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Abstract

In a bounded non-simply connected planar domain €2, with a boundary split in an interior part
and an exterior part, we obtain bounds for the embedding constants of some subspaces of H!() into
LP(Q) for any p > 1, p # 2. The subspaces contain functions which vanish on the interior boundary
and are constant (possibly zero) on the exterior boundary. We also evaluate the precision of the
obtained bounds in the limit situation where the interior part tends to disappear and we show that
it does not depend on p. Moreover, we emphasize the failure of symmetrization techniques in these
functional spaces. In simple situations, a new phenomenon appears, namely the existence of a break
even surface separating masses for which symmetrization increases/decreases the Dirichlet norm. The
question whether a similar phenomenon occurs in more general situations is left open.
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1 Introduction

In the plane R?> we consider an open, bounded, connected, and simply connected domain K, with
Lipschitz boundary 0K. Then we remove K, seen as an obstacle, from a larger square @ such that
OK NOQ = (), and we define the domain

Q:(—L,L)2, Q:Q\?>

where L > diam(K), as shown in Figure
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Figure 1.1: The planar domain 2 with a smooth obstacle K.

We focus our attention on the first order Hilbertian Sobolev space of functions vanishing on 9K,
which is a proper part of Q2 having positive 1D-measure:

HI(Q)={veH(Q)|v=0 on 9K}.

This space is rigorously defined as the closure of the space C2°(Q\ K) with respect to the Dirichlet norm:
this is legitimate since |0K| > 0 and the Poincaré inequality holds in H}(Q).



Motivated by the target of finding explicit thresholds for bifurcation from uniqueness in stationary
Navier-Stokes equations modeling a flow around an obstacle, in a recent paper [7] we bounded some
Sobolev embedding constants for H}(Q2) C L*(£2). We obtained a universal bound on the flow velocity
for the appearance of a lift force on the obstacle K exerted by a fluid entering @ with constant velocity.
In the present paper we drop this physical motivation and we focus our attention on the functional
analytic aspect and on the possibility of obtaining similar inequalities in LP(Q) for any p > 1, p # 2. To
the best of our knowledge, bounds in spaces of functions vanishing on a proper part of the boundary were
obtained in the past only for the critical Sobolev embedding [I, 9] (thereby in space dimension n > 3),
where one can exploit scaling methods since the optimal constant does not depend on the domain.

Given any subset D C R? and p > 1, throughout the paper we denote by || - ||, p the norm of the
space LP(D). The relative capacity of K with respect to @ is defined by

Capg(K) = ve%(i}I(lQ) {/Q V|2 dx ‘ v=1in K} (1.1)
and the relative capacity potential ¢ € H}(Q), which achieves the minimum in , satisfies
Ap=0in Q  ¢=0on 0Q, ¢=1in K, Capg(K) = [|[Vol3.q.
Then we consider a proper subspace of H}(Q), namely
H Q) ={ve HQ) | v is constant on 9Q}, (1.2)

that can be rigorously characterized by using the relative capacity potential . Indeed,
H(Q) = Hy(Q) @Ry —1), Hy(Q) LRy 1),

so that HJ () has codimension 1 within H!(Q) and the “missing dimension” is spanned by the function
Y — 1, see [7] for the details. Since €2 is a planar domain, the embedding H(Q2) C LP(Q2) holds for any
1 < p < o0, and we define the Sobolev constants
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Due to the inclusions Hg(2) C H(Q) C H}(Q), we have S, < S} < Sg, for every p > 1.

