬁm(Hr- > i 2||2) (Iriall® = llrell?)
J- J=

where we use the convention oy --- 0,1 = 1. Finally, as we already know,
Gr1k = ok = [rell/[lre-al

The previous theorem shows that for the upper Hessenberg matrix ge-
nerated by the Arnoldi process applied to a unitary GMRES (A4, b)-equivalent
pair, its Schur parameters give the residual norms and, except for the phase
angles, the residual norms determine the Schur parameters.

Note that the upper Hessenberg matrix analyzed in [11] is the specific
matrix where all Schur parameters are chosen to be real positive. The upper
Hessenberg matrix Q% in (4) does not have a positive subdiagonal, but the
entries of its first row satisfy

qi’:k = Tk = \/||Tk—1||2 - ||Tk||2, k = 1’ e, — 17 qf:n = Mn = ||TTL—1||7

see [13, Theorem 3.4], and they have the same moduli as in (12). Here 7
represents the progress GMRES makes at the iteration step k; see [4, 5, 6].
Theorem 7 leads to the following characterization.

Corollary 8. The following assertions are equivalent:
1- (B,c) is GMRES (A, b)-equivalent and B is unitary,
2- The matriz B and the vector ¢ are of the form
B =XV*WX*, c= Xey,

where X is any unitary matriz, V is a unitary matriz whose first k
columns give a basis of KCr(A,b) for 1 < k < n and W is a unitary
matriz whose first k columns give a basis of AKg(A,b) for 1 <k <n.

ProoF. With Theorem 7, (B, ¢) is GMRES (A, b)-equivalent and B is uni-
tary if and only if the matrix B and the vector ¢ are of the form

B=XQ, X", c= Xey,

13



where X is unitary and (), is a unitary upper Hessenberg matrix with real
positive subdiagonal whose Schur parameters satisfy

k=1,...n—1 =1.
h/k‘ |rkH\/|| ’7’ - ||27 ) T ) h/ |

It is easy to see that all unitary Hessenberg matrices generated by unitary
GMRES (A, b)-equivalent pairs are diagonal unitary row and column scalings
of each other. For example, denoting vx = |v|e'?*, Q is a diagonal unitary
row and column scaling

Qs = DiQ,,Ds, D;i=diag(l,e7 ... e 1) Dg = diag(e',..., ")

(13)
of the upper Hessenberg matrix ), where all Schur parameters are real
positive.

A particular unitary GMRES (A4, b)-equivalent pair is (S, e;) with S =
V*W where V is a unitary matrix whose first k£ columns give a basis of
Kr(A,b) and W is a unitary matrix whose first k£ columns give a basis of
AKE(A,b) for 1 < k < n, see (6). Note that because of Lemma 3, S is a
unitary row and column scaling of Q" in that lemma and is, in particular,
upper Hessenberg. Therefore the Arnoldi process for the pair (.S, e;) gener-
ates a unitary upper Hessenberg matrix which is a diagonal unitary scaling
of V*W and the upper Hessenberg matrix (), generated by any unitary GM-
RES (A, b)-equivalent pair can be written as Q, = D:SDg = (VD;)*W Dy
for appropriate diagonal unitary matrices D; and Dg. [

We see that like unitary GMRES (A, b)-equivalent matrices (see Theo-
rem 5), unitary GMRES (A, b)-equivalent pairs are determined (here up to
unitary equivalence expressed by X in Corollary 8), by orthonormal bases
for the Krylov subspaces K(A,b) and Krylov residual subspaces AK;(A,b)
for 1 <k <n.

2.3. Unitary spectra and convergence behavior of GMRES

It is clear from the previous sections that there exist unitary GMRES (A, b)-
equivalent matrices with different spectra: With Proposition 2 the same con-
vergence curve can be generated with the spectrum of W QW™ and with the
spectrum of WD QW™ where D, represents any diagonal unitary scaling.
Similarly, there exist unitary system matrices of GMRES (A, b)-equivalent
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pairs with different spectra. This follows for instance from Theorem 7, where
the same convergence curve is generated for all choices of phase angles of the
involved Schur parameters. We can also prove the following result.

Proposition 9. Consider GMRES applied to an unreduced unitary Hessen-
berg matriz () with the right-hand side eq and zero initial guess. The following
assertions are equivalent:

1- Q is unitary and GMRES (Q, e1)-equivalent,
2- Q = D1QD,, where D;, i = 1,2 are diagonal unitary matrices.

PROOF. For all k£ < n, an orthogonal basis for IC(Q, e1) is given by the unit
vectors ey, ..., e, and an orthogonal basis for

Qlck(Qu 61) - Spa’n{er Q2€17 SN lel}

is given by the first & columns of Q. Therefore, with Theorem 5, Q = WV'*
where W is a diagonal unitary column scaling of () and V is a diagonal
unitary column scaling of the identity matrix /. [

In the following numerical experiments we take n = 50 and for given
eigenvalues and an initial vector generate the unitary upper Hessenberg ma-
trix () with real positive subdiagonal by applying the Arnoldi process to the
corresponding diagonal matrix A, i.e., AX = X@,. The spectrum is chosen
to have two clusters within the semi-angle 10 and 5 degrees around 1 and
—1 respectively, each containing 20 eigenvalues. The other 10 eigenvalues
are distributed uniformly within the remaining parts of the unit circle; see
the left part of Figure 1. The initial Arnoldi vector is chosen to have all its
entries equal, i.e., from @), = X*AX it implies that the first column of X,
which is equal to the first row of the eigenvector matrix X* has all its entries
equal to 1/n. Applying GMRES to (@4, e1) gives the residual norms shown
in the right part of Figure 1. The first 12 Schur parameters of (), (see (9)
and Theorem 7) are of small size and the remaining ones have absolute value
close to one.

Now we change the phase angles of the Schur parameters of (), to make
them real and positive. This gives the unitary upper Hessenberg matrix
Q++; see (13) and [11]. Obviously, applying GMRES to (Q.,e1) gives the
same residual norms as before. The eigenvalues and the first entries of the
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Figure 1: Spectrum (left) of the matrix @+ and the GMRES residual norms for the pair
(Q+7 61)'

eigenvectors for (), are, however, different from those of @).. They are
plotted in Figure 2.

We can generate yet another GMRES (Q 4, e1)-equivalent pair by using
Proposition 9. For instance let Q = D1Q 1 Dy with

D, = dlag (627”/50, 647”/50, 667”/50, o 7627r1)7 Dy =1.

Figure 3 plots for Q the information analogous to Figure 2. The spectrum of
Q and the first components of its eigenvectors are clearly different from that
of both @4 and Q4.

Summarizing, there is no characteristic unitary spectrum corresponding
to a certain GMRES convergence curve; many unitary spectra can be in
general associated with the same curve. On the other hand, the bound
(2) for a unitary GMRES (A, b)-equivalent pair with x(Z) = 1 seemingly
suggests a relation between a unitary spectrum and GMRES convergence.
Such interpretation of (2) is, however, misleading. One must be careful
with linking the bound (2) to GMRES convergence, even if the matrix is
normal. We remark that when the matrix A is Hermitian with real distinct
eigenvalues, the right-hand side of (2) takes the value

pelly i=1,...,n |M’L — /J’]|

k41 -1
min max |pe(h)]| = (Z Hfill,iyéj"”‘—l') (14)

J=1
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Figure 2: Spectrum (left) and the first components of the eigenvectors of the matrix Q.

for a subset {u1,..., 1} of k + 1 eigenvalues of {A1,..., A\, }, see [21].
However, as soon as one eigenvalue of A is complex, equation (14) does not
hold in general [22]. We have the following facts for a unitary A.

If the spectrum of a unitary equivalent matrix has a large maximum
gap, then we have fast GMRES convergence. This was shown in [9]. On
the other hand, if we have fast GMRES convergence, then there is a large
gap in the spectrum of the particular unitary Hessenberg matrix (), of the
GMRES (A, b)-equivalent pair (@, e;) where the Schur parameters of Q)
are all real positive [11].

If we have stagnation of GMRES, then all corresponding unitary spectra
have a very regular structure. This is shown in the following result first
proved in [23]; here we give a shorter proof.