In Section [2| we obtain bounds for the constants Sg and S;, extending the results in [7] where only the
case p = 4 was considered. To this end, we repeatedly use some sharp Gagliardo-Nirenberg inequalities
due to del Pino-Dolbeault [5] and the behavior of pyramidal functions introduced in [7]. It turns out that
the cases p > 2 and p < 2 require slightly different approaches. We obtain both lower and upper bounds
for the constants Sg and S; defined in and we show that they are quite precise. In particular, we
analyze the case where the obstacle tends to vanish (|| — 0) and we show that the ratio between these
bounds converges to a universal constant /4 ~ 0.79, independently of the value of p > 1 (p # 2), see
Theorem [2.3] Our bounds do not depend on the position of the obstacle and it is therefore natural to
expect that they might be improved, see Problem

In Section 3| we address the question whether symmetrization techniques might be employed to obtain
additional bounds. It turns out that, at least in its simplest forms, symmetrization is of no help in annuli,
see Theorem [3.1] In its proof we exhibit examples where any of the possible inequalities may hold: in
case of different (constant) conditions on the two connected components of the boundary

there is mo a priori monotonicity of the Dirichlet norm under decreasing rearrangement
neither from an annulus into itself, nor from an annulus into a disk with the same measure.

Moreover, we determine explicitly a “break even surface” which separates the cases where the mass of
the gradient increases or decreases after symmetrization. We believe that this phenomenon deserves
further investigation, see Problem



2 Bounds for the Sobolev embedding constants

In Subsection we provide lower bounds for the Sobolev embedding constants (1.3, for a general
Lipschitz obstacle K. Then, in Subsection we derive upper bounds for these constants and quantify
the accuracy of our estimates when K is a square.

2.1 Lower bounds

As mentioned in the introduction, the cases p < 2 are different and we consider first the case p < 2. Let
o = the first zero of the Bessel function of first kind of order zero ~ 2.40483. (2.1)

Then we have

Theorem 2.1. For any 1 <p <2 and u € H}(Q) one has
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For any 1 <p <2 and u € H:(Q) one has
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Proof. We begin by proving the following Poincaré inequality in €:

RN
lull2, < mm{luo ,/'77‘, - \/“629'} IVulao  Vue HHQ). (2.4)

Through the Faber-Krahn inequality [6] [8] we first bound the L?(£2)-norm of functions in terms of their
Dirichlet norm by using the Poincaré inequality in *, namely a disk having the same measure as ().
Since |Q] = |Q| — | K|, the radius of Q* is given by

Since the Poincaré constant (least elgenvalue of —A) in the unit disk is given by u2, see , the
Poincaré constant in 2* is given by ug 2/R?, which means that
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Therefore,

IQ\
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lullz.0 < —[Vullz.0 = — IVullz,0 Vu € Hy (),
Ko Ko

which provides the first bound in ([2.4)). On the other hand, the least eigenvalue for the problem —Av = A\v
in H}(Q) is given by A = 72/2L%. Therefore, the Poincaré inequality in @ reads

\/>
fulbo < Y22 Vullsg = 1 D jvue e m@.




yielding the second bound in (2.4) since any function of H{ () can be extended by 0 in K, thereby
becoming a function in H}(Q).
The first two bounds in (2.2)) are obtained after applying both Hélder’s inequality and ([2.4])

. o] . (1 f1QI)
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Jullp o <192 IIUHQ,QSmm{(MOﬁ)p, Q] 2 (W 2) } IVully o Yu € Hy(Q).

To prove the third bound in (2.2)), we recall the following (optimal) Gagliardo-Nirenberg inequality in
R? given by del Pino-Dolbeault [5, Theorem 2]:
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Since functions in Hg(€2) may be extended by zero outside €2, they can be seen as functions defined over
the whole plane. An application of the Holder inequality shows that

2—p
[ullagp-1y, < |Q17FD Jullp,o  Vu € Hg(Q)

which, combined With , yields the third bound in .

In order to prove we restrict our attention to functions u € HX(Q)\ HE(Q): this restriction will
be justified a posterlorl because if we manage provmg ) for these functions, then it will also hold
for functions in HE(Q) since the constant in is smaller see also Figure [2.2| below. For functions
u € HH(Q)\ HE(Q), it suffices to analyze the case Where u>01in Q (by replacmg u with |u|), u =1 on
0Q (by homogeneity), and we define a.e. in @ the function

1 —u(z,y) if (z,y) €
v(:c,y)—{ 1 if (z,y) € K,

so that v € H}(Q) and, after a zero extension outside @, v satisfies (2.5)). Let us put

p
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so that (2.5)) reads

/yv|p<A /Wp 1 :/[1—u|10+m"— (u— w2 +"g">]<o. (2.6)

The next step consists in finding o € (0,1) and 5 > 0 (possibly depending on p, but having ratio
independent of u) for which

K p_
11— 5P — A1 — s2P~Y 4 (1 - Ap)||Q|| >asP — BAFTT Vs > 0. (2.7)
Given any p € (0,1) and vy € R, the function s + [1 — s[P — A,|1 — s]2P~Y 4 4 is symmetric with respect
to s = 1, so it suffices to find a € (0,1) and 5 > 0 ensuring ([2.7)) for every s > 1. Thus, for all such «
and B we define the function

K|

als) = (5= 1 = A5 = 120D —as? 4 (1= )\

+,8A2p Vs > 1,

and we seek a € (0,1) and 8 > 0 in such a way that ¢, has a non-negative minimum value at some
s > 1. Equivalently, we seek v > 0 such that ¢, attains its minimum at sp = 1 4+ vA,, that is,

¢'(s0) =P 1AL [p—2(p — 1)AP AR — pa(1 + 94, =0,
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thus fixing « in dependence of u through the expression
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By imposing ¢(sg) > 0, we obtain the following lower bound for 3:
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P

This condition is certainly satisfied if we choose

B=A57" [a(L+yAp)" + P24 (1= 2P AP + A K>,

P 2p—2 |

p—1
where one should take v < A;7? in order to ensure that 8 > 0. With the above choices of o and 3 we
obtain the ratio
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which depends on w and on v > 0 such that

1
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Hence, we still have the freedom of choosing 7. By taking v = A;™" (which, numerically, appears to be
close to the global minimum of the right-hand side of (2.8])), we obtain

5 _ (1 T S >p_1 (1 RN . ! |K|> (2.9)
o Ap(u) 77 A ()T 2P 4w

where we emphasized the dependence of A on u. In order to obtain an upper bound for the ratio 5/«
independent of u, we use [7, Remark 2.1] which states that
4
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Vel 2 155100 — Tog (KD

Vu € HX(Q) sit. u=10n0Q, u>0inQ,

thus yielding

i p=2
Ap(u) > 227P (g) ? <log (‘?{D) ’ Vu € HY(Q) st. u=10n0Q, u>0in Q.

Hence, from (2.9) we obtain the following uniform bound (independent of u)
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In turn, from (2.6), by replacing s with |u| in (2.7) and integrating over €2, we obtain
s
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for every u € H!(Q) such that u = 1 on dQ and u > 0 in Q. The bound in (2.3) follows by taking the
p-roots in the last inequality. O
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Remark 2.1. We point out that provides an upper bound for the Poincaré constant in H&(Q) (for
p=2). On the other hand, a bound for the Poincaré constant in H}(Q) for p =2 cannot be obtained by
taking the limit in when p — 2, because the right-hand side of blows up. This is the reason
why the analysis of the case p = 2 has been excluded in the present article.

We now turn to the case p > 2.

Theorem 2.2. For any p > 2 and u € H}(Q) one has

2 p—6
@ (p+2\ 7 . [1 1 Ql
i < 55 (P57) 7 min o ge ' Vulg (2.10)

For any p > 2 and u € HX(2) one has
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Proof. For p > 2, del Pino-Dolbeault [5, Theorem 1] obtained the optimal constant for the following
Gagliardo-Nirenberg inequality in R?:

ASEIN)

p+ 2 6 p—2 p+2 1
pa ST y IVl llullyy o V€ H(9). (2.12)

[[u

As in Theorem we notice that functions in H&(Q) may be extended by zero outside @), so they can
be seen as functions defined over the whole plane. For general exponents, the optimal constant in the
Gagliardo-Nirenberg inequality is not known, this is why we introduce the L5+ norm. By combining
with the following form of the Holder inequality

2
||uup+1 o < lullz,ellul”s  Yue LP(Q),

we infer that

p+2 5w 22 4/p 1
> Vu € Hy(Q). (2.13)