Proposition 10. Let the GMRES method for a pair (A,b) where A has order
n stagnate until the last iteration. The following assertions are equivalent:

1- There exists a vector ¢ such that (B,c) is a GMRES (A, b)-equivalent
pair and B 1s unitary,

2- The spectrum of the unitary matriz B is given by the roots of the equa-
tion A" = €% for a real number ¢.

PROOF. Let (B,c) be a GMRES (A4, b)-equivalent pair. Because of Theo-
rem 7, the Arnoldi process applied to this pair generates a unitary upper
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Figure 3: Spectrum (left) and the first components of the eigenvectors of the matrix Q.

Hessenberg matrix (). whose Schur parameters are all zero, except for 7,
with |v,| = 1, i.e. 7, = €l for a real number ¢. Then the Hessenberg matrix
Q. is nothing but the companion matrix for the polynomial A" — €% (see (8)).
The claim follows because B is obtained from (), using a similarity trans-
formation, see Theorem 7. Inversely, let the spectrum of the unitary matrix
B be given by the roots of the equation \* = €' for a real number ¢ and
let B = ZpAZ} be the spectral decomposition of B with unitary Zp. If C
is the companion matrix for the polynomial \" — €, then it is also unitary
and has the spectral decomposition C' = ZcAZ} with unitary Zo. We can
write B as

B = ZpAZ5 = ZpZ5C7c2% = XCX*, X = Zp7%,

with X unitary. Thus we have BX = XC and if we put X = [z1,...,2,],
then
xj:ij,l, j:2,...,n

and
i =B, j=2,...,n, Bx, = e“xy.

This means that with the choice ¢ = x;
BK,(B,c) = span{xs, ..., Ty, T1}.

Thus GMRES applied to (B, ¢) stagnates until the last step. O
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The previous proposition shows that complete stagnation is possible for
GMRES with a unitary matrix B only if the spectrum of B represents a
rotation of the roots of unity. But if the spectrum of a unitary matrix B
represents a rotation of the roots of unity, this needs not imply complete
stagnation of GMRES applied to B with an arbitrary right-hand side. It
holds for some specific choice of c.

In the next section we derive an expression for the residual norms in
terms of eigenvalues and eigenvector components when GMRES is applied
to a normal matrix.

3. GMRES residual norms for normal matrices

Let the Arnoldi process applied to the pair (A, b) with normal A generate
the unreduced Hessenberg matrix A, and the unitary matrix 1% satisfying
(3). Since V*b = ey, GMRES generates with (A,b) the same residual norms
as with (H,e;). We will therefore consider the pairs (H,e;) with normal
unreduced upper Hessenberg matrices. First we need the following lemma,
which also holds for non-normal H, .

Lemma 11. Let H, be an unreduced Hessenberg matriz with real positive
subdiagonal, C be the companion matriz corresponding to its characteristic
polynomial and let

U= [ €1 H+61 Hi_lel } y (15)
which is an upper triangular matriz with real positive diagonal entries. Then
H+ — UCUil.

PRrROOF. See [13]. O

The matrix H, is a normal unreduced upper Hessenberg matrix with
real positive subdiagonal if and only if U in (15) is the Cholesky factor of
a moment matrix. This is stated more precisely in the next result, which is
due to Parlett [24]. Note that an unreduced normal Hessenberg matrix is
diagonalizable and it has distinct eigenvalues.
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Theorem 12. Let H, be an unreduced Hessenberg matriz having real posi-
tive subdiagonal entries. Let all its eigenvalues A\;, i = 1, ..., n be distinct and
let U be the upper triangular matriz in (15). Then the following statements
are equivalent:

1- Hy s normal.

2- There exist real positive weights wy with Y ,_ wy = 1 such that M =
U*U is the moment matriz with entries defined by

Mij = wr(A) N (16)
k=1

PROOF. See [24]. O

The weights in the second assertion are the squares of the moduli of
the first components of the eigenvectors of H,. Indeed, with the spectral
factorization H, = Zdiag (\1,...,\)Z* = ZAZ* we get

U=Z[c Ac --- A" 'c], c=Z%e,
which gives
M=UU=[c Ac --- A”_lc]*[c Ac - Ale ],

Comparing with (16) we obtain wy, = | el c| 2.
The residual norms generated by GMRES can be expressed in terms of
the moment matrix M = U*U as follows. Let

K = b Ab, ..., A" 1]
be the Krylov matrix for a pair (A,b). Using (3),
M = UU = (VU)'VU
= <V [ eg Hiey --- Hﬁflel D*V [ eg Hiey --- Hﬁflel ]
= ([b A -+ AW ])"[b Ab - A" ] = K'K.