2 2-p P
o <=5 (222) 7 1vul, g i

Then ([2.10)) is obtained after inserting (2.4)) into (2.13]).
The proof of (2.11)) follows exactly the procedure employed in the proof of inequality (2.3) given in

Theorem and therefore is omitted here. O



Remark 2.2. Notice that the minimum in (2.2) and (2.10)) is the consequence of the Poincaré inequality
[2-4) that we only use in the space H}(Q). In particular, from (2.10) we deduce that

p—
P

p—6
) HVuH%Q for allu € HY () and p > 2. (2.14)

Q17 (p+2
lull5 0 < —

4
Wﬂo/p 4

On the other hand, by applying firstly (2.12)) and then Hélder’s inequality, we also have

|mwp<p+2

p—6
=)
1 )p HV’U,H%,Q for allu € HY () and p > 2. (2.15)

lullf 0 <

The ratio between the constants appearing in the right-hand sides of (2.14) and (2.15)) is plotted in Figure
as a function of p > 2, showing that the smallest constant corresponds to (2.14)).
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Figure 2.1: Ratio between the embedding constants given in (2.14]) and (2.15)).

Theorems and yield (unpleasant) lower bounds for the Sobolev constants in ([1.3)): it suffices

to take the inverse of the constants appearing in (2.2)), (2.3), (2.10) and (2.11f). The lower bounds for
S; may be treated as functions of |Q|/|K| € [1,00): regardless of the value of p > 1, they vanish like

log (|Q|/|K|)] ™" as |Q|/|K| — oo, see the plots in Figure where we also compare them with the
(larger) lower bound for Sg . One should also compare this uniform asymptotic behavior with the result
of Theorem 2.3
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Figure 2.2: Behavior of the lower bounds for &) (red) and S} (blue) as functions of |Q|/|K|, when
p=3/2 (left) and p = 6 (right).

In the case when K is a square, the explicit lower bounds for S; are as follows:



Corollary 2.1. For 0 < a < L, suppose that K = (—a,a)?. Then, for every 1 < p < 2 we have

2(1—p)

2
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and for every p > 2 we have
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Problem 2.1. The bounds obtained in Theorems and [2.3 for the Sobolev constants merely depend
on the measure of the obstacle K but they do not depend on its position nor on its shape. It is natural
to conjecture that obstacles close to 0Q might generate larger Sobolev constants. Moreover, it is well-
known that Steiner symmetrization [10] preserves the LP norms of functions and reduces their Dirichlet
norm, see [2, (3, [{, [11] and references therein. In our 2D setting, the Steiner symmetrization produces
rearrangements that gain symmetry about a line. We are here interested in a finite number of iterations
by symmetrizing about the four lines x = 0, y = 0 and y = +x, namely the axes of symmetry of Q.
Then, it appears interesting to find the shape and the position of the optimal obstacle minimizing the
Sobolev constants among obstacles K of given measure.

LSS

2.2 Upper bounds

It is natural to wonder whether the lower bounds for Sg and S; so far obtained are accurate. This can
be tested through suitable upper bounds. For Sy we take the function w(z, y) = cos(5¥) cos(3%), defined

for (z,y) € Q, so that w € H}(Q) and

1+p> 4/p 4/p

T ( (1 p

2L 2 72 2 |\ /T ( Ty

= WVulig=%5 = S <o |2 X | - (216)
VT T (1 N g) Q 9 P

lw]|2.o = us
PQ 2 2LF(1—|—p>

2

Notice that the upper bound holds for any obstacle K.
In order to derive an upper bound for SI}, we recall the definition of pyramidal function, introduced
n [7, Theorem 2.2]. For 0 < d < a < L, suppose that K = (—a, a) (—d,d) and divide the domain
Q into four trapezia 11, 15, T3, Ty as in the left picture in Figure 2.3l By pyramidal function we mean
any function having the level lines as in the right picture of Figure [2.3] namely level lines parallel to 0@
(and to the rectangle K) in each of the trapezia. In particular, pyramidal functions are constant on 0K
and constitute the following convex subset of H}(Q):

PQ) ={vcHNQ) |u=1in K, u=u(y)in Ty UT3, u=u(z)in To UT,}. (2.17)
Now, any V¢ € P(Q) is fully characterized by a (continuous) function
¢ € H([0,1];R) such that #(0)=1, ¢(1)=0,
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Figure 2.3: The domain € (left) and the level lines of pyramidal functions (right).

giving the values of V' on the oblique edges of the trapezia. For instance, consider the right trapezia
Ts,Ts C @ being, respectively, half of the trapezia T7 and T5, defined by

L —
T5_{(wy eQ’d<y<L O<x<a+—d(y d)}

:?x—@}.