It has been proved in several publications (see, e.g., [25, Theorem 4.1] and 26,
Lemma 1]), that if M}, denotes the kth leading principal submatrix of M =
K*K, then the kth GMRES residual norm ||r¢|| satisfies

1

Ire]]? = ————.
(M)

(17)
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In [27, Theorem 2.1] the same result is written slightly differently and it is
pointed out that the formula goes back to [28, Section 3 and 4], see also [29,
Theorem 2.1] and the remarks thereafter. Note that the formula (17) holds
for general, not necessarily normal A. In the normal case it leads to the main
result of this section.

Theorem 13. Let A be a normal matriz with distinct eigenvalues and the
spectral factorization ZAZ* where A = diag (A1, ..., \,), Z2°Z = ZZ* = 1.
Let b be a vector of unit norm such that all entries of the vector ¢ = Z*b are
nonzero and let ), denote summation over all possible sets Iy, of k indices
11,19, ..., ig such that 1 <i; < --- < i < n. The residual norms of GMRES
applied to (A,b) then satisfy

g I Wi, Wi, Hilﬁig<ij§i2 )\ij - )\14‘2
2 ig,i5€12
H 1H Z?:lwip\ip ! ( )

and fork=2,....,.n—1,

k+1
Zlk+l [Hji_l wii] Hilgi?«jgikﬂ |)‘ij - /\i£|2

lrel® = Sl (19)
o T wi |, 12| TLia<ipeii<i [N — A |2’
k — - =
Z H]—l 74]| 15 11<'Le<7fj<lk 15 17
ivi;€l
where w;; = |elc|?.
ProoF. Using (17) and Cramer’s rule:
1 . det(Mk_;,_l)

2
Tk = — = ,
I (M;Hll)l,l det(Ma.g41,2:6+1)

where My.j11 241 is the k X k trailing principal submatrix of Mjy;. We can
write My as

M1 = Vi1 DViy1 = (V;HDi,ﬂ)(DikaH) = F"F, (20)
where VY
Veaz |
1Ay oo M
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is an n x (k4 1) Vandermonde matrix and D,, a diagonal matrix of order n
with wy, ..., w, on the diagonal. Similarly,

Mygoi1 0441 = ViN* D AV, = (Vi DY?A*)(ADY*V,) = G*G.

Let us first consider the determinant of My, ,. Let Fj_ . be the square
submatrix of ' whose row indices belong to an index set Iy, ;. Following [30],
we can use the Cauchy-Binet formulal,

det(Mpy1) = Z | det(£F,,,,.)
P
Thus

k+1
det(Mk+1 Z [sz] |det ka+1)| )

I yq

where (see [31])

1A \E
1 i R /\i,c
Vlkﬂ = : :2 :2 ; det(ijﬂ) = H (/\Z,j _ /\iz)~
' ' i1 <ip<i;<i
L N, A

Analogously,

det(Maogt1,2641) = Z|det(le’:)|2

= > [H%WF] [ det(Vy, )"

Iy J=1

Noting that for £ = 1, the matrix V;, reduces to the number one, we have

% [Tl

I j=1

| det(Vy,)]? Zw,|>\| | det(1)?,

which finishes the proof. [

IThis formula was first proved in 1812 independently by Augustin-Louis Cauchy (1789-
1857) and Jacques Binet (1786-1856).
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Assuming that GMRES applied to a normal matrix A and a given right-
hand side vector b does not terminate until the last step n, this theorem gives
the GMRES residual norms in terms of the eigenvalues and the squared size of
the components of the right-hand side vector in the direction of the individual
eigenvectors. It can easily be extended to the case where GMRES terminates
before the step n. If A has m < n distinct eigenvalues and b has nonzero
components in all m associated invariant subspaces, then GMRES terminates
with 7, = 0, (18) holds and if m > 2, (19) holds for k =2,...,m — 1. If b
has nonzero components only in ¢ < m invariant subspaces corresponding to
distinct eigenvalues, then GMRES terminates with r, = 0, (18) holds and if
¢> 2, (19) holds for k =2,...,¢0—1.

It should be pointed out that Ipsen gave in [27, Theorem 4.1] another
expression for |[r;|| using a minimization problem over k + 1 eigenvalues.
In [22, Theorem 2.1], the formula (19) was derived for k = n —1. When A is
unitary, the eigenvalues are of modulus one and (18) and (19) simplify to

I ||* = Zwilwz‘z H Ay, — A |?
1P

i1 <ig<ij<ip
ig,i5€12

and

k+1
ka-H Hj;rl Wi; Hi1$i1{<ij§ik+1 |)‘23 - )‘ie|2
ig,05€ K41 (21)

Zlk H?:lwij Hi1§i£<i]-§ik Ao — A |2 ’

ig,ijEIk

i i
respectively. We see that the GMRES convergence for unitary matrices de-
pends strongly on the angles between pairs of eigenvalues on the unit circle.
As it is obvious, the residual norms stay the same when all eigenvalues are
rotated by a given angle (without modifying the eigenvectors). From (21)
we see that if there is one tight cluster of eigenvalues and, say, m other
eigenvalues well separated from this cluster, then after m + 1 iterations there
will be at least one small factor [A;, — A;,|? in every summation term of the
numerator because m + 2 eigenvalues are involved and at least one pair of
eigenvalues will belong to the cluster. If the weights are of similar size, one
can therefore expect acceleration of convergence after the m initial steps.
An analogous argumentation can be used in the presence of multiple
clusters; with ¢ well separated clusters and another m well separated single
eigenvalues, acceleration might be expected after m + ¢ steps. This offers
an explanation for the acceleration of convergence after 13 steps in Figure 1,
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Section 2.3, where the spectrum was chosen to have two clusters, the other 10
eigenvalues were regularly distributed around the remaining portions of the
unit circle and all weights were chosen to be equal. Here the sharpness of the
start of the acceleration as well as the approximate slope of the convergence
curve for £ > 13 depend on the tightness of the clusters in comparison with
the mutual distance of the well-separated eigenvalues. A bad configuration is
when the eigenvalues are almost regularly distributed on the unit circle and
the weights are all of similar size.
Corollary 8 and (21) finally give the following statement.

Theorem 14. Let V' be a unitary matriz whose first k columns give a basis
of the Krylov space Ki(A,b) and W be a unitary matriz whose first k columns
give a basis of the Krylov residual space AKCL(A,b) for 1 < k < n. Using
the notation of Theorem 13, the residual norms of GMRES applied to (A, b)
satisfy

HT1H2 = Zwilwi2 H |5ij_5ie’27
Iz

i1 §i[<ij <ig

ig,ijG]Q
k+1
kaﬂ Hji_l Wi; Hi1§i4<ij§ik+1 ’(51-]. - 5iz|2
el = ety €l k=2,...,n
Y VAR 3
1g,05€ 1

where the 0; are the eigenvalues in the generalized eigenvalue problem
Wz =46Vx

and the w; are the squared moduli of the first components of the corresponding
ergenvectors.

4. Conclusion

We investigate GMRES (A, b)-equivalent pairs (B, c), where B is uni-
tary. We characterize B in terms of orthonormal bases for the sequence
of Krylov subspaces K (A, b) and Krylov residual subspaces AKy(A,b), k =
1,2,...,n. This shows that it is very unlikely that spectral properties of
unitary GMRES (A, b)-equivalent matrices, which influence GMRES conver-
gence behavior, can, in general, be associated with some simple properties of
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A. We demonstrate that the spectrum of a unitary GMRES (A, b)-equivalent
matrix does not need to tell much about GMRES behavior for (A,b). The
presented formula giving the residual norms for normal matrices can for some
particular eigenvalue distribution explain acceleration of convergence of GM-
RES observed after a number of iterations.
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