Since V? is a function of y in 7} and a function of = in T, ¢ and V? are linked through the formulas

L
TGZ{(az,y)GQ‘a<x<L, O<y<d+L

—d —
Ve =o(4=)  Yenenn  Ven=o(720) Vewehh ()
Whence,
ove 1, (y—d ove 1, (-

To avoid tedious computations, we restrict again our attention to the case d = a (squared obstacle).
The next result gives an upper bound for the constants S; and measures the precision of the bounds in
the limit situation where K is a vanishing square. Interestingly, the ratio between our lower and upper
bounds for S; converges to a limit that is independent of p.

Theorem 2.3. For 0 < a < L, suppose that K = (—a,a)?. Then, for every p > 1 (p # 2) we have
2 2/p

st< 5o (5) s () ([ o) 220

Moreover, the ratio between the lower bounds in Corollary and the upper bound (2.20)) tends to
m/4~0.79 as L/a — oo, independently of the value of p >1 (p #2).

Proof. Let P(Q) be as in (2.17) and let V? € P(Q) be defined by (2.18)) with

o(s) = log <a—|—(LL—a)s) /log (%) Vs € [0, 1].

For symmetry reasons, the contribution of [VV?| over T} U T3 is four times the contribution over T,
whereas the contribution of [VV?| over Ty U Ty is four times the contribution over Tg. By taking into



account all these facts, in particular (2.19)), we infer that

o2 |2
8V drdy +4 aV

L ¢ 12 L
= 4/ Y ov dy+4/ x
a dy a

= sfue(2)] )

In a similar fashion, for every p > 1 we have

L ry L rz
H1—VW@Q—4/ /‘1—Vﬂ@ﬁ¢u@+4/ /
' a 0 a 0

L P L P
:4/ y‘l—V‘b(y)’ dy—|—4/ x‘l—Vd’(:c)‘ dx

dy dx

av¢2
ox

8
L—a

dzr =

1
| ot - ooz as

V¢(m)‘p dy dx

1
=8(L — a)/o [a+ (L —a)s] |1 — ¢(s)]P ds.

Through the change of variable t = a + (L — a)s, for s € [0,1], we then obtain

L —p L/a
11— ve|P, = 8a? [log ()] / tlogP (t) dt. (2.22)
El a 1

We finally notice that if v € P(Q), then 1 —v € H}(2) with v = 1 on Q. Therefore,

Vol vVe|2
S'< min [ ‘bf - [ <k§
veP(@Q) (L —vllZg = 1 =V?[2q

which yields (2.20)) in view of (2.21]) and (2.22]).
Next, for any 1 < p < 2, denote by R(z) the ratio between the lower bound for S]% given in Corollary

and the just proved upper bound ([2.20)), as a function of z = L/a:

Vp > 1,

2 2(1-p)
sy (2\Tr [ 1] ’ 1 /2\ 2% ’
2_3
w20 (p> o] /tlogp(t) dt 1+ 5 (p) log(z)
R(z) = L 5 Vz > 1,
1 /2\ 2% 1 (1 /2\% T
-Pp p -p
1 1 — | - 1 — = - 1
os(2) |1+ \/ 5 (2) 7 e+ 57 (2 (%) og<z>)
so that
2
1 / ’
R(z) ~ 7252 W/tlogp(t) dt as z — 00.
1
An application of L’Hopital’s rule yields
lim ——— /tlog t)dt =
z—00 2 log

which concludes the proof, since the limit in the case p > 2 can be treated exactly in the same way. O
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Remark 2.3. If p > 1 is an integer we may explicitly compute

/1L/atlogp(t) dt = p! [(5)2 z;(;ki)lk@_lk)! <log (fl,))p—k ) (2_1)1)111

k

By dropping the multiplicative term L~%/?, the lower and upper bounds for S; in Corollary and
in Theorem can be treated as functions of L/a € (1,00). The plots in Figure describe the overall
behavior for p = 3. Qualitatively, the same plots are found for any value of p > 1 (p # 2).
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20t
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15+
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0 ) . . . L L
2 4 6 8 10a r 2 4 6 8 10 a

Figure 2.4: On the left: behavior of the lower and upper bounds for Si as a function of L/a. On the
right: ratio between the upper and lower bounds for S§ as a function of L/a.

3 Failure of elementary symmetrization methods

Theorems and may be extended to any space dimension n > 3 and any 1 < p < 2% but the

question whether they might be improved arises naturally. In particular, one wonders Wﬁet2her some
symmetrization techniques [11] could be used. In this section we show that, at least in its simplest
forms, symmetrization is of no help: we argue in any space dimension n > 2 because this creates no
additional difficulties.

For any R > 0 we denote by Br C R" the n-dimensional ball of radius R centered at the origin. In
the next statement we show that if we compare the Dirichlet norm of a (radial) function in this annulus

with that of its decreasing rearrangement, nothing can be said a priori: both inequalities may occur.

Theorem 3.1. There exist radial functions fi, fo, f3, f1 € H:(By \ By) such that

IV fill2, BB, < IVa1ll2, B\B: > IV f2ll2, BB, > IV 92ll2, B\ By (3.1)
and, for R = /2™ — 1,
IV f3ll2, Bo\B: < IVg3ll2, BR > IV fall2, BB, > IV 94ll2, BR> (3.2)

where g; denotes the decreasing rearrangement of f;, for i € {1,2,3,4}.

Proof. First we prove (3.1)). In the annulus Bs\ By, take any positive strictly increasing radial function
f = f(r) over the interval [1,2] such that f(1) = 0 and f(2) = 1. Its decreasing rearrangement within
the annulus is given by

g(r) = f(V2HT=m)  wre(,2),

Hence, as expected, we have

2 2 2
[ g ar= [Cog(vETm) a= [Cetiera ws,
1 1

1
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where we used the change of variables
t=vV2n+1—r" <— r=4Y2n41-—1tn (3.3)

On the other hand, we have

so that, using again (3.3)),

_z
2 , 2 9 2 (2” +1- t”) " ,
/1 P ()2 d = /1 " f’( Vo1 — t”) dt = /1 T g'(t)"dt
The “break even” in the integral occurs whenever
92
(2r+1-em) " 1 o
__ 4Nn— _ * - n—
1 =t <:>t—r—<2 +2)
Let us consider first the function (see Figure when n = 2)
=L i 1<r <t ) L i l<r <
fi(r) = , = filr) = ,
1 if r<r<?2 0 if r<r<?2
so that
1 if 1<r<pr* 0 if 1l<r<r*
gi(r) =9 o = G =9 _ .. L
7\/2?1:17’*1 if r*<r<?2 ] (aniin)l,l/n if r<r<2.
fi(r) 91(r)
1.0} 1.0
08} 08}
06} 06
04f 04f
02} 0.2f
: : : : ~-r : : : : r
1.2 1.4 1.6 1.8 2.0 1.2 1.4 1.6 1.8 2.0
Figure 3.1: Plot of f; and of its symmetric decreasing rearrangement g, with n =2 and r* = /5/2.

Then we have ) )
/ 7“”_1f:{(7“)2 dr < / t”_lgﬁ(t)2 dt,
1 1

which proves the first of (3.1)).
Next, consider the function (see Figure when n = 2)

) 0 if l<r<r® () 0 if 1l<r<r®
fa(r) = . = fa(r) = ;
I < <2 ? A i rr<r<2
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so that

n/2n 1—pn_—p* . _pen—1 .
B % ifl<r<r* b S (2n+1,71.n)171/n ifl<r<r®
g2(r) = . = go(r) = ,
0 if r<r<?2 0 if r<r<?2.
fa(r)
1.0f
08}
06}
04f
02}
12 14 16 18 20" 12 14 16 18 20"
Figure 3.2: Plot of f2 and of its symmetric decreasing rearrangement go, with n = 2 and r* = /5/2.

Then we have ) )
/ r"ilfé(r)2 dr > / t"ilgé (t)2 dt,
1 1

which proves the second inequality in .

Let us now prove (3.2). Notice that |By \ Bi| = w, (2" — 1), where w, is the measure of the unit ball
Bj. Hence, the disk D of radius R = /2™ — 1 has the same measure as Bs \ B; so that Br = (B3 \ By)*.
Consider a positive strictly increasing radial function f = f(r) over the interval (1,2), then its decreasing
rearrangement within the disc B is given by

g(r) = f(x/" 2" — r”) vre (0, V2r —1).

We have again
/ w1

2
Ly (r)P dr = / t"Lf ()P dt Vp > 1.

0 1

where we used the change of variables

t= V2" - = =2 -t (3.4)
On the other hand, we have
Cr(ver=m) e (0,927 -0),

so that, using again (3.4]),

J )R dr = / WMg'(tﬁdt-
1 0

The “break even” in the integral occurs whenever

2
(-r)™

tnfl
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Let us consider first the function (see Figure 3.3 when n = 2)

J(r) L1 if 1<r<r* ) Lo l<r<r
3\r) = — 3 r)=

1 if 7 <r<?2 0 if r*<r<2
so that

1 if 0<r<r*
93(7") = n/on n
% if <r<y/2n—1
and
0 if 0<r<r®
/
93(7‘) = _n—1 . .
rcfl (Qn,rr})l—un it m<r< \/ﬁ
f3(1) 95
1.0F
15F

0.8}

0.6r 1.0

04f

0.5F
0.2f
12 14 16 18 20" 0.0 05 10 15 r

Figure 3.3: Plot of fs3 and of its symmetric decreasing rearrangement g3, with n = 2 and r* = /2.

Then

Yon _

2 van_—1
/ 7"”_1]”:5)(7")2 dr < / t"_lgg(t)2 dt,
1 0

thereby proving the first inequality in ([3.2)).

fa(r) ga(r)
1.0 1.0

0.8F 0.8
0.6 0.6
0.4r 0.4

0.2F 0.2

r

L L . . . . . . r
1.2 1.4 1.6 1.8 2.0 0.5 1.0 15

Figure 3.4: Plot of f4 and of its symmetric decreasing rearrangement gy, with n = 2 and r* = /2.

Finally, consider the function (see Figure [3.4 when n = 2)

" 0 if 1<r<p* () 0 if 1<r<r®
fa(r) = . = fa(r) =
s i < <2 ) r < <2

so that
2—r*

SPAETE if 0<r<r*
ga(r) =
0 if r<r<iy2r-1
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and

i 1 . .
g/ (7’) _ 27;7* (2n—rn)i-1/n if O<r<r
4 =
0 if m<r<y2n—1.

Then we have

2 Y2n—1
/ () dr > / t" gl (1)? dt
1 0
proving also the second inequality in (3.2]). O

One then naturally wonders if a result similar to Theorem holds in any non-simply connected
domain, that is

Problem 3.1. Let Q C R"™ be the difference between two simply connected bounded conver domains @
and K such that K C Q and 0K N0Q = 0. Define HX(Q) as in (L.2)), and for any f € HX (), let f*
be the symmetric decreasing rearrangement of f on Q2*, the n-dimensional ball having the same measure
as Q. Does there exists a break even (n — 1)-dimensional surface such that if f € HX(Q) concentrates
its mass inside (resp. outside) this surfaces, then the Dirichlet norm of f in § is strictly smaller (resp.
larger) than the Dirichlet norm of f* in Q*? The same question may be formulated by considering the
symmetric decreasing rearrangement of f on the annulus whose inner ball has the same measure of K
and whose outer ball has the same measure as Q.
